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Chapter 1

Pre-requisits

1.1 Special Relativity

The Minkowski space is a four dimensional space with the following metric:

(gµν) =


1
−1

−1
−1

 (1.1)

One point in the Minkowski space is a contravariant vector:

(xµ) =
(
c · t
~x

)
with µ = 0, 1, 2, 3 and c = ~ = 1

(xµ) =
(

t
~x

)
.

The scalar product of space-time di�erences

(x− y)2 = (x− y)µ · gµν · (x− y)ν (1.2)

= (x− y)µ · (x− y)µ
= (x− y)20 − (~x− ~y)2

with xµ = gµν · xν is a covariant vector.

Symmetry transformation? What leaves (x− y)µ(x− y)µ invariant?
Poincaré transformations (Λ, a):

xµ → x′µ = Λµν x
ν + aµ (1.3)

Composition:
(Λ1, a1) ◦ (Λ2, a2) = (Λ1 · Λ2,Λ1a2 + a1) (1.4)
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Invariance:
ΛT g Λ = g (1.5)

In components:
Λρµ gρσ Λσν = gµν

or

Λ µ
σ Λσν = gµν

= δµν

detΛ = ±1
⇒ (Λ−1)µσ = Λ µ

σ (1.6)

Lorentz group (Λ, 0):
Component of unity (orthochron):

det Λ = 1, Λ0
0 > 0 (1.7)

Parity P: ~x→ −~x

ΛP =


1
−1

−1
−1

 (1.8)

Time reversal T: x0 → −x0

ΛT =


−1

1
1

1

 (1.9)

Generators of Lorentz group:
Boost along x-axis:

Λµν =


γ −γ · vc

−γ · vc γ
1

1

 , γ =
1√

1− v2

c2

=
(
eωK1

)µ
ν

(1.10)

with rapidity ω

ω = arctanh
(v
c

)
(1.11)
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and generator K1

K1 =


0 −1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 . (1.12)

⇒ Lorentz algebra
Boosts Ki, rotations Ji:

[Ji, Jj ] = i εijk Jk

[Ki,Kj ] = −i εijk Jk (1.13)

[Ji,Kj ] = i εijk Kk

1.2 Transition rates

Perturbation theory for computing decay rates and cross sections

H0φn = Enφn (1.14)

with ∫
V

φ∗mφnd
3x = δmn .

Perturbation H ′:

(H0 +H ′)ψ = i
∂ψ

∂t
(1.15)

What is the transition rate from φi at −T2 to φf at T
2 ?

φ(x) =
∑
n

cn(t) · φn(~x) · e−iEnt

cn

(
−T

2

)
= δni (1.16)

From equation (1.15):
∂φ

∂t
= −i(H0 +H ′)φ

dcf (t)
dt

= −i
∑
n

cn(t)
∫

d3r φ∗fH
′φn︸ ︷︷ ︸

〈f |H′|n〉

ei(Ef−En)t

∼= −i 〈f |H ′|i〉 ei(Ef−Ei)t +O(H ′2)
ci(t) = 1 +O(H ′2)

⇒ cf (t) ∼= −i
t∫

−T
2

dt′ 〈f |H ′|i〉 ei(Ef−Ei)t
′

(1.17)
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⇒ Transition amplitude Afi:

Afi = cf

(
T

2

)
Afi = −i

T
2∫

−T
2

dt 〈f |H ′|i〉 ei(Ef−Ei)t (1.18)

or

Afi(T →∞) = −i
∫
φ∗f (x)H

′φi(x) d4x (1.19)

with
φn(x) = φn(~x)e−iEnt

Transition probability: H ′ time-independent

lim
T→∞

|Afi|2 = | 〈f |H ′|i〉 |2 ·

T
2∫

−T
2

dt ei(Ef−Ei)t ·

T
2∫

−T
2

dt′ ei(Ef−Ei)t
′

Fermi′ s trick = T · 2π | 〈f |H ′|i〉 |2 δ(Ef − Ei) (1.20)

⇒ Transition rate Γ:

Γ(i→ f) = lim
T→∞

|Afi|2

T
= 2π | 〈f |H ′|i〉 |2 δ(Ef − Ei) (1.21)

Integrating over �nal states (ρ: phase space density):

Γ [i→ f ] =
∫

dEf ρ(Ef ) · 2π | 〈f |H ′ |i〉 |2 δ(Ef − Ei) (1.22)

⇒ Γ [i→ f ] = 2π | 〈f |H ′|i〉 |2 ρ(Ei) (1.23)

In general:
Γ [i→ f ] = 2π |Tfi|2 ρ(Ei)

with

Tfi = 〈f |H ′ |i〉+
∑ 〈f |H ′ |n〉 〈n|H |i〉

1
.
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Chapter 2

Quantum Field Theory

2.1 The free scalar �eld

Spin 0, neutral particles, e.g. Π0, described by a real scalar �eld ϕ:

ϕ∗(x) = ϕ(x) (2.1)

Property under Lorentz transformations:

ϕ′(x′) = ϕ(x) scalar (2.2)

The equation of motion, free, up to second order in derivatives (unique if local)
is called Klein-Gordon equation:

(∂µ∂µ +m2)ϕ(x) = 0 (2.3)

with

∂µ∂
µ = ∂2

t − ~∇2

= ∂2
t −4

= 2

= −p2
µ .

2: d′Alembert operator, m2: mass of the scalar particle
The Klein-Gordon equation can be derived out of Boosts from the rest frame
equation of motion:

(E2 −m2)ϕ(x) = 0 unique (2.4)

The most fruitful approach to Elementary Particle Physics is via the action

principle.
Lagrange density of a free scalar �eld:

L(x) =
1
2
[∂µϕ(x)∂µϕ(x)−m2ϕ2(x)] . (2.5)
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Action S:

S[ϕ] =
∫

d4x L(x)

=
1
2

∫
d4x

(
∂µϕ(x)∂µϕ(x)−m2ϕ2(x)

)
(2.6)

Action principle:
δS[ϕ] = 0

or
δS

δϕ(x)
= 0

with
δϕ(y)
δϕ(x)

= δ(4)(x− y)

and
δ∂µϕ(y)
δϕ(x)

= ∂yµ δ
(4)(x− y) (2.7)

results in the following equation

∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

= 0 (2.8)

which equals (2.3).

Classical solutions of the Klein-Gordon equation, take e.g. ϕ = ϕ(x1):

(−∂2
1 +m2)ϕ(x1) = 0 .

⇒ Solutions are plane waves:

ϕ(x) = e±ikx (2.9)

with
kx = kµxµ

with

k2 = m2 , k0 = ±ω = ±
√
~k2 +m2 .

General solution: linear superposition of plane waves.

ϕ(x) =
∫

d3k

(2π)3
1
2ω︸ ︷︷ ︸∫ d4k

(2π)4
δ(k2−m2)

(
eikxα∗(~k) + e−ikxα(~k)

)
(2.10)

with

k =
(
ω
~k

)
.
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QFT:
ϕ(x)→ φ(x) operator

The expectation value 〈φ(x)〉 is a classical �eld. φ obeys canonical commutation
relations:

[φ(~x, t), φ̇(~y, t)] = i δ(3)(~x− ~y) . (2.11)

φ̇(~y, t) is the canonical conjugated momentum.

Let a be the lattice parameter of a crystal.
◦ ◦︸︷︷︸
a

◦ ◦

Classical mechanics
a→0−→ �eld theory

QM
a→0−→ QFT

[x, p] = i(~) [φ,Π0] = i

φ(x) still obeys the Klein-Gordon equation (2 +m2)φ = 0.

⇒ φ(x) =
∫

d3k

(2π)3
1
2ω

[
eikxa†(~k) + e−ikxa(~k)

]
(2.12)

Inserting (2.12) into (2.11) results in[
a(~k), a†(~k′)

]
= (2π)3 · 2ω δ(3)(~k − ~k′) (2.13)[

a(~k), a(~k′)
]

= 0 =
[
a†(~k), a†(~k′)

]
Fock space

|0〉: normalised vacuum state: 〈0|0〉 = 1 with

a(~k) |0〉 = 0 .

|0〉 is the lowest energy state! a annihilates the vacuum.
Heisenberg picture:

∂t |0〉 = 0 (2.14)

All states are generated by applying a, a† on |0〉. a, a† are annihilation and
creation operators, respectively.
One particle states:

|k〉 = a†(~k) |0〉 . (2.15)

The states |k〉 are orthogonal:

〈k′|k〉 = 〈0| a(~k′)a†(~k) |0〉
= 〈0| [a(~k′), a†(~k)] |0〉
= (2π)3 · 2ω δ(3)(~k − ~k′) (2.16)
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⇒ General one-particle state:

|f〉 =
∫

d3k

(2π)3 · 2ω
f(~k) a†(~k) |0〉 (2.17)

Example: two state system (spin)
With

aa† + a†a = 1
a† |0〉 = |1〉
a |0〉 = 0
a† |1〉 = 0

Realisation:

a =
(

0 0
1 0

)
a† =

(
0 1
0 0

)

|0〉 =
(

0
1

)
|1〉 =

(
1
0

)
.

Realised in spin system.
Pauli matrices:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

[σi, σj ] = 2i εijkσk

Note that:

{σi, σj} = 2 δjk

σ± =
1
2
(σ1 ± iσ2)

σ+ =
(

0 1
0 0

)
, σ− =

(
0 0
1 0

)
. (2.18)

N-Particle states

2 particles: a†(k2) a†(k1) |0〉
3 particles: a†(k3) a†(k2) a†(k1) |0〉

... (2.19)

Have Bose symmetry, as

a†(k2) a†(k1) = a†(k1) a†(k2) (2.20)
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Energy-momentum is additive. Take some state |β〉, then a†(k) |β〉 is a state
with one additional particle with momentum k.

Annihilation:
a(~k) |β〉 is a state, where a particle with momentum k is removed from the state
|β〉.
Example with a general particle state |f〉 (see equation (2.17)):

a(~k)|f > = a(~k)
∫

d3k′

(2π)3
1√
2ω′

f(~k′) · a†(~k′) |0〉

=
∫

d3k′

(2π)3
1√
2ω′

f(~k′) · [a(~k), a†(~k′)]︸ ︷︷ ︸
(2.14)(2π)3·2ωδ(3)(~k−~k′)

|0〉

=
√

2ωf(~k) |0〉 (2.21)

Interpretation of φ(x):

• states with de�ned particle number n have vanishing expectation values
of φ, as φ creates and annihilates a particle, see equation (2.12).
This follows from

〈0| a† |0〉 = 〈0| a |0〉 = 0
〈k| a† |k′〉 = 〈k| a |k′〉 = 0

...

⇒ 〈0|φ(x) |0〉 = 0 . . . (2.22)

• coherent states: 〈φ〉 behaves like a classical wave.

|α〉 =
1
N

exp
{∫

d3k

(2π)3
1
2ω
α(~k)a†(~k)

}
|0〉︸ ︷︷ ︸

|α0〉

(2.23)

with

N = exp
{

1
2

∫
d3k

(2π)3
1
2ω
|α(~k)|2

}
= 〈α0|α0〉

and α(~k) coe�cient function.

〈α|α〉 = 1

via

〈0|α( ~k′1) · · ·α( ~k′m) · α†( ~k′n) . . . α†( ~k′1) |0〉 ∼ δnm
[
2ω(2π)3

]n
⇒ 〈α|φ(x) |α〉 =

∫
d3k

(2π)3
1
2ω

{
eikxα∗(~k) + e−ikxα(~k)

}
(2.24)
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Using

1
n!
a(k)

[∫
d3k′

(2π)3
1

2ω′
α(~k′)a†(~k′)

]n
|0〉 =

=
1
n!
n α(~k′)

[∫
d3k′

(2π)3
1

2ω′
α(~k′)a†(~k′)

]n−1

|0〉 (see equation (2.16))

= α(~k′)
1

(n− 1)!

[∫
d3k′

(2π)3
1

2ω′
α(~k′)a†(~k′)

]n−1

|0〉 (2.25)

and similarily

1
n!

[∫
d3k′

(2π)3
1

2ω′
α∗(~k′)a(~k′)

]n
a†(k) =

1
(n− 1)!

[∫
d3k′

(2π)3
1

2ω′
α∗(~k′)a(~k′)

]n−1

α∗(~k′)

(2.26)

Symmetries:
By partial integration of equation (2.5) one gets:

S[φ] =
∫

d4x L(x) =
1
2

∫
d4x φ(x)[−∂µ∂µ −m2]φ(x) . (2.27)

1. Invariance of S[φ] under orthochronous Poincaré transformations

x′µ = Λµνx
ν + aµ (see equation (1.3))

φ′(x′) = φ(x) (2.28)

⇒ ∂ ′
µ ∂

µ′ = ∂µ∂
µ

with
ΛT gΛ = g

and
(2′ +m2)φ′(x′) = (2 +m2)φ(x) = 0

Unitary Representation: U(Λ, a)

φ(x) = φ′(x′) = U†(Λ, a) φ(x′) U(Λ, a)

U(Λ, a) φ(x) U†(Λ, a) = φ(x′)
= φ(Λx+ a) (2.29)

On Fockspace:

U(Λ, a) |0〉 = |0〉
U(Λ, a) a†(~k) U†(Λ, a) = eik

′aa†(~k′)

with
k′µ = Λµνk

ν
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2. Invariance of S[φ] under Parity transformations

x′µ = Λ µ
P ν x

ν (2.30)

with

ΛP =


1
−1

−1
−1

 .

Unitary Representation

U(P ) φ(x) U†(P ) = ηP φ(x′)
⇒ U(P ) φ(~x, t) U†(P ) = ηP φ(−~x, t) (2.31)

with intrinsic parity ηP = ±1.
On Fockspace:

U(P ) |0〉 = |0〉
U(P ) a†(~k) U†(P ) = ηP a

†(−~k) (2.32)

Parity reverses 3-momentum of particle:

Scalar �elds: ηP = +1
Pseudo scalar �elds: ηP = −1

e.g. Π0

Parity:

~x → −~x
~p → −~p

What about Parity transformations of pseudovectors like e.g. the angular
momentum ~L: ~L = ~x× ~p ?

~L→ ~x× ~p pseudo vector

So what about e.g. ~x · ~L or ~p · ~L ?

~x · ~L → −~x · ~L
~p · ~L → −~p · ~L pseudoscalars

3. Invariance of S[φ] under time reversal

x′µ = Λ µ
T ν x

ν (2.33)

with

ΛT =


−1

1
1

1

 .

Anti-unitary transformation V with
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(a)
V (c1 · |a〉+ c2 · |b〉) = c∗1 · V |a〉+ c∗2 · V |b〉 (2.34)

(b)
V †V = V V † = 1 (2.35)

(c)
〈a|V † |b〉 = 〈b|V |a〉 (2.36)

We have [
V (ΛT ) φ(~x, t) V †(ΛT )

]†
= φ(~x− t) (2.37)

On Fockspace:

V (ΛT ) |0〉 = |0〉
V (ΛT ) a†(~k) V †(ΛT ) = a†(−~k) (2.38)

Note that

|a′〉 = V (ΛT ) |a〉
|b′〉 = V (ΛT ) |b〉 (2.39)

and
〈a′|b′〉 = 〈b|a〉 = 〈a|b〉∗ (2.40)

4. Charge conjugation: complex
2., 3., 4. CPT-invariance is required for any local, relativistic QFT.
But CP, P, T violation is permitted and realised.

2.2 The interacting scalar �eld

In this chapter some basic concepts on scattering/perturbation theory are in-
troduced. Interaction of a real scalar �eld with a static potential V (~x), e.g. a
localised potential produced by a nucleus.
Langrange density (H = H0 +H ′):

L(x) = L0(x) + L′(x) (2.41)

=
1
2
ϕ(x)

(
−∂µ∂µ −m2

)
ϕ(x)︸ ︷︷ ︸

L0(x)

−1
2
V (~x)ϕ2(x)︸ ︷︷ ︸
L′(x)

L′(x) = −1
2
V (~x)ϕ2(x)

L0(x) is the Lagrange density of a free scalar �eld. L′(x) is the Lagrange
interaction density.

QM revisited: interaction picture

i
∂

∂t
|t〉 = H ′(t) |t〉 (2.42)
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H ′ is the interaction Hamiltonian (see (1.15)).∣∣∣t < −T
2

〉
= |i〉 adiabatic∣∣∣t > T

2

〉
= |f〉

t0 = −T
2

with the solution
|t〉 = U(t, t0) |t0〉 (2.43)

where U(t, t0) describes a unitary time evolution:

U(t, t0) = 1+ (−i)
∫ t

t0

dt′H ′(t′)︸ ︷︷ ︸
�rst order term, see page 5

+ (−i)2
∫ t

t0

dt′
∫ t′

t0

dt′′ ·H ′(t′) ·H ′(t′′) + . . .

= T exp{−i
∫ t

t0

dt′H ′(t′)} (2.44)

so that the time is ordered.

We have

i
∂

∂t
U(t, t0) = H ′(t)U(t, t0) (2.45)

Iterate (2.42) in its in�nitesimal form:

|t+ ∆t〉 = |t〉 − i ∆t H ′(t) |t〉
= (1− i ∆t H ′(t)) |t〉

This de�nes the S-Matrix:

S = lim
t0→−∞
t→+∞

U(t, t0) . (2.46)

Back to �eld theory:

H ′(t) = −
∫

d3x L(x, t) (2.47)

=
∫

d3x
1
2
V (~x) :φ(~x, t)φ(~x, t) :

where φ(~x, t) is a operator, which includes annihilation and creation of particles
and : : denotes normal ordering:

:a(~k) a†(~k′) : = + a†(~k′) a(~k) . (2.48)
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Example: transition amplitude for transition

from |i〉 = |~k〉 = a†(~k) |0〉 at t0 → −∞
to |f〉 = |~k′〉 = a†(~k′) |0〉 . (2.49)

We have

Afi = 〈f |S |i〉 = 〈~k′|S |~k〉

= 〈~k′|1− i
∫

R
dt H ′(t) + . . . |~k〉

= 〈~k′|1+ i

∫
d4x L′(x) + . . . |~k〉 (2.50)

Consider weak interactions:
V 2(~x) ∼ 0 .

Then

〈f |S |i〉 = δfi − i
∫

d4x
1
2
· V (~x) · 2 · 〈~k′|φ(x) |0〉 〈0|φ(x) |~k〉 . (2.51)

The factor 2 in (2.51) stands for the two permutations of a† and a, included
in φ(~x), which contribute. They are: a†a and aa†, because there is neither an
overlap between three particles and one particle nor between one and 0, the
annihilated vacuum state |0〉.
Furthermore

δfi = 〈f |1 |i〉 = 〈~k′|~k〉
= 〈0| a(~k′) a†(~k) |0〉
= 〈0| [a(~k′), a†(~k)] |0〉
= (2π)3 · 2ω δ(3)(~k − ~k′) (2.52)

The last equation follows from equation (2.14) on page 9.

Interpretation:

1. δfi: no interaction ⇒ ~k = ~k′.

2. state ~k scatters once at V (~x) into state ~k′.

〈0|φ(x) |~k〉 = 〈0|
∫

d3k′

(2π)3
1

2ω′
{
eik

′xa†(~k′) + e−ik
′xa(~k′)

}
a†(~k) |0〉

with
〈0| a† = (a |0〉)∗ = 0
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follows

〈0|φ(x) |~k〉 = 〈0|
∫

d3k′

(2π)3
1

2ω′
e−ik

′x 〈0| [a(~k′), a†(~k)] |0〉

=
∫

d3k′

(2π)3
1

2ω′
e−ik

′x · 2ω · (2π)3 δ(3)(~k − ~k′)

= e−ikx (2.53)

and similarily
〈~k′|φ(x) |0〉 = eik

′x . (2.54)

Interpretation:

Amplitudes for annihilating/ creating particles with momentum ~k/ ~k′ at space-
time point x.

We infer:

Afi = 〈f |S |i〉 = δfi − i
∫

d4x V (~x)eik
′xe−ikx

= δfi + i

∫
dt

[∫
d3x V (~x)e−i(~k

′−~k)~x
]
ei(k

′0−k0)x0

= δfi − 2 i δ(k′0 − k0) Ṽ (~q) (2.55)

with

Ṽ (~q) =
∫

d3x V (~x)ei~q·~x

~q = ~k − ~k′ . 3-momentum transfer (2.56)

Interpretation revisited:

1. State ~k scatters at V (~x) with 'strength' Ṽ (~q) into state ~k′ where ~q = ~k−~k′.

2. Energy is conserved as k0 = k′0 .

Final remark:
Relation between the scattering amplitudes in momentum space and the
form/ range of potential in space(-time):

Example:

V (~x) = V0
1

(2π)3/2
1
l3

exp
{
−1

2
· ~x

2

l2

}
(2.57)

→ Ṽ (~q) = V0 exp
{
−1

2
· l2 · ~q 2

}
(2.58)

The potential V (~x) and its Fourier transformation V (~q) are plotted in �gures
2.1 and 2.2 for one V0-l-combination.

17



Figure 2.1: Potential V (~x) for V0=1000, l=0.5

Figure 2.2: Fourier transformed potential V (~q) for V0=1000, l=0.5
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Remark on self-interaction (and Feynman rules):

Figure 2.3: Feynman diagram for self-interaction.

V (~x) :φ(~x, t)φ(~x, t) :

→ 1
4!
λ :φ(~x, t)φ(~x, t)φ(~x, t)φ(~x, t) : (2.59)

〈4, 3| 1
4!

: : |1, 2〉

∼ 〈4, 3| 1
4!
a† a† a a |1, 2〉 · 4 · 3 · 2 · 1

∼ λ ·
〈
aa†

〉4

Remark on complex �elds:

φ = φ1 + i φ2 (2.60)

⇒ L0 =
1
2
φ∗(x)(−∂µ∂µ −m2)φ(x) (2.61)

L′ = −1
2
V (~x)φφ∗ (2.62)

L = L0 + L′

In general:
L′ = L′[φφ∗]

It follows that L is invariant under global U(1)-transformation of φ:

φ(x)→ eiαφ(x) (2.63)
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with
∂µα = 0 .

⇒ φ∗(x)→ φ∗(x) e−iα

⇒ L[φ]→ L[φ eiα] = L[φ] (2.64)

Noether theorem:

∂µ j
µ = 0 equation of motion (2.65)

with

jµ =
∂L
∂ ∂µφ

δφ (2.66)

Q =
∫

d3x j0

Q̇ = 0

Noether theorem (for internal Symmetry):

∂L
∂φ
− ∂µ

∂L
∂ ∂µφ

= 0 equation of motion

δL =
∂L
∂φ

δφ+
∂L
∂ ∂µφ

∂µδφ

=
(
∂µ

∂L
∂ ∂µφ

)
δφ+

∂L
∂ ∂µφ

∂µδφ

= ∂µ

(
∂L
∂ ∂µφ︸ ︷︷ ︸
jµ

δφ

)
= 0

⇒ ∂µ j
µ = 0

and

Q̇ =
∫

d3xj̇0 = +
∫

d3x ∂iji = 0

No boundary terms.

2.3 Spin 1
2 Fields

Motivation: Algebra of Lorentz group, see (1.14) on page 5.
Boosts Ki, Rotations Ji

Ni =
1
2
(Ji + iKi)

N†
i =

1
2
(Ji − iKi) (2.67)
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with SU(2)-algebra [
N

(†)
i , N

(†)
j

]
= i εijkN

(†)
k (2.68)

⇒ We have 2-dim. representations of the Lorentz group, the spin 1
2

representations.

Example:

ΛL = exp
{
i

2
σi(ωi − ivi)

}
left-handed

ΛR = exp
{
i

2
σi(ωi + ivi)

}
right-handed (2.69)

ω : rotation, v : boost, σi : Pauli matrices
The left-handed spin 1

2 representation ΛL can be mapped to the right-handed
spin 1

2 representation ΛR by parity transformation.

Dirac equation:

ψ(x) =

 ψ1(x)
...

ψ4(x)


(iγµ∂µ −m)ψ(x) = 0 (2.70)

with γµ are 4× 4 matrices with

{γµ, γν} = γµγν + γνγµ

= 2gµν · 1 Cli�ord algebra (2.71)

Standard representation:

γ0 =
(
12 0
0 −12

)
γi =

(
0 σi

−σi 0

)
(2.72)

with Pauli matrices σi (see (2.18) on page 10).

Remarks:

1. ψ(x) consists of a two-component left-handed and a two-component
right-handed spinor.
Chiral representation:

γ0 =
(

0 12

12 0

)
γi =

(
0 σi

−σi 0

)
(2.73)
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2. γµ transforms as a vector under Lorentztransformations.

Equation of motion (2.70) from Lagrange density:

LD = ψ̄ (i γµ ∂µ −m) ψ(x) (2.74)

with the Dirac conjugate ψ̄ = ψ† γ0.

∂LD
∂ψ̄
− ∂µ

∂LD
∂ ∂µψ̄

=
∂LD
∂ψ̄

= 0 (2.75)

For the result of equation (2.75) see equation (2.70).
Also

∂LD
∂ψ −∂µ ∂LD

∂ ∂µψ
= 0

↓ ↓
⇒ −mψ̄ −i ∂µ ψ̄ γµ = 0

(2.76)

Classical solution:

(−i γµ ∂µ −m) · (i γν ∂ν −m) ψ(x) =

1
2
{γµ, γν}︸ ︷︷ ︸

2·gµν

∂µ ∂ν︸ ︷︷ ︸
∂ν ∂µ

+m2

 ψ(x)

= [gµν∂ν ∂µ +m2] ψ(x)
=

[
2 +m2

]
ψ(x) (2.77)

⇒ ψ(x) ∼ e±ipx plane wave (2.78)

We have
(i γµ ∂µ −m) e±ipx = (∓p̃−m) e±ipx (2.79)

with
p̃ := γµ pµ = γ0 p0 − γ1p1 − γ2p2 − γ3p3.

A solution to the Dirac equation reads, s = ± 1
2

ψ(x) ∼ us(p) e−ipx

ψ(x) ∼ vs(p) eipx (2.80)

with

(p̃−m) us(p) = 0
= (p̃+m) vs(p). (2.81)

Equation (2.81) is satis�ed with

us =
√
p0 +m

(
χs

~σ·~p
p0+m χs

)
vs = −

√
p0 +m

( ~σ·~p
p0+m ε χs
ε χs

)
(2.82)
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with

χ 1
2

=
(

1
0

)
, χ− 1

2
=

(
0
1

)
, ε =

(
0 1
−1 0

)
p0 = +

√
~p 2 +m2, σ : Pauli matrices

ε describes the metric in spin 1
2 space.

Additional identity: ∑
s=± 1

2

us(p) ūs(p) = p/+m

∑
s=± 1

2

vs(p) v̄s(p) = p/−m (2.83)

As for the scalar �eld the general solution is given by the Fourier integral:

ψ(x) =
∫

d3p

(2π)3
1

2p0

∑
s=± 1

2

{
eipx vs(p) β∗s (~p) + e−ipx us(p) αs(~p)

}
(2.84)

β∗s and αs are independent of each other.
One gets the Hamiltonian density HD via a Legendre transformation of LD:

HD = Π ψ̇ − LD

with

Π =
∂LD
∂ψ̇

, Π̄ =
∂LD
∂ ˙̄ψ

= 0

Π = ψ̄ i γ0 = i ψ†. (2.85)

It follows

HD = ψ̄ i γ0 ψ̇ − ψ̄ (i γµ ∂µ −m) ψ

= ψ̄ (i ~γ ~∂ +m) ψ (2.86)

Hamiltonian:

HD =
∫

d3x ψ̄ (i ~γ ~∂ +m) ψ

=
∫

d3x ψ† (i γ0~γ ~∂ + γ0 m) ψ (2.87)

with
~∂ = ~∇.

Inserting (2.84) into (2.87) leads to

HD =
∫

d3p

(2π)3
1

2p0

∑
s=± 1

2

(α∗s(~p) αs(~p) p0 − βs(~p) β∗s (~p) p0) (2.88)
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from

γ0 (i ~γ ~∂ +m) us(p) = p0 us(p)

γ0 (i ~γ ~∂ +m) vs(p) = −p0 vs(p) (2.89)

⇒ HD =
∫

d3p

(2π)3
1
2

∑
s=± 1

2

(α∗s(~p) αs(~p)− βs(~p) β∗s (~p)) (2.90)

⇒ Negative energy states lead to unbounded Hamiltonian, no classical
interpretation!

Quantisation:

ψ(x) =
∫

d3p

(2π)3
1

2p0

∑
s=± 1

2

{
eipx vs(p) b†s(~p) + e−ipx us(p) as(~p)

}
(2.91)

with anti -commutation relations

{ar(~p), a†s(~p ′)} = δrs (2π)3 2p0 δ
(3)(~p− ~p ′)

{br(~p), b†s(~p ′)} = δrs (2π)3 2p0 δ
(3)(~p− ~p ′) (2.92)

and
{a(†), a(†)} = {b(†), b(†)} = {a(†), b(†)} = {a, b†} = 0 (2.93)

Remarks:

1. The anti-commutation relations (ACR) are a manifestation of the
Spin-statics theorem:

Spin 2n+1
2 particles have fermi-statistics (ACR, Pauli

principle), spin n particles have Bose-statistics.

2. Electric charge (Noether): Jµ = −e ψ̄ γµ ψ

Q =
∫

d3x J0

= −e
∫

d3x ψ† ψ

= −e
∫

d3p

(2π)3
1

2p0

∑
s=± 1

2

(
a†s(~p) as(~p) + bs(~p) b†s(~p)

)
(2.94)

Please notice the positive sign in equation (2.94), that turns into a minus sign
again!

Fockspace:
Construction as for scalar �eld, but ACR → anti-symmetric states
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|0〉: normalised vacuum state, 〈0|0〉 = 1

as(~p) |0〉 = 0
bs(~p) |0〉 = 0

One-particle states: ∣∣e−(~p, s)
〉

= a†s(~p) |0〉∣∣e+(~p, s)
〉

= b†s(~p) |0〉

|e−(~p, s)〉 / |e+(~p, s)〉 describe electron/ positron with momentum p and spin
s = ± 1

2 (sz in rest-frame).

Remark:
Prediction of e+, e− with identical mass is triumpf of the Dirac theory.

Orthogonality:〈
e−(~p ′, s′)|e−(~p, s)

〉
= 〈0| as′(~p ′) a†s(~p) |0〉
= 〈0| {as′(~p ′), a†s(~p)} |0〉
= (2π)3 · 2p0 δs′s δ

(3)(~p− ~p ′)

Two-particle states:∣∣e−(~p1, s1) e−(~p2, s2)
〉

= a†s1(~p1) a†s2(~p2) |0〉

Pauli principle∣∣e−(~p1, s1) e−(~p2, s2)
〉

= a†s1(~p1) a†s2(~p2) |0〉
= −a†s2(~p2) a†s1(~p1) |0〉
= −

∣∣e−(~p2, s2) e−(~p1, s1)
〉

(2.95)

N-particle states:

a†s1(~p1) . . . a†sn(~pn) b†r1(~q1) . . . b
†
rm(~qm) |0〉

Finally, with

ψ(x) =
∫

d3k

(2π)3
1

2k0

∑
r=± 1

2

{
eikx vr(k) b†r(~k) + e−ikx ur(k) ar(~k)

}

〈0|ψ(x)
∣∣e−(~p, s)

〉
= us(p) e−ipx〈

e+(~p, s)
∣∣ψ(x) |0〉 = vs(p) eipx

ψ: Annihilation of an electron/ creation of a positron at x.

〈0| ψ̄(x)
∣∣e+(~p, s)

〉
= v̄s(p) e−ipx〈

e−(~p, s)
∣∣ ψ̄(x) |0〉 = ūs(p) eipx
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ψ̄: Annihilation of a positron/ creation of an electron at x.

Symmetries:

SD[ψ, ψ̄] =
∫

d4x ψ̄ (i γµ ∂µ −m) ψ (2.96)

1. Invariance of SD[ψ, ψ̄] under orthochronous Poincaré transformations:

x′µ = Λµν x
ν + aµ see (1.3) (2.97)

U(Λ, a) ψ(x) U†(Λ, a) = S−1(Λ) ψ(Λx+ a)

where S satis�es
S−1(Λ) γµ S(Λ) = Λµρ γ

ρ (2.98)

and U is unitary.

Dirac adjoint spinor:

U(Λ, a) ψ̄(x) U†(Λ, a) = ψ̄(Λx+ a) S(Λ) (2.99)

The invariance of S is to show:∫
d4x ψ̄ (i γµ ∂µ −m) ψ(x)

→
∫

d4x ψ̄(Λx+ a) S (i γµ ∂µ −m) ψ(Λx+ a)

=
∫

d4x ψ̄(x) S (i γµ ∂ν(Λ−1) νµ −m) S−1 ψ(x)

=
∫

d4x ψ̄(x) S (i Λνµ γ
µ ∂ν −m) S−1 ψ(x)

=
∫

d4x ψ̄(x) S (i S−1 γν S ∂ν −m) S−1 ψ(x)

=
∫

d4x ψ̄ (i γµ ∂µ −m) ψ(x) (2.100)

General bilinears:

(a) ψ̄ ψ scalar: m ψ̄ ψ
pseudo scalar later

(b) ψ̄ γµ ψ vector
pseudo vector later

(c) ψ̄ σµν ψ tensor, σµν = i
2 [γµ, γν ]

2. Invariance of SD[ψ, ψ̄] under Parity

ΛP =
(

1
−13

)
see equation (1.8) (2.101)
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Unitary representation:

U(P ) ψ(~x, t) U†(P ) = γ0 ψ(−~x, t)
U(P )

∣∣e−(~p, s)
〉

=
∣∣e−(−~p, s)

〉
U(P )

∣∣e+(~p, s)
〉

= −
∣∣e+(−~p, s)

〉
(2.102)

e+, e− are parity 'eigen states'.
Relative intrinsic parity can be measured:

3. Invariance of SD[ψ, ψ̄] under time reversal

ΛT =
(
−1

13

)
see equation (1.9) (2.103)

Anti-unitary transformation V :(
V (T ) ψ(~x, t) V −1(T )

)†
= S(T ) ψ̄T (~x, t) (2.104)

with
S(T ) = i γ2 γ5 (2.105)

and

γ5 =
i

4!
εµνρσ γ

µ γν γρ γσ

γ5 = i γ0 γ1 γ2 γ3

ε0123 = 1
{γ5, γ

µ} = 0

We have

V (T )
∣∣e−(~p, s)

〉
= (−1)s−

1
2

∣∣e−(−~p,−s)
〉

V (T )
∣∣e+(~p, s)

〉
= (−1)s−

1
2

∣∣e+(−~p,−s)
〉

(2.106)

4. Charge conjugation C
C : e+ →← e−

U(C) ψ(x) U−1(C) = S(C) ψ̄T (x) (2.107)

with

S(C) = i γ2 γ0 =
(

0 −ε
−ε 0

)
(2.108)

ε =
(

0 1
−1 0

)
and

U(C)
∣∣e−(~p, s)

〉
=

∣∣e+(~p, s)
〉

U(C)
∣∣e+(~p, s)

〉
=

∣∣e−(~p, s)
〉

(2.109)
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Bilinears:
(1) scalar: ψ̄ ψ(x) 1 generator

pseudo-scalar: i ψ̄ γ5 ψ 1 generator
(2) vector: ψ̄ γµ ψ 4 generators

pseudo-vector: ψ̄ γ5 γ
µ ψ 4 generators

(3) tensor: ψ̄ σµν ψ 6 generators

with

σµν =
i

2
[γµ, γν ] (2.110)

⇒ 16 generators of the Lorentzgroup

Remark:

(γµ γν γρ εµνρσ) · γσ γσ ∼ γ5 γ
σ

2.4 The interacting fermionic �eld (a �rst
glimps of QED)

Classical: Langrangian density

L(x) = LD(x) + L′(x) (2.111)

= ψ̄(x)(i γµ ∂µ −m)ψ(x)︸ ︷︷ ︸
LD(x)

+ eAµ(x) ψ̄(x) γµ ψ(x)︸ ︷︷ ︸
L′(x)

with
L′(x) = eAµ(x) ψ̄(x) γµ ψ(x) (2.112)

Since ψ̄(x)γµψ(x) transforms as a vector under Lorentz transformations,
Aµ(x) has to transform as a vector:

Aµ(x)→ Λµν A
ν(x) (2.113)

Aµ is a vector �eld.

Remark:
L(x) is invariant under

ψ(x) → eie α(x)ψ

ψ̄(x) → ψ̄e−ie α(x)

Aµ(x) → Aµ(x) + ∂µα(x)
→ jµ = −e ψ̄ γµ ψ (2.114)

Quantisation in interaction picture

i
∂

∂t
|t〉 = H ′(t) |t〉 (2.115)
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with

H ′(t) = −
∫

d3xL′op(x) (2.116)

= −e
∫

d3xAµ(x) : ψ̄(x)γµψ(x) :

Aµ can be either a background �eld (classical) or a quantum �eld Aµop : it is
bosonic (as a vector spin 1) and commutes with ψ, ψ̄, also: :Aµ : = Aµ with
creation/ annihilation operators a†µ, aµ.

Subtleties concerning the quantisation of Aµ later, physical state |γ〉 ∼ a† |0〉
Equation (2.115) is solved by

|t〉 = U(t, t0) |t0〉 (2.117)

with

U(t, t0) = T exp
{
−i

∫ t

t0

H ′(t′) dt′
}

= T exp
{
ie

∫ t

t0

d4xAµ : ψ̄γµψ :
}
(2.118)

L′ couples e± to the electromagnetic �eld Aµ, the photon.
Similarily we couple µ± and τ± to Aµ:

ψ(x) =

 ψe
ψµ
ψτ

 (2.119)

with

LD = ψ̄e(iγµ∂µ −me)ψe + ψ̄µ(iγµ∂µ −mµ)ψµ + ψ̄τ (iγµ∂µ −mτ )ψτ (2.120)

and

me = 0, 511 MeV
mµ = 105, 7 MeV
mτ = 1784MeV

L′(x) = e
[
ψ̄eAψe + ψ̄µAψµ + ψ̄τ Aψτ

]
(2.121)

Computation of transition amplitude
Initial state at t0 → −∞:

|t0〉 = |i〉 =
∣∣e−(p1) . . . e−(pn)e+(q1) . . . e+(qm)γ(k1) . . . γ(kl)

〉
(2.122)

and µ′s, τ ′s.
Final state at t→ +∞:

|t〉 = |f〉 =
∣∣e−(p′1) . . . e

−(p′n)e
+(q′1) . . . e

+(q′m)γ(k′1) . . . γ(k
′
l)

〉
(2.123)
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e.g.: ∣∣µ−(p′1) . . . µ
−(p′n)µ

+(q′1) . . . µ
+(q′m)γ(k′1) . . . γ(k

′
l)

〉
This is related to the S matrix element.

e−(p1) + . . .+ γ(kl)→ e−(p′1) + . . .+ γ(k′l)

Here, we are interested in
e+e− → µ+µ−.

e+(k) + e−(k′)→ µ−(p) + µ+(p′)

In general:
|t〉 = U(t, t0) |i〉

Sfi = 〈f |t =∞〉
= lim

t0→−∞
t→+∞

〈f |U(t, t0) |i〉 (2.124)

= 〈f |T exp
{
ie

∫
d4xAµ : ψ̄γµψ :

}
|i〉

Expanding T exp{i
∫

d4xL′} leads to

L′(x) = eAµ : ψ̄γµψ : .

Sfi = 〈f |i〉︸︷︷︸
δfi

+ie 〈f |T
∫

d4xAµ : ψ̄γµψ : |i〉+

+
(ie)2

2!
〈f |

∫
d4x1

∫
d4x2TL′(x1)L′(x2) |i〉+

+ . . .+

+
(ie)n

n!
〈f |

∫
d4x1 . . .

∫
d4xnTL′(x1) . . .L′(xn) |i〉+

+ . . . (2.125)

First order: ∫
d4x 〈f |Aµ(x) : ψ̄(x)γµψ(x) : |i〉 (2.126)∫

d4x 〈f | (. . . a†µ + . . . aµ)(. . . b†sbr + . . . a†sb
†
r + . . . bsar + . . . a†sar) |i〉

We have the following processes:
Time ordered diagrams

1. Scattering of e+ with emission/absorption of γ.

2. Creation of e+e− pairs with emission/absorption of γ.
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3. Annihilation of e+e− pairs with emission/absorption of γ.

4. Scattering of e− with emission/absorption of γ.

Higher order processes are composed out of �rst order processes, e.g. second
order with

|i〉 ∼ e+e−

|f〉 ∼ µ+µ−

or |i〉 ∼ γ, |f〉 ∼ γ
Problem:

• Convergence of expansion in

α =
e2

4π
=

1
137

.

Series is an asymptotic series: does not converge.

• All orders are in�nite ⇒ renormalisation.

Programme:

• Write down all diagrams for a given order in α for matrix element
〈f |S |i〉.

• Sort out combinatorics (normal ordering), compute the remaining
integrals.

⇒ Feynman rules/ Loop integrals

Reminder: di�erential cross section (page 6)

dσ =
dΓ[i→ f ]

Φ

=
(2π)4

V 4
δ(4)(pA + pB − pC − pD) |Afi|2

dρf
Φ

(2.127)

for two particle scattering.
Φ: particle �ux, normalisation of the states |i〉, |f〉 and
|Afi|2 = |Mfi|2 = |〈f |H |i〉|2.

dρf :
V · d3pC

(2π)3 · 2p0
C

· V · d3pD
(2π)3 · 2p0

D

(2.128)

Example:
e+e− → µ−µ+

Cross section dσ:

dσ =
1
T

V · d3p3

(2π)3 · 2p0
3

V · d3p4

(2π)3 · 2p0
4︸ ︷︷ ︸

phasespace density

1
F
·
∑
spins

|
〈
µ+(p4)µ−(p3)

∣∣S ∣∣e+(p2)e−(p1)
〉︸ ︷︷ ︸

S-Matrix element

|2

F is the incident particle �ux.
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Di�erential cross-section dσ per unit volume V for e−e+ → µ−µ+:

dσ =
1
T F

d3p3

(2π)3
1

2p0
3

d3p4

(2π)3
1

2p0
4

×
∑
spins

|〈µ+(p4)µ−(p3)|S |e+(p2) e−(p1)〉|2 (2.129)

with incident particle �ux F , and unit volume V = 1.

Consider the term between the absolut value bars in (2.129) �rst:

S-Matrix:
S = T eie

∫
d4xAν(x) :ψ̄γνψ(x): (2.130)

with
ψ̄ γν ψ(x) = ψ̄e γ

ν ψe(x) + ψ̄µ γ
ν ψµ(x).

Expansion of S-matrix element for e−e+ → µ−µ+:

〈µ+(p4)µ−(p3)|S |e+(p2) e−(p1)〉 =

=
(ie)2

2
〈µ+(p4)µ−(p3)|T

∫
d4x d4x′Aν(x)Aµ(x′)×

× : ψ̄ γν ψ(x) : : ψ̄ γµ ψ(x′) : |e+(p2) e−(p1)〉+O(e4) (2.131)

Consider the states in (2.131):

|e+(p2) e−(p1)〉 = b†e(~p2) a†e(~p1)|0〉

Fermionic �eld operator

ψ(x) =
∫

d3p

(2π)3
1

2p0

∑
s=±1/2

{
eipx vs(p) b†(~p) + e−ipx us(p) a(~p)

}
(2.132)

Aµ commutes with ψ, ψ̄:

〈µ+(p4)µ−(p3)|S |e+(p2) e−(p1)〉 =

=
(ie)2

2

∫
d4x d4x′〈0 |T Aν(x)Aµ(x′) |0〉 ×

×〈µ+(p4)µ−(p3)|T : ψ̄ γν ψ(x) : : ψ̄ γµ ψ(x′) : |e+(p2) e−(p1)〉+
+O(e4)

=
(ie)2

2

∫
d4x d4x′〈0 |T Aν(x)Aµ(x′) |0〉

×〈µ+(p4)µ−(p3)| : ψ̄ γν ψ(x) : : ψ̄ γµ ψ(x′) : |e+(p2) e−(p1)〉+
+O(e4)

= (ie)2
∫
d4x d4x′〈0 |T Aν(x)Aµ(x′) |0〉 ×

×〈µ+(p4)µ−(p3)| : ψ̄µγνψµ(x) : : ψ̄eγµψe(x′) : |e+(p2) e−(p1)〉+
+O(e4) (2.133)

32



Counting annihilation/creation operators: a(†), b(†):

〈µ+(p4)µ−(p3)| : ψ̄µγνψµ(x) : : ψ̄eγµψe(x′) : |e+(p2) e−(p1)〉 =
= 〈µ+(p4)µ−(p3)| : ψ̄µ γν ψµ(x) : |0〉 ×
×〈0| : ψ̄e γµ ψe(x′) : |e+(p2) e−(p1)〉 (2.134)

Further reduction of the last part of (2.134):

〈0| : ψ̄eγµψe(x′) : |e+(p2) e−(p1)〉 = 〈0| : ψ̄e γµ ψe(x′) : b†e(~p2) a†e(~p1)|0〉 (2.135)

For the fermionic �eld operator ψ(x) see (2.132).
Further reduction of the right side of (2.135) leads to

〈0| : ψ̄e γµ ψe(x′) : b†e(~p2) a†e(~p1)|0〉 = −〈0| ψ̄e(x′) b†e(~p2)|0〉γµ〈0|ψe(x′) a†e(~p1)|0〉
(2.136)

Expectation value 〈0|ψ|e−〉

〈0|ψe(x′) a†e(~p1)|0〉 =
∫

d3p

(2π)3
1

2p0
e−ipx

′ ∑
s=±1/2

us(p)〈0| a(~p) a†e(~p1)|0〉 (2.137)

with the commutator trick:

〈0|ψe(x′) a†e(~p1)|0〉 =
∫

d3p

(2π)3
1

2p0
e−ipx

′ ∑
s=±1/2

us(p)〈0| {ae(~p) , a†e(~p1)}|0〉.

(2.138)
For more information about the result of the anti-commutation relation above

{as(~p) , a†r(~p1)} = (2π)32p0δrsδ(~p− ~p1)

see (2.92) on page 24.
So one gets for 〈0|ψ|e−〉:

〈0|ψe(x′)a†e(~p1)|0〉 = e−ip1x
′
ue(p1) (2.139)

Analogous one can calculate the expectation value 〈0|ψ̄|e+〉.
In summary the expectation values 〈0|ψ|e−〉, 〈0|ψ̄|e+〉:

〈0|ψe(x′) a†e(~p1)|0〉 = e−ip1x
′
ue(p1) (2.140)

〈0|ψ̄e(x′) b†e(~p2)|0〉 = e−ip2x
′
v̄e(p2) (2.141)

(2.142)

It follows a further simpli�cation of (2.135):

〈0| : ψ̄e(x′) γµ ψe(x′) : b†e(~p2) a†e(~p1) |0〉 = −v̄e(p2) γµ ue(p1) e−i(p1+p2)x
′

(2.143)
Similarily for the muon:

〈0| bµ(~p4) aµ(~p3) : ψ̄µ(x) γν ψµ(x) : |0〉 = ūµ(p3) γν vµ(p4) ei(p3+p4)x (2.144)
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Plug the results in (2.131):

〈µ+(p4)µ−(p3)|S |e+(p2) e−(p1)〉 '

' −(ie)2
∫
d4x d4x′〈0 |T Aν(x)Aµ(x′) |0〉ei(p3+p4)x e−i(p1+p2)x

′

×ūµ(p3) γν vµ(p4) v̄e(p2) γµ ue(p1) (2.145)

Now consider the photon propagator:

〈0 |T Aν(x)Aµ(x′) |0〉 = −igµν lim
ε→0+

∫
d4k

(2π)4
e−ik(x−x

′)

k2 + iε

Momentum conservation∫
d4x d4x′

∫
d4k

(2π)4
e−i(k−p1−p2)x ei(k−p3−p4)x

′

k2 + iε
=

1
s
(2π)4 δ(p1 + p2 − p3 − p4)

(2.146)
with the square of the total energy s = (p1 + p2)2 leads to

〈µ+(p4)µ−(p3)|S |e+(p2) e−(p1)〉 '

' igµν
s

(ie)2(2π)4 δ(p1 + p2 − p3 − p4)ūµ(p3) γν vµ(p4) v̄e(p2) γµ ue(p1)

' i

s
(ie)2(2π)4 δ(p1 + p2 − p3 − p4)ūµ(p3) γν vµ(p4) v̄e(p2) γν ue(p1)(2.147)

Now the term between the absolut value bars in (2.129) is calculated. The
next step is the averaging over the spins in the initial and the �nal state (see
(2.129)):

1
4

∑
s,s′,r,r′

|ūµ,s(p3)γνvµ,s′(p4) v̄e,r(p2)γνue,r′(p1)|2 =

=
1
2

∑
s,s′

ūµ,s(p3)γνvµ,s′(p4)v̄µ,s′(p4)γρuµ,s(p3)

×1
2

∑
r,r′

v̄e,r(p2)γνue,r′(p1)ūe,r′(p1)γρve,r(p2) (2.148)

with [
v̄r(p) γν ur′(q)

]∗
= u†r′(q) γ

†
ν γ

0† vr(p)

= ūr′(q) γν vr(p).

Consider the �rst sum in (2.148) �rst:

1
2

∑
s,s′

ūµ,s(p3)γνvµ,s′(p4)v̄µ,s′(p4)γρuµ,s(p3) =
1
2
Tr(p/3 +mµ)γν(p/4 −mµ)γρ see 2.83
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Similarily one gets for the second sum in (2.148):

1
2

∑
s,s′

v̄e,s(p2)γνue,s′(p1)ūe,s′(p1)γρve,s(p2) =
1
2
Tr(p/2 −me)γν(p/1 +me)γρ

In summary one gets as an intermediate result for the average over the spins in
the initial and the �nal state (see (2.148)):

1
4

∑
s,s′,r,r′

|ūµ,s(p3)γνvµ,s′(p4) v̄e,r(p2)γνue,r′(p1)|2 =

=
1
4
Tr

[
(p/3 +mµ)γν(p/4 −mµ)γρ

]
Tr

[
(p/2 −me)γν(p/1 +me)γρ

]
(2.149)

In high energy limit
s� m2

µ,m
2
e

one can drop me,mµ in the traces of (2.149).
So (2.149) turns into

1
4

∑
s,s′,r,r′

|ūµ,s(p3)γνvµ,s′(p4) v̄e,r(p2)γνue,r′(p1)|2 =
1
4
Tr

[
p/3γ

νp/4γ
ρ
]
Tr

[
p/2γνp/1γρ

]
(2.150)

With the traces

Tr γαγνγβγρ = 4
(
gανgβρ + gραgνβ − gαβgνρ

)
one gets for (2.148):

1
4

∑
s,s′,r,r′

|ūµ,s(p3)γνvµ,s′(p4) v̄e,r(p2)γνue,r′(p1)|2 = 4
[
(p1p4)(p2p3)+(p2p4)(p1p3)

]
(2.151)

High energy limit revisited

p1p3 = p2p4 =
s

4
(1− cosϑ) , p1p4 = p2p3 =

s

4
(1 + cosϑ)

with scattering angle

cosϑ =
~p1~p3

|~p1| |~p3|
one gets the �nal result for (2.148):

1
4

∑
s,s′,r,r′

|ūµ,s(p3)γνvµ,s′(p4) v̄e,r(p2)γνue,r′(p1)|2 =
s2

2
(1 + cos2 ϑ) (2.152)

Back to the di�erential cross-section dσ per unit volume (see (2.129)). When
one plugs in all results calculated above one gets for the di�erential
cross-section dσ per unit volume

dσ =
1
T F

d3p3

(2π)3
1

2p0
3

d3p4

(2π)3
1

2p0
4

× [(2π)4δ(p1 + p2 − p3 − p4)]2
e4

s2
s2

2
(1 + cos2 ϑ)

(2.153)
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With Fermi's trick

[(2π)4δ(p1 + p2 − p3 − p4)]2

= (2π)4δ(p1 + p2 − p3 − p4)
∫
V T

d4x eix((p1+p2−p3−p4)

= V T (2π)4δ(p1 + p2 − p3 − p4)

and α =
e2

4π
one gets for the di�erential cross-section dσ per unit volume

dσ = 2α2 1
F

d3p3

2p0
3

d3p4

2p0
4

δ(p1 + p2 − p3 − p4) (1 + cos2 ϑ) (2.154)

In high energy limit and the CMS-system, i.e.

~p1 + ~p2 = 0, p0
1 + p0

2 '
√
s

one gets for the di�erential cross-section
dσ

dΩ3

dσ

dΩ3
= α2 1

2F

∫ ∞

0

d|~p3| |~p3|
∫
d3p4

|~p4|
δ(
√
s− |~p3| − |~p4|)δ(~p3 + ~p4) (1 + cos2 ϑ).

(2.155)
With the �ux F

F = 2p0
1 2p0

2

|~p1|
p0
1

(= |~vA| 2EA 2EB)

the di�erential cross-section
dσ

dΩ3

dσ

dΩ3
=
α2

4
(1 + cos2 ϑ) (2.156)

and the total cross-section σ =
∫
dΩ3

dσ

dΩ3

σtotal(e−e+ → µ−µ+) =
4πα2

3
(2.157)

for e−e+ → µ−µ+ are calculated.
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Chapter 3

Quantenelectrodynamics
(QED)

3.1 The electromagnetic �eld

Maxwell's equations:
∂µF

µν(x) = jν(x) (3.1)

εµνρσ ∂νFρσ(x) = 0 (3.2)

with �eld strength Fµν

Fµν(x) = ∂µAν(x)− ∂ν Aµ(x) (3.3)

and 4-vector potential Aµ(x).
(3.3) trivially satis�es (3.2):

2 εµνρσ ∂ν∂ρAσ = 0

jν(x) is the 4-vector current density:

jν(x) =
(
ρ(x)
~j(x)

)
(3.4)

and

Fµν(x) =


0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0

 (3.5)

We use Heaviside units (rational), that is removing factors of
√

4π from the
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equation. Maxwell's equations (see (3.2)) reads with (3.4) and (3.5):

~∇ · ~E = ρ

~∇× ~B =
∂ ~E

∂t
+~j (3.6)

~∇ · ~B = 0

~∇× ~E = −∂
~B

∂t
(3.7)

Relation to cgs units:

α =
e2H
4π

1
~c
' 1

137
eH =

√
4π ecgs

⇒ e2cgs =
e2H
4π

=
e2SI
4πε0

(3.8)

~EH =
~Ecgs√

4π

~BH =
~Bcgs√

4π
(3.9)

The most important values in the cgs-system:

e2cgs = (4.8 · 10−10)2 g · cm3/s2, c = 3 · 1010cm/s

~cgs = 1.05 · 10−27 erg · s, erg = g · cm2/s2 = 10−7J

Remarks:

1. Inhomogeneous Maxwell equation (3.1):

∂ν ∂µ F
µν = ∂ν j

ν = 0 (3.10)

⇒ conserved current!

2. Aµ carries a redundancy, the gauge degrees of freedom: Fµν is invariant
under

Aµ(x) → Aµ(x) + ∂µ α(x)
⇒ Fµν → Fµν + [∂µ, ∂ν ]α = Fµν (3.11)

This redundancy can be removed by imposing a constraint on Aµ (gauge
�xing condition):
Lorentz gauge (Landau):

∂µA
µ(x) = 0

⇒ ∂µF
µν = 2Aν = jν (3.12)

consistent with (3.10).
For jν = 0, each component Aν satis�es the Klein-Gordon equation.
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Lagrangian density:

L(x) = −1
4
Fµν(x)Fµν(x)−Aµ(x) jµ(x) (3.13)

Quantisation of free �eld:

Aµ(x) =
∫

d3k

(2π)3
1

2k0

[
eikx a†µ(~k) + e−ikx aµ(~k)

]
(3.14)

with k0 = |~k|, and the commutators

[aν(~k′), a†µ(~k)] = −gµν (2π)3 · 2k0 δ(~k − ~k′)

[aν(~k), aµ(~k′)] = 0

= [a†ν(~k), a
†
µ(~k

′)] (3.15)

Remarks:

1. We have the Klein-Gordon equation:

2Aµ(x) = 0 (3.16)

but

∂µAµ(x) '
∫
ikµ a

†
µ . . . 6= 0.

(kµ[aν(~k′), a†µ(~k)] = −kν (2π)3 2k0 δ(~k − ~k′))

∂µ F
µν [A] 6= 0 (3.17)

Can we do better than (3.14) ?
No, it was not possible to construct Aop with ∂µAopµ = 0 + covariant.

2. Fockspace:

• vacuum |0〉 with 〈0|0〉 = 1

aµ(~k) |0〉 = 0 (3.18)

• one particle states
a†µ(~k) |0〉

with norm

〈0| aν(~k′) a†µ(~k) |0〉 = 〈0| [aν(~k′), a†µ(~k)] |0〉 (3.19)

= −gµν (2π)3 2k0 δ(~k − ~k′)

⇒ µ = ν = i : positive norm states

µ = ν = 0 : negative norm states

⇒ No physical Hilbertspace (no probability interpretation).
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Remedy:
Fockspace contains physical subspace Fphys with

∂µ F
µν [Aµ] | physical states 〉

!= 0

⇒ kµ aµ(~k) | physical states 〉 = 0 (3.20)

or
∂µA

µ | physical states 〉 = 0

Evidently |0〉 ∈ Fphys.
Construction of Fphys:

α†0(~k) =
1√
2

1

|~k|
kµ a†µ(~k)

=
1√
2

(
a†0(~k)− k̂ ~a†(~k)

)
with k̂ = ~k

|~k|
.

α†1(~k) = ê1 ~a
†(~k)

α†2(~k) = ê2 ~a
†(~k)

α†3(~k) =
1√
2

(
~a†0(~k) + k̂ ~a†(~k)

)
(3.21)

êi · k̂ = 0
êiêj = δij

Commutators:

[α0, α
†
0] = [α3, α

†
3] = 0

[α0, α
(†)
i ] = [α3, α

(†)
i ] = 0

[α0, α
†
2] = −(2π)3 · 2k0 δ

[αi, α
†
i ] = (2π)3 · 2k0 δ (3.22)

Physical states:
α0(~k) |physical state〉 = 0 (3.23)

One particle states: α†0(~k) |0〉, α
†
1(~k) |0〉, α

†
2(~k) |0〉

but zero-norm states
〈0|α0(~k)α

†
0(~k) |0〉 = 0 (3.24)

⇒ Physical Hilbertspace H:

|1〉 ∼ |2〉 for || |1〉 − |2〉 || = 0
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H =
Fphys.
∼

(3.25)

⇒ We have two one particle states in H:∣∣∣~k, ε1〉 = α†1(~k) |0〉

with Polarisation ê1, ê2, g and

εi =
(

0
êi

)
i = 1, 2 (3.26)

General:
∣∣∣~k, ε〉 with ε0 = 0 and ~ε · ~k = 0, ~ε ∈ C3

~E- and ~B-�eld operators:

Ei(x) = −F 0i = −(∂0Ai − ∂iA0)

⇒ ~E(x) =
∫

d3k

(2π)3
1

2k0
ik0

{
(~a− k̂ a0) e−ikx − (~a† − k̂ a0 †) eikx

}
=

∫
d3k

(2π)3
1

2k0
ik0

{
(ê1 ~α1(~k) + ê2 α2(~k)) e−ikx −

− (ê1 α
†
1(~k) + ê2 α

†
2(~k)) e

ikx
}

−
∫

d3k

(2π)3
1

2k0
ik0

{
k̂ α0(~k) e−ikx − k̂ α†0(~k) eikx

}
~B(x) =

∫
d3k

(2π)3
1

2k0
i~kx

{
êi αi(~k) e−ikx − êi α†i (~k) e

ikx
}

(3.27)

⇒ Hamiltonian depends on αi, α
†
i .

From

L(x) = −1
4
Fµν F

µν =
1
2
( ~E2 − ~B2) (3.28)

follows the canonical momentum

Πi =
∂L

∂ ∂0Ai
= −F 0i = Ei (3.29)

Hamiltonian density

H = ~Π ∂0
~A+

1
4
Fµν F

µν

= ~E2 − 1
2
( ~E2 − ~B2) + ~E~∇A0

=
1
2
( ~E2 + ~B2) + ~∇( ~EA0) (3.30)
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The last equation follows from ~∇ ~E = 0 for ρ = 0.

⇒ H =
∫

d3xH =
1
2

∫
d3x ( ~E2 + ~B2) (3.31)

Use �eld operators

H ' −1
2

∫
d3k

(2π)3

∫
d3k′

(2π)3
1

2k0

1
2k0

(ik0)2
[
2

(
αi(~k)α

†
i (~k) + α†i (~k)αi(~k)

)]
· (2π)3 δ(k − k′)

=
1
2

∫
d3k

(2π)3
1

2k0
k0

[
αi(~k)α

†
i (~k) + α†i (~k)αi(~k)

]
(3.32)

Normal ordering causes αi(~k)α
†
i (~k) + α†i (~k)αi(~k) to become 2 · α†i (~k)αi(~k).

Inserting the result of normal ordering in equation (3.32) leads to:

H '
∫

d3k

(2π)3
1

2k0
k0α†i (~k)αi(~k) (3.33)

but . . .

Interlude: The Casimir e�ect
Experiment: Lamoreaux et al 1997 Solution for ~E, ~B: plane waves

~E ' ~ε e±ikx, ~B ' k̂ × ~E (3.34)

Boundary conditions:

n̂× ~E|x=0, L = 0

n̂ · ~B|x=0, L = 0 (3.35)

⇒ ~E ' ~ε sin(kxx) ei(kyy+kzz−k
0t) (3.36)

with the polarisation ~ε and

k0 =
√
~k2

kx =
nπ

L
, n = 1, 2, . . .

Casimir energy:

〈0|H |0〉L =
1
2

∫∑ d3k

(2π)3
1
2
〈0|αi(~k)α†i (~k) |0〉 · 2

=
1
2

1
L

∫
d2k||

(2π)2

∞∑
n=1

2

√
~k2
|| +

(nπ
L

)2

· δ(0) (3.37)

with
~k|| = (0, ky, kz).
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Equation () is divergent for large momenta (UV). Assume for the moment that
the

∫∑
is cut o� regularly for high energies/momenta:

〈0|H |0〉L =
V

L︸︷︷︸
Area

∫
d2k||

(2π)2

∞∑
n=1

√
~k2
|| +

(nπ
L

)2

· rΛ
(
~k2
|| +

(nπ
L

)2
)

(3.38)

where rΛ(x� Λ2)→ 0, rΛ(x� Λ2)→ 1.

⇒ EL = 〈0|H |0〉L =
V

2π · L

∞∑
n=1

RΛ(n) (3.39)

with

RΛ(n) =
∫ ∞

0

dk|| k||

√
~k2
|| +

(nπ
L

)2

rΛ

(
~k2
|| +

(nπ
L

)2
)

∆EL = EL − E∞:

∆EL =
V

2π · L

[ ∞∑
n=1

RΛ(n)−
∫ ∞

0

dnRΛ(n)

]
+

1
2
RΛ(0) (3.40)

Euler-McLaurin:∫ ∞

0

dnRΛ(n) =
∞∑
n=1

[
RΛ(n) +

1
(2n)!

B2nR
(2n−1)
Λ (0)

]
+

1
2
RΛ(0) (3.41)

with Bernoulli numbers

B2 =
1
6
, B4 = − 1

30
, . . . (3.42)

⇒ ∆E =
V

2π · L

[
− 1

12
R

(1)
Λ (0) +

1
720

R
(3)
Λ (0) + . . .

]
(3.43)

Since

RΛ(n) =
∫ ∞

0

dk|| k||

√
~k2
|| +

(nπ
L

)2

︸ ︷︷ ︸
k

=
∫ ∞

nπ
L

dk k2 rΛ(k2) · rΛ(k2) (3.44)

⇒ R
(1)
Λ (n) = −π

L

(nπ
L

)2

rΛ

(nπ
L

)
R

(1)
Λ (0) = 0

R
(3)
Λ (0) = −2

(π
L

)3

(3.45)
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R
(i>3)
Λ (0) depends on rΛ: R

(i>3)
Λ (0) ∼ ( 1

ΛL )i−3.

Finally:

∆E = − π2

720
V/L

L3
for Λ→∞

or

∆ε =
∆E
V/L

= − π2

720
1
L3

(3.46)

Force/Area:

F = −d∆ε
dL

= − π2

240
1
L4

(~c) ' −1.3 · 10−27

L[m]4
pa m4

Summary:

R
(1)
Λ (n) = −π

L

(nπ
L

)2

rΛ

(nπ
L

)
∆E = − π2

720
V/L

L3
+O(R(4)

Λ (0))

= − π2

720
V/L

L3 · L
for Λ→∞ (3.47)

with

R
(i>3)
Λ (0) ∼

(
1

ΛL

)i−3

Force/Area:

F = −
d( ∆E

V/L )

dL
= − π2

240
1
L4

(~c) ' −1.3 · 10−27

L[m]4
pa m4

Idea: with plates, without plates
For high frequencies the di�erence between 'plates' and 'no plates' becomes
smaller.
∆E = 〈0|H |0〉L − 〈0|H |0〉L=∞ is �nite. Divergent parts cancel. Computation
is performed with regularisation

Λ : rΛ

(
k2
|| +

(nπ
L

)2
)

3.2 Lagrangian of QED

In equation (3.13) on page 39 the Langrangian density of the electromagnetic
�eld coupled to an external current jµ(x) was presented. In QED, jµ describes
the coupling to the electron-, muon-, tau-current with

jµ(x) = −ē ψ γµ ψ(x) (3.48)
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where ψ is given by

ψ =

 ψe
ψµ
ψτ

 (3.49)

Together with the Dirac term we get

LQED = −1
4
Fµν(x)Fµν(x) + ψ̄ (i γµDµ −m)ψ (3.50)

where Dµ is the covariant derivative:

Dµ ψ(x) =
(
∂µ − ieAµ(x)

)
ψ(x) (3.51)

and

m =

 me 0 0
0 mµ 0
0 0 mτ


Gauge invariance: g(x) = ei α(x) ∈ U(1)

ψ(x) → g(x)ψ(x) = eiα(x)ψ(x) = ψg

ψ̄(x) → ψ̄(x) g†(x) = ψ̄(x) e−ieα(x) = ψ̄g (3.52)

Aµ(x) → i

e
gDµ g† = Aµ(x) + ∂µα(x) = Ag

⇒ Dµ(x) → gDµ g†(x)

−1
4
Fµν F

µν → −1
4
Fµν F

µν (3.53)

ψ̄ (iD/−m)ψ → ψ̄ g† (igD/g† −m) gψ = ψ̄ (iD/−m)ψ (3.54)

with
D/ = γµDµ

and
gg† = 1.

Remark: ∂µ → ∂µ − ieAµ is called 'minimal coupling'.
Aµ is a connection (Zusammenhang).
Consequences of gauge invariance:
Classical action of QED:

SQED[A,ψ, ψ̄] =
∫

d4xLQED(x)

with LQED(x) from equation (3.50).
Gauge invariance:

S[Ag, ψg, ψ̄g] = S[A,ψ, ψ̄]
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In�nitesimal

S[A+ ∂µα, (1 + iαe)ψ, ψ̄ (1− iαe)]− S[A,ψ, ψ̄] = 0

=
∫

d4x

(
∂µα(x)

δ

δAµ(x)
+ ieα(x)ψ(x)

δ

δψ(x)
− ψ̄(x)

δ

δψ̄(x)

)
S

e.g.: ψ = ψ̄ = 0: ∫
d4x ∂µα(x)

δ

δAµ(x)
S[A, 0, 0] = 0

⇒ −
∫

d4xα(x) ∂µ
δS[A, 0, 0]
δAµ(x)

= 0

α(x) arbitrary:

∂µ
δS[A]
δAµ(x)

= 0

also

∂∗µ
δ2S

δAµ(x)δAν(y)
|A=0 = 0

⇒ ∂∗µ (∂ρ∂ρ gµν − ∂µ∂ν) δ(x− y) = 0

Completion of Feynman rules:
Physical 1p states: ∣∣∣~k, εi〉 = α†i (~k) |0〉 = êi ~a

†(~k) |0〉 i = 1, 2 (3.55)

with the 4-vector εi =
(

0
êi

)
General states: |εµεµ| = 1∣∣∣~k, ε〉 = −εµ α†µ(~k) |0〉 = ~ε~a†(~k) |0〉 (3.56)

with ε0 = 0, εµkµ = 0, ~ε~k = 0.
Norm 〈

~k′, ε′|ε,~k
〉

= ~ε′ ∗ ~ε (2π)3 2k0 δ(~k − ~k′) (3.57)

⇒ initial state εµ �nal state εµ∗

3.3 Magnetic moment of electron

Consider

Dµ = ∂µ − ieAµ
LD = ψ̄ (i γµDµ −m)ψ
HD = ψ† (−i γ0 γiDi + γ0m)︸ ︷︷ ︸

H

ψ (3.58)
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Evaluate non-relativistic limit of H2:
First

H2 = γ0 (i~γ ~D +m) γ0 (i~γ ~D +m)

= (~γ ~D +m) (i~γ ~D +m)
= γiγjDiDj +m2

= − ~D 2 +
1
2
[γi, γj ]DiDj +m2

= − ~D2 − i e 1
4
[γi, γj ]F ij +m2

with
[γi, γj ] = −2iεijk Σk

and Σk =
(

0 σk

σk 0

)
H2 = − ~D2 − e

2
εijk F

ij +m2

= − ~D2 + e ~Σ · ~B +m2 . (3.59)

Then
√
H2 = m+

(~p− e ~A)2

2m
+

e

2m
~Σ · ~B +O(m−2) (3.60)

Remember ~Σ = 2~S

→ i
∂

∂t
ψ =

(~p− e ~A)2

2m
+m+

e

2m
2 ~S · ~B (3.61)

Spin coupling:

ge ·
e

2m
~S · ~B = ~µe · ~B

with gyromagnetic factor ge = 2.
Experiment: ge = 2.0023193 . . .
( |e|2m ge = 1.760859770(44) · 1011s−1T−1)

Anomalous magnetic moment: ~jop(x) = −e : ψ̄(x) γµ ψ(x) :

~µop =
1
2

∫
d3x~x×~jop(~x, t) (3.62)

Expectation value:
∣∣∣e(~k, s)〉 = a†s(~k) |0〉.

Non-interacting:〈
e(~k′, r)

∣∣∣ ~µ ∣∣∣e(~k, s)〉 = −e
2

∫
d3x~x×

〈
e(~k′, r)

∣∣∣ : ψ̄ ~γ ψ :
∣∣∣e(~k, s)〉 (3.63)

When one proceeds as with scattering, one gets ge = 2.
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Magnetic moment of an electron in general:

~µ(t) =
1
2

∫
d3x~x×~j(x) (3.64)

Electron: t = 0.

〈e(~p ′, r)| ~µ |e(~p, s)〉 = −e
2

∫
d3x~x× 〈e(~p ′, r)| : ψ̄(~x, 0)~γ ψ(~x, 0) : |e(~p, s)〉

= −e
2

∫
d3x~x× 〈0| ar(~p ′) : ψ̄(~x, 0)~γ ψ(~x, 0) : a†s(~p) |0〉

= −e
2

∫
d3x~x× 〈0| ar(~p′)ψ̄(~x, 0) |0〉 〈0|ψ(~x, 0)a†s(~p) |0〉

= −e
2

∫
d3x ei(p−p

′)x ~x× ūr(p′)~γ us(p)

= . . . (3.65)

Anomalous magnetic moment
Classically the interaction is given by

−e ψ̄ γµAµ ψ

⇒ Looking for quantum corrections to the Vertex:
Lowest order in α and A:

eΓµ(q, q + p)Aµ(p)

with

Γµ ∼ − i

2m
σµν p

ν α

2π

σµν =
i

2
[γµ, γν ]. (3.66)

For σµν see page 28.

⇒ (Γµ ·Aµ)(x) ' − ie

2m
σµν

α

2π
∂ν Aµ(x)

= − ie

4m
α

2π
σµν F

νµ(x)

=
e

2m
α

2π
~Σ · ~B

(3.67)

One gets the last equation, because ~E = 0.

⇒ µ→ µ+
e

2m
α

2π
~Σ = 2

e

2m

(
1 +

α

2π

) ~Σ
2︸︷︷︸
~S

(3.68)
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3.4 Renormalisation

∼ α
higher order term ∼ α2 vacuum polarisation
Computation from Feynman rules:

Πµν(p) = −(ie)2
∫

d4q

(2π)4
Tr

i

q/−m
γµ

i

p/+ q/−m
γν (3.69)

[
v − (ie)2

∫
d4q

(2π)4
Tr

q/

q2
γµ

1
(p+ q)2

(q/+ p/)γν
]

= p2 − pµ (3.70)

Two Problems:

1. integral is divergent ∼
∫

d4q 1
q2

2. poles: q2 = 0, (q + p)2 = 0.

Remedy:

1. Regularisation: Π→ ΠΛ(p2,m2) (Casimir)

2. Wick rotation: tM → itE , p
0
M → ip0

M , pµp
µ → −pEµ pEµ .

There is a one-to-one relation between Euklidean Correlation functions
GE and Minkowski Correlation functions GM .

How to implement (1):
Photon propagator:

Aµ(∂ν∂νgµρ − ∂µ∂ρ)Aρ → ZAAren. µ(∂ν∂νgµν − ∂µ∂ρ)Aren. ρ (3.71)

with
ZA = 1 + Z

(1)
A α+O(α2)

⇒
Demand

lim
Λ→∞

(
Z−1
A + ΠΛ(p2,m2)

)
�nite.

Structure of ΠΛ

ΠΛ(p2,m2) = α

[
f0 ln

p2

Λ2
+ f1 +O

(
p2

Λ2

)
+ . . .

]
⇒ Z−1

A = 1− α f0 ln
Λ2

µ2
+ α · finite +O(α2)

with renormalisation scale µ.

Hence

Z−1
A + ΠΛ(p2,m2) = 1 + α

[
ln

(
p2

µ2

)
+ finite

]
+O(α2)
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In summary we demand

µ
d
dµ

Observables = 0

Computation:
Πµν(p) = (p2gµν − pµpν) ·Π(p) (3.72)

with renormalised Π: ΠΛ(p2,m2)−ΠΛ(0,m2).

Π(p2) = −2α
π
i

∫ 1

0

dxx(1− x) ln
m2

m2 − x(1− x)p2

= −2α
π
i

∫ 1

0

dxx(1− x) ln
m2/p2

m2/p2 − x(1− x)

UV-asymptotics:

Π(p2) ' α

3π

[
ln(− p2

m2
) −5

3︸︷︷︸
finite=c

+O
(
m2

p2

)]
(3.73)

⇒ αeff (p2) =
α

1− α
3π ln(−p

2

m2c )
lim

−p2→0
αeff = 0

lim
−p2→m2c e3π/α

αeff = ∞

with (here)

c = e
5
3 , αeff (cm2) = α 1-loop β-function

RG-equation:

µ d
dµZA

ZA
= − 2

3π
α = − 1

6π2
α
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Chapter 4

Quantum Chromodynamics
(QCD)

The theory of strong interactions provides the nuclear forces that keep nuclear
cores together.
Peculiar properties:

αs =
g2
s

4π
1. asymptotic freedom: αs(p2 →∞)→ 0.

(Nobel Prize 2004 for Gross, Wilczek and Politzer)

2. con�nement: Vqq̄(r) ∼ r for large distances.
Millenium Prize riddle (Ja�e, Witten).

3. sel�nteraction of gauge �elds
Gauge �elds are colour charged.

Evidence for ± 1
3e, ±

2
3e charged hadronic constituents with spin 1

2 : quarks q
(J. Joyce), and gluonic jets (Nobel Prize 1969 for Gell-Mann, Zweig).

4.1 The QCD-Lagrangian

Hadronic current:

jµ(x) = e
∑
q

Qq q̄(x) γµ q(x) (4.1)

with

Qu,c,t =
2
3
, Qd,s,b = −1

3
.

Hadronic states are invariant under SU(3) transformations in colour space:

q(x) → U q(x) ∂µU = 0
(qα(x) → Uαβ qβ(x) α, β = 1, 2, 3)

51



with
U ∈ SU(3) : U†U = UU† = 13, detU = 1.

SU(3) is non-Abelian.

In�nitesimal
U = 13 + i δϕa λa, a = 1, . . . , 8

λa: generators of SU(3) (Lie-Algebra of SU(3))
with

~λ = 0, λ† = λ

Compare to the generators of SU(2) σa:

[σa, σb] = 2i εabc σc

Quarks:

q(x) =

 q1(x)
q2(x)
q3(x)

 (4.2)

with Dirac spinors qi, where i, i = 1, 2, 3, indicates the colour.

In table 4.1 the �avours of quarks, their current masses and their charges are
listed.

Generation �rst second third Charge
Mass [eV] 1.5-4 1150-1350 170
Quark u c t 2

3

Quark d s b − 1
3

Mass [eV] 4-8 80-130 4.1-4.4

Table 4.1: Quarks and some of their properties.

Lagrangian:

L(0)
quark =

∑
q

q̄(x) (i∂/−mq) q(x) (4.3)

Bound states:

1. Mesons: qq̄

2. Baryons: qqq

e.g.:

π+ ∼ u1d̄1 + u2d̄2 + u3d̄3

p ∼ εαβγ uα uβ dγ

( → εαβγ uα uβ dγ detU)
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π+ and p are gauge invariant.

[λa, λb] = 2i fabcλc

where fabc are structure constants.

Trλ = 0
Trλa λb = 2 δab

{λa, λb} =
4
3
δab + 2 dabc λc

dabc = Trλa {λbλc}

The Lagrangian L(0)
quark(x) is invariant under

q → Uq

q̄ → q̄ U†.

L(0)
quark(x)→

∑
q

q̄ U† (i∂/−m)Uq (4.4)

With U†U = 13: ∑
q

q̄ U† (i∂/−m)Uq = L(0)
quark(x) (4.5)

Gauge principle (as in QED):
We demand

q(x) → U(x) q(x)
q̄(x) → q̄(x)U†(x)

⇒ Lquark(x) → Lquark(x)

but

L(0)
quark(x) → L(0)

quark(x) +
∑
q

q̄ (U† ∂/U) q

∂/δαβ → γµDαβµ (4.6)

with
Dαβµ = ∂µδ

αβ⊕i gsAαβµ ,

see page 45.

SU(3):
[ta, tb] = i fabc tc

with

tc =
1
2
λc
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fabc is anti-symmetric:

f123 = 1

f147 = −f156 = f246 = f257 = f345 = −f367 =
1
2

f458 = f678 =
√

3
2

and

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 0
0 0 1
0 1 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

 1 0 0
0 1 0
0 0 −2


Quark colour charge: ta ta = CF 1 with CF = 4

3 .
Gluon colour charge: fabc fabd = CA δ

cd with CA = 3.

tradj. t
c td = −CA δcd

trfud. t
c td =

1
2
δcd

Transformation of Aαβµ = Aaµ

(
λa

2︸︷︷︸
ta

)αβ
:

Aµ(x) → U(x)Aµ(x)U†(x)− i

gs
U(x) ∂µU†(x)

= − i

gs
U(x)Dµ U†(x)

⇒ Dµ(x) → U(x)Dµ U†(x) (4.7)

As in QED we de�ne the �eldstrength Fµν :

i gs Fµν = [Dµ,Dν ] = i gs
(
∂µAν − ∂ν Aµ + igs [Aµ, Aν ]

)
(4.8)

with
Fµν → U Fµν U

†

and
[Aµ, Aν ] = i fabcAbAc λa
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or
F aµν = ∂µA

a
ν − ∂ν Aaµ − gs fabcAbAc.

Pure gauge theory: Yang-Mills

LYM (x) = −1
2

TrFµν Fµν

= −1
4
F aµν F

aµν (4.9)

Full Lagrangian:

L(x) = −1
4
F aµν F

aµν +
∑
q

q̄ (iD/−mq) q (4.10)

with gauge symmetry U ∈ SU(3):

q → U q

q̄ → q̄ U†

Aµ → U Aµ U
† − i

gs
U ∂µ U

†

⇒ L(x)→ L(x)
with

−1
2

TrFµν Fµν → −1
2

TrU Fµν U U† Fµν U†

= −1
2

TrFµν Fµν

Parameters: gs or αs = g2s
4π where αs is the strong �ne structure constant.

mu,d,s,c,b,t are the quark masses.

Gauge �xing (Lorentz)∫
L(x)→

∫
L(x) +

1
2ζ

∫
Tr (∂µAµ)2 +

∫
c̄ ∂Dµ c︸ ︷︷ ︸
ghosts

(4.11)

Feynman rules for QCD
Gauge �xing: 1

2ζ

∫
(∂µAµ)2

Quark propagator: i p/+m
p2−m2+iε δ

αβ

Gluon propagator: −i 1
k2+iεgµν

[
−(1− 1

ζ )
kµkν
k2+iε

]
[
Ghost propagator:i 1

p2+iε

]
Quark-gluon vertex: −i gs (ta)αβ γµ

3-gluon vertex: −gs fabc [gµν(p− q)ρ − gνρ(q − r)µ + gρµ(r − p)ν ]
4-gluon vertex:

−ig2
s [f

eadfebc(gµνgσρ − gµρgνσ) +
+feacfebd(gµνgσρ − gµσgνρ) +
+feabfecd(gµσgνρ − gµρgνσ)]
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4.2 Running coupling

As in QED we compute the running coupling.
Reminder QED page 50 (Euklidean)

p2 � m2
Cpt. α(p2) =

α(µ2)

1− α(µ2)
3π ln

(
p2

µ2

) (4.12)

computed from
β-function:

βQED(α) ' p2 ∂p2 α(p2) =
α2

3π
+ O(α3) > 0

βQED = −β0 α
2 − β1 α

3 + . . .

By comparison of coe�cients one gets:

β0 = − 1
3π

(4.13)

QCD:

βQCD ' p2∂p2αs(p2) = − 1
12π

(33− 2Nf )α2
s + O(α3

s) (4.14)

⇒ β0 =
1

12π
(33− 2Nf ) (4.15)

⇒ αs(p2) =
αs(µ2)

1 + αs(µ2)β0 ln
(
p2

µ2

)
=

1

β0 ln
(

p2

Λ2
QCD

) (4.16)

with

µ2 = Λ2
QCD · exp

{
− β0

αs(µ)

}
asymptotic freedom: αs(p2) ∼ 1

β0 ln
(
p2

µ2

) → 0

ΛQCD ' 217+25
−23 MeV

4.3 Con�nement

no coloured asymptotic states.
Example: qq̄-pair
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1. De�nition of qq̄-state:
q̄(y) q(x) not gauge invariant
but

q̄(y)P exp

+i gs

x∫
y

dzµ taAaµ(z)

︸ ︷︷ ︸
x∏
z=y

(1−i gs dzµ ta Aaµ(z))

q(x)

gauge trafo:

Aµ(x)→ U(x)Aµ(x)U†(x)− i

gs
U(x) ∂µ U†(x) see page 54.

⇒
(
1+ i gs dzµ taAaµ(z)

)
= U(z)

(
1+ i gs dzµ taAaµ(z)

)
·
(
U†(z) + ∂µU

†(z) dzµ
)︸ ︷︷ ︸

U†(z+dz)

⇒ P exp

+i gs

x∫
y

dzµAµ(z)

 → U(y)P exp

+i

x∫
y

gs dzµAµ(z)

 U†(x)

2.

lim
|x−y|→∞

〈
q̄(y)P exp

+i gs

x∫
y

dzµAµ(z)

 q(x)

〉
→ 0

in quenched QCD (no dynamical quarks)
Three quarks:
Con�nement

V (r) = V0 + κ · r − e

r
+
f

r2

Remarks:

• strong coupling is not enough!!

• mass gap in Yang-Mills pure glue [Millenium Prize (Ja�e, Witten)]

• perturbation theory fails ⇒ non-perturbation methods

� lattice: space-time grid (∼ 1264 lattices)

� operator product expansions/sum rules . . .

� renormalisation group methods solve theory via relations
between correlation functions.

3. Area law of Wilson loop

W(Cx,y) = TrP exp

+i gs
∫
Cx,y

dzµAµ(z)
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QED:

exp
{
−i e

∫
d4x jµ(x)Aµ(x)

}
with

jµ =
∫
Cx,y

dzµ δ(x− z)

wordline of an electron

⇒ 〈W(Cx,y)〉 ∼ exp
{
−Fqx q̄y

}
→ 0

∼ e−σA

4. dynamical quarks

4.4 Phase diagram of QCD

Order parameter:

• chiral condensate: 〈q̄q〉 = σ

• Polyakov loop L ∼ e−Fq

Remark on phase transitions:
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Chapter 5

Electroweak Theory
(Quantum Flavourdynamics,
QFD)

In 1930 Pauli suggested the existence of the neutrino ν. It was discovered from
1953 to 1959 by Reines. In the years 1933 and 1934 Fermi worked out a theory
of the β-decay.
β-decay:

n→ p+ e− + ν̄e

Fermi interaction:

H = G

∫
d3x [p(x) γµ n(x)][e(x) γµ ν(x)] + h.c. (5.1)

with G is the Fermi constant: G = 1.1 · 10−5 GeV−2.
Important: parity violation in β-decay !

H =
Gβ√

2

[
p(x) γµ

(
1− gA

gV
γ5

)
n(x)

][
e(x) γµ (1− γ5) ν(x)

]
+ h.c.

with

Gβ = 1.147 · 10−5 GeV−2

gA
gV

= 1.255

Weak interaction distinguishes between left- and right-handed particles.

Universality of weak interaction.
γ5 and handedness.
Fermions revisited: compare to page 22.
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U(p) =
√
p0 +m

(
χs

~σ·~p
p0+m

χs

)
with

χ 1
2

=
(

1
0

)
, χ− 1

2
=

(
0
1

)
and standard representation

γ0 =
(
12 0
0 12

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 12

12 0

)
For m = 0 we equate |~p| = p0 = p. With p̂ = ~p

p we get for U(p):

U(p) =
√
p

(
χs

~σ · p̂ χs

)
Spin-orientation/Helicity: ~σ · p̂ χ± = ±χ±.
De�ne:

U±(p) =
√
p

(
χ±
±χ±

)
m = 0: with γ5 U±(p) = ±U±(p).

We de�ne left- and right-handed spinors:

ψL/R =
1∓ γ5

2
ψ

= ψ± form = 0

with
γ5 ψL/R = ∓ψL/R chirality

5.1 Lagrange density of electroweak theory

Fermi interaction via gauge theory:
Consider

µ− → e− + ν̄e + νµ

Gauge principle (for the time being we consider massless fermions):

Leptons: Ψe =
(
ψνe
ψe

)
, Ψµ =

(
ψνµ
ψµ

)
, Ψτ =

(
ψντ
ψτ

)
Quarks: Ψq =

(
ψu
ψd

)
, Ψq =

(
ψc
ψs

)
, Ψq =

(
ψt
ψb

)
Free Lagrangian for the electron:

L0(x) = Ψ̄eL i γ
µ∂µ ΨeL + ψ̄eR i γ

µ∂µ ψeR(x)
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The second summand is necessary because of QED.
L0 is invariant under global SU(2) rotations of ΨL:

ΨL → U ΨL

with

U = eiω ∈ SU(2)

ω = ωa
σa

2
Singlet ψR: ψR → ψR.
σa

2 are the generators of SU(2) with Lie-algebra[
σa

2
,
σb

2

]
= i εabc

σc

2
, ε123 = 1

and Pauli-matrices σi, i = 1, 2, 3 (see 10).
Local symmetry (gauging) via minimal coupling

L0 → L(x) = Ψ̄eL i γ
µDµ ΨeL + ψeR i γ

µ∂µ ψeR

with

Dµ = ∂µ + i gWµ

Wµ = Wa
µ

σa

2
and gauge transformations

Wµ(x) → U(x)Wµ(x)U†(x)− i

g
U(x) ∂µ U†(x)

= − i
g
U(x)Dµ U†(x)

Ψ(x) → exp
{
i ω(x)

1− γ5

2

}
Ψ(x)

=
(
U(x) ΨL

ψR

)
with Ψ(x) =

(
ΨL

ψR

)
.

Within this notation L reads

L = Ψ̄ i γµDµ Ψ

with

Dµ = ∂µ + i gWµ

Wµ = Wa
µ · T a

T a =
(

σa

2 0
0 0

)
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Coupling via

Wa
µ σ

a =
(

W3
µ W1

µ − iW2
µ

W1
µ + iW2

µ −W3
µ

)
where W3

µ is neutral and W1
µ, W2

µ are charged.
With

W± =
1√
2

(W1 ± iW2)

we have the interaction, e.g.:

g√
2

Ψ̄e,L γ
µW−

µ ψνe,L =
g√
2
ψ̄e γ

µW−
µ

1− γ5

2
ψνe︸ ︷︷ ︸

ψνe,L

=
g√
2
ψ̄e

1 + γ5

2
γµW−

µ ψνe

=
g√
2
ψ†e

1− γ5

2
γ0 γµW−

µ ψν

(5.2)

Diagrammatically
neutral gauge boson W3

µ:

• is not the photon: no L-R-symmetry
⇒ additional U(1) gauge boson ∼ Z0 (triumph of theory)

• is not Z0: no coupling to right-handed fermions

Existence of neutral currents,
e.g. ν̄µ + e− → ν̄µ + e−

or νµ + n→ νµ + n.

Consider
W3
µ = cos θW Z0

µ + sin θW Aµ

where Aµ represents the photon and θW is the Weinberg angle (weak mixing
angle).

sin2 θW = 0.23117(6), result at SLAC: sin2 θW = 0.23098± 0.00028

Orthogonal combination:

Bµ = − sin θW Z0
µ + cos θW Aµ

with U(1) gauge transformation

ΨL → ei YL ω

ψR → ei YR ω

} (
ΨL

ψR

)
→ eiY ω

(
ΨL

ψR

)
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with Hypercharge

Y =

 YL 0 0
0 YL 0
0 0 YR

 . (5.3)

Bµ commutes with Wµ !

SU(2)×U(1)

The hypercharge Y equals the di�erence between the electric charge Q in |e|
and the third component of the isospin I3:

Y = Q− I3.

For right-handed fermions: Y = Q.

For left-handed fermions, e.g.:

Particle Y Q I3

νL − 1
2 0 − 1

2

eL − 1
2 -1 − 1

2

uL
1
6

2
3

1
2

dL
1
6 − 1

3 − 1
2

Interaction term: Ψ =
(

ΨL

ψR

)
Ψ̄ i γµDµ Ψ

with
Dµ = ∂µ + i gWµ + i g′Bµ Y

where Wµ is explained on page 61 and for the Hypercharge Y see page 63.
Full Lagrangian:

Wa
µν = ∂µW

a
ν − ∂νW a

µ − g εabcW b
µW

c
ν

Bµν = ∂µBν − ∂νBµ

LEW = −1
4
Wa
µνWaµν − 1

4
Bµν B

µν + ψ̄ i γµDµ ψ (5.4)

General gauge transformation:

Ψ→ ei g ω
a Ia+i g ω Y Ψ (5.5)

Neutral gauge bosons:

−Ψ̄ γµ
[
g (cos θW Z0

µ + sin θW Aµ)T 3 + g′ (− sin θW Z0
µ + cos θW Aµ)Y

]
Ψ
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Coupling to Photon:

g sin θW T 3 + g′ cos θW Y = eQ

= e T 3 + e Y

⇒ g sin θW = e

g′ cos θW = e

Current: −eA0
µ j

µ
em.

jµem = Ψ̄ γµ Ψ = (ψ̄R γµ ψR + Ψ̄L γ
µ ΨL)

Coupling to Z0:

g cos θW T 3 − g′ sin θW Y =
e

sin θW cos θW

(
cos2 θW T 3 − sin2 θW Y

)
=

2e
sin 2θW

(
Γ3 − sin2 θW Q

)
(5.6)

Current: −Z0
µ j

µ
nc · 2e

sin 2θW

jµnc = Ψ̄L γ
µ

(
T 3 − sin2 θW Q

)︸ ︷︷ ︸
∼gL= 1

2 (gV −gR)

ΨL + ψ̄R γ
µ

(
− sin2 θW Q

)︸ ︷︷ ︸
gR= 1

2 (gV +gR)

ψR

=
1
2
ψ̄ γµ

(
Γ3
L

(
1− γ5

)
− 2Q sin2 θW

)
ψ

Electron: = 1
2 ψ̄νeL γ

µ ψνeL −
1
2 ψ̄eL γ

µ ψeL − sin2 θW jµem
Problems:

1. Masses for W±, Z0: explicit mass-terms break gauge invariance!

2. Masses for matter �elds: couple left- to right-handed �elds → break
weak gauge invariance!

3. Neutrino mixing

Resolution to 1. and 2.: Higgs-mechanism: masses via spontaneous symmetry
breaking.

5.2 The Higgs sector

1. W±, Z0 are massive, e.g. mZ = 91.1882(22)GeV, m2
W = m2

Z cos2 θW .

2. Matter-�elds are massive:

(a) ∼ m2
W TrW 2

(b) ∼ −mψ ψ̄ ψ = mψ ψ̄R ψL +mψ ψ̄L ψR
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(a) and (b) are not gauge invariant:

ψ → exp
{
i
1− γ5

2
ω

}
ψ (5.7)

m2
W TrW2 → − i

g
m2
W TrDW

mψ ψ̄ ψ → mψ ψ̄ exp
{
−i 1 + γ5

2
ω

}
exp

{
i
1− γ5

2
ω

}
ψ

Explanation to the last transformation:

ψ̄ → ψ† exp
{
−i 1− γ5

2

}
γ0 = ψ† γ0 exp

{
−i 1 + γ5

2

}
− ψ̄ exp

{
−i 1 + γ5

2

}
= mψ ψ̄ e

−i γ5 ω ψ

= mψ

(
ψ̄R e

iω ψL + ψ̄L e
−iω ψR

)
(5.8)

In�nitesimal:
ψ̄ ψ → −i ψ̄ γ5ψ

Assume we have scalar �eld φ with 〈φ〉 = v√
2
6= 0.

⇒ "Massterms":

LY (x) = −hψ (ψR φ† ΨL + Ψ̄L φψR) Yukawa term (5.9)

with doublet φ:

φ(x) =
(
φ1(x)
φ2(x)

)
, φ(x)→ U(x)

(
φ1(x)
φ2(x)

)
, U ∈ SU(2)

⇒ φ†(x) ΨL(x)→ φ†(x)U†(x)U(x) ΨL(x) = φ†(x)ψL(x) (5.10)

⇒ Yukawa term LY (x) U→ LY (x) gauge invariant under SU(2)!
Hypercharge:

φ(x)→ ei YH ω φ(x)

with

YH = YL − YR =
1
2
.

⇒ LY (x) e
i Y ω

→ LY (x)

ψ̄R φ
† ΨL = ψ̄R e

−i YR ω φ† e−i (YL−YR)ω ei YL ω ΨL

= ψ̄R φ
† ΨL (5.11)

Electric charge:

65



φ1(x) : YH + I3 = 1
φ2(x) : YH + I3 = 0

〈φ〉 =
(

0
v√
2

)
In summary L(x) is gauge invariant, φ couples to Wµ and to Bµ!

Mass term for fermion: ( ) φ0 =
(

0
v√
2

)
−he

(
ψ̄eR φ

†
0 ΨL + h.c.

)
= −he

v√
2

(
ψ̄eR ψL + h.c.

)
(5.12)

me = he
v√
2

Kinetic term:
∂µφ

† ∂µφ→ Dµ φ†Dµ φ

with

Dµ = ∂µ + i gWµ + i g′Bµ YH

Wµ = W a
µ

σa

2

Higgs Lagrangian: (for electron)

LH(x) = Dµ φ†Dµ φ− he (ψeR φ
† ΨeL + h.c.)− V (φ† φ) (5.13)

V is gauge invariant, as

φ† φ
U→ φ† U† U φ = φ† φ

φ† φ
ei YH ω

→ φ† e−i YH ω ei YH ω φ (5.14)

Mass of Z0, W±: Take φ0 =
(

0
v√
2

)

Dµ φ0 =
iv

2
√

2

( √
2 gW+µ

g′Bµ − gWµ
3

)
(5.15)

with

g′Bµ − gWµ
3 =

g

cos θW

(
sin θW Bµ − cos θW Wµ

3

)
= − g

cos θW
Z0µ
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⇒ Dµ φ†0Dµ φ0 =
v2 g2

8

(
2W−

µ W+µ +
1

cos2 θW
Zµ Z

0µ
)

(5.16)

This provides mass terms for Z0, W±:

mZ =
1
2

v g

cos θW

mW =
1
2
v g

and

sin2 θW = 1− m2
W

m2
Z

Full Lagrange density:

L(x) = LEW (x) + LH(x)
see page 63 and page 65

= −1
4
Wa
µνWaµν − 1

4
Bµν B

µν + Ψ̄ i γµDµ Ψ−

−hψ (ψ̄R φ† ΨL + Ψ̄L φψR) +Dµ φ†Dµ φ− V (φ† φ)

with

Z0
µ = cos θW W 3

µ − sin θW Bµ

Aµ = sin θW W 3
µ + cos θW Bµ

and currents − 2e
sin 2θW

Z0
µ j

µ
nc, −eAµ jµem

with

jµem = ψ̄R γ
µ ψR + Ψ̄L γ

µ ΨL

jµnc =
1
2
ψ̄ γµ

(
Γ3
L

(
1− γ5

)
− 2Q sin2 θW

)
ψ

Parameters:
g, sin θW , ν, hψ

Measurements:

1. Fine structure constant

α =
e2

4π
=
g2 sin2 θW

4π
= 137.0359 . . . see QED section

2. Fermi coupling constant

GF =
g2
√

2
8m2

W

=
1√
2 v2

= 1.16639(1) · 10−5 GeV−2
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3. The Z0-boson mass

mZ =
g v

2 cos θW
= 91.1882(22)GeV

4. Fermion masses
mf = hf

v√
2

Mass hierarchy is not understood.

5.3 Spontaneous Symmetry Breaking

1. Simple example: O(2)-model, φ complex �eld

L = ∂µφ
∗ ∂µφ− µ2 φ∗ φ− λ(φ∗ φ)2 (5.17)

with invariance (global)

φ → eiω φ, ∂µω = 0
→ φ∗ → φ∗ e−iω (5.18)

Hamiltonian density

H = ∂µφ
∗ ∂µφ+ V (φ† φ) (5.19)

with

∂µφ
∗ ∂µφ = ∂tφ

∗ ∂tφ+ ~∇φ∗ ~∇φ
V (φφ∗) = µ2 φ∗ φ+ λ (φ∗ φ)2

Minimum: φ0 = 0, Minimum: φ0 =
√

−µ2

2λ eiθ

Mass: m2 = ∂2V
∂φ ∂φ∗ |φ0 = µ2

Masses: θ = 0, φ = φ1 + iφ2,
1
2
∂2V
∂φ2

1
|φ0 = −2µ2, 1

2
∂2V
∂φ2

2
|φ0 = 0.

⇒ 1 massive boson (radial mode)
1 massless boson (Goldstone boson)

Spontaneous Symmetry breaking: theory rests in given minimum.

Remark:
In QM the ground state is symmetric! In QFT for d > 2 spontaneous
symmetry breaking (SSB) is possible, for d <= 2 no SSB for a cont.
symmetry can occur (Mermin-Wagner(-Coleman)), but discrete SSB. For
d < 2 no SSB can occur: QM: d = 0.

Lagrangian:

φ(x) =
1√
2

(
v + σ(x)︸︷︷︸

radialmode

+ i π(x)︸ ︷︷ ︸
Goldstone

)
(5.20)
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with

v =

√
−µ2

λ
.

L =
1
2

[
∂µσ ∂

µσ + ∂µπ ∂
µπ

]
− 1

2
µ2

[
(v + σ)2 + π2

]
− 1

4
λ

[
(v + σ)2 + π2

]2

=
1
2

[
∂µσ ∂

µσ −m2
σ σ

2
]

+
1
2
∂µπ ∂

µπ + interaction-terms (+ const.)(5.21)

with

m2
σ = −2µ2

2. U(1) gauge theory: (Abelian Higgs model)

L(x) = −1
4
Bµν B

µν +Dµ φ∗Dµ φ− µ2 φ∗ φ− λ(φ∗ φ)2, µ2 < 0

Bµν = ∂µBν − ∂νBµ

Dµ = ∂µ + i g′ Y Bµ

Again we have φ0 = v√
2
∈ R as minimum:

Mass-term for Bµ:

Dµ φ0Dµ φ0 = −(g′ Y v)2BµBµ (5.22)

with mass
m2
B = (g′ Y v)2.

dofs: φ1, φ2, B±
µ → σ, π, B±

µ , BLµ

1 +1 +2 [+ω] 1 +1 +2 +1

± in B±
µ in order to distinguish between the two helicity states and L in

BLµ stands for longitudinal.

Perform gauge trafo on φ with eiω, ω = − arctan π
v+σ .

φ→ eiω φ = (cosω + i sinω)
1√
2

(v + σ + iπ)

=
1√
2

√
(v + σ)2 + π2

=
1√
2

(v + σ′) (5.23)

with

σ′ =
√

(v + σ)2 + π2 − v = σ +
π2

2v
+ . . .

Unitary gauge.
The gauge �eld has 'eaten up' the Goldstone Boson(
Higgs(-Kibble) dinner

)
.
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3. Electroweak theory:

SU(2)× U(1) SSB→ Uem(1)
4 gen. → 1 gen.

3 Goldstone bosons are eaten up.

φ0 =
(

0
v√
2

)
eiω(T 3+YH) φ0 = φ0 (5.24)

where φ2 is neutral.
⇒ Uem(1) is unbroken Symmetry.
For the mass terms of W± and Z0 see page 67.
We have used that

φ = (ei ω
a Ta+YH ω)φ0

to gauge away the Goldstones.
We chose SU(2) gauge transformation such that

U φ(x) =
(

0
1√
2

(ρ+ v)

)
(5.25)

This is left invariant under the U(1)-transformations

ei ω (T 3+YH)

It follows that

(a)

Dµ φ†Dµ φ =
1
2
∂µρ ∂

µρ+m2
W

(
1 +

ρ

v

)2

W+
µ W−µ +

+
1
2
m2
Z

(
1 +

ρ

v

)2

Z0
µ Z

0µ (5.26)

For mW and mZ see page 67.

(b)

V (φ† φ) = V
(1

2
(v + ρ)2

)
=

1
2
µ2(v + ρ)2 +

λ

4

(
v + ρ

)4

=
1
2
m2
ρ ρ

2

(
1 +

ρ

v
+

1
4

(ρ
v

)2
)

(5.27)

with the Higgs mass:

m2
ρ = 2λ v2 (5.28)

where λ is a parameter.
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(c) Leptons: electron

Ψ̄e i γ
µDµ Ψe = Ψ̄e i γ

µ ∂µ Ψe − eA0
µ j

µ
em −

− 2e
sin 2θW

Z0
µ j

µ
nc + see page 64

+
1√
2

e

sin θW

(
W+
µ jµcc +W−

µ jµ+
cc

)
(5.29)

with

jµcc = Ψ̄e γ
µ (T 1 + i T 2)Ψe

= Ψe γ
µ (T 1 + i T 2)

1− γ5

2
Ψe (5.30)

−hψ (ψR φ† ΨL − Ψ̄L φψR) = me ψ̄e ψe

(
1 +

ρ

v0

)
(5.31)

In general

ψ =


Ψe

Ψµ

Ψτ

Ψq


allows for mass matrix.
⇒ Mixing!
Kobayashi-Maskawa matrix (v1, v2, v3, δ).

Feynman rules:
Propagators:

:
−i gµν
q2+i ε Feynman gauge

:
−i

(
gµν−

qµ qν

m2
W

)
q2−m2

W+i ε

:
−i

(
gµν−

qµ qν

m2
Z

)
q2−m2

Z+i ε

: i
q2−m2

ρ+i ε

Selected vertices:
: (ie)

{
(k1 − k2)µ3 gµ1µ2 + (k2 − k3)µ1 gµ2µ3 + (k3 − k1)µ2 gµ3µ1

}
: (ie) cos θW

sin θW

{
(k1 − k2)µ3 gµ1µ2 + (k2 − k3)µ1 gµ2µ3 + (k3 − k1)µ2 gµ3µ1

}
: (ie2)

{
gµ1µ3 gµ2µ4 + gµ1µ4 gµ2µ3 − 2gµ1µ2 gµ3µ4

}
: (ie2) cos θW

sin θW

{
gµ1µ3 gµ2µ4 + gµ1µ4 gµ2µ3 − 2gµ1µ2 gµ3µ4

}
: ie2 cos2 θW

sin2 θW

{
gµ1µ3 gµ2µ4 + gµ1µ4 gµ2µ3 − 2gµ1µ2 gµ3µ4

}
: −ie2 1

sin2 θW

{
gµ1µ3 gµ2µ4 + gµ1µ4 gµ2µ3 − 2gµ1µ2 gµ3µ4

}
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Gauge Higgs:

: i gµν
2m2

W

v

: i gµν
2m2

W

v

: i gµν
2m2

Z

v

: i gµν
2m2

Z

v2

: −3i m
2
ρ

v

: −3i m
2
ρ

v2

W− im Anfangszustand einlaufende W-Linie
ε(k) Skizze

W− im Endzustand auslaufende W-Linie
ε∗(k) Skizze

W+ im Anfangszustand auslaufende W-Linie
ε(k) Skizze

W+ im Endzustand einlaufende W-Linie
ε∗(k) Skizze

Z im Anfangs-(End-)zustand outer Z-line
ε(k) ε∗(k) Skizze

Higgs-particle in beginning-(end-)state outer v-line
1 Skizze

virtual W -boson inner W -line

i

(
−gµν+ kµ kν

m2
W

)
k2−m2

W+i ε
Skizze

virtual Z-boson inner Z-line

i

(
−gµν+ kµ kν

m2
Z

)
k2−m2

Z+i ε
Skizze

virtual Higgs-particle inner v-line
i

k2−m2
v+i ε

Skizze

Fermion-Boson-Vertices:

: −i eQf γµ

: −i e
sin θW cos θW

{
T f3 γ

µ 1−γ5
2 − sin2 θW Qf γ

µ
}

: −i e√
2 sin θW

γµ 1−γ5
2

: −i e√
2 sin θW

γµ 1−γ5
2

: −i e√
2 sin θW

Vij γ
µ 1−γ5

2

: −i e√
2 sin θW

V ∗
ij γ

µ 1−γ5
2

: −i mfv

5.4 The mass matrix and the Cabibbo angles

So far we have treated diagonal Yukawa-terms. In general Isospin doublets
need not to be mass eigenstates!
Quantum numbers (Flavour): ψ′ = V ψ, where ψ′ is the (weak) isospin
eigenstate, ψ is the mass eigenstate and V is unitary.
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Families T T3 Y Q
1 2 3(

ψνeL
ψeL

) (
ψνµL
ψµL

) (
ψντL
ψτL

)
1/2
1/2

1/2
−1/2

−1/2
−1/2

0
−1

ψeR ψµR ψτR 0 0 −1 −1(
uL
d′L

) (
cL
s′L

) (
tL
b′L

)
1/2
1/2

1/2
−1/2

1/6
1/6

2/3
−1/3

uR cR tR 0 0 2/3 2/3
d′R s′R b′R 0 0 −1/3 −1/3

Iso scalars: ΨL =
(
ψ1L

ψ2L

)
, e.g. for leptons: ψ1L = ψνeL , ψ2L = ψeL or for

quarks: ψ1L = uL, ψ2L = d′L.

1. φ† ΨL = φ†1 ψ1L + φ†2 ψ2L

2. φT εψL = φ1 ψ2L − φ2 ψ1L

with ε =
(

0 1
−1 0

)
• Isospin transformations
1., 2. are invariant under SU(2) Isospin rotations.
U:

φ → U φ

ΨL → U ΨL

ψR → ψR

εUT ε = U†

as

εT ~σT ε = −~σ .

For ~σ see page 10.
1.:

φ† ΨL → φ† U† U ΨL = φ† ΨL

2.:

φT εΨL → φT UT εU ΨL

= φT ε εT︸︷︷︸
12

U εΨL

= φT εΨL

with εT U ε = U†.
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• Hypercharge YH =
1
2

:

ΨL → ei ω YΨL ΨL

ψR → ei ω YψR ψR

φ → ei ω YH

Leptons:

φ† ΨLLeptons → e−i ω φ† ΨLLeptons

φT εΨLLeptons → φT εΨLLeptons

⇒ Only ψ̄R φ
† ΨL invariant under Hypercharge transformations.

Quarks:

φ† ΨLquarks → e−i
1
3 ω φ† ΨLquarks

φT εΨLquarks → ei
2
3 ω φT εΨLquarks

⇒
ūR φ

T

(
uL
d′L

)
, c̄R φ

T ε

(
uL
d′L

)
, t̄R φ

T ε

(
uL
d′L

)
, . . . , d̄R φ

†
(
uL
d′L

)
, s̄R φ

† . . .

In summary:

LY (x) = −

 ψ̄eR
ψ̄µR
ψ̄τR

 Hl

 φ† ψeR
φ† ψµR
φ† ψτR

 +

+

 ūR
c̄R
t̄R

 H ′
q


φT ε

(
uL
d′L

)
φT ε

(
cL
s′L

)
φT ε

(
tL
b′L

)

−

−

 d̄′R
s̄′R
b̄′R

 Hq


φ†

(
uL
d′L

)
φ†

(
cL
s′L

)
φ†

(
tL
b′L

)

 +

+h.c.

Change of basis in �eldspace: u, u′, v ∈ U(3) .
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ψRl/q → Ul/q ψRl/q
ψLl/q → Vl/q ψLl/q

ψ′Rq → U ′
q ψ

′
Rq

⇒ Hl → U†
l Hl Vl =

 he 0 0
0 hµ 0
0 0 hτ


H ′
q → U ′ †

q H ′
q Vq =

 hu 0 0
0 hc 0
0 0 ht


Hq → U†

q Hq Vq = V

 hd 0 0
0 hs 0
0 0 hb

V †

with

Hq = Ũ

 hd 0 0
0 hs 0
0 0 hb

 Ṽ , V = V †
q Ṽ

†, U†
q = V Ũ†

Furthermore the �rst transformation (Hl) is bi-unitary.

V: Cabibbo-Kobayashi-Maskawa-Matrix (CKM-Matrix)

• V ∈ U(3) carries phase redundancy

V † → U†
ϕ V

† Uθ

with

Uϕ =

 eiϕ1 0 0
0 eiϕ2 0
0 0 eiϕ3


and

Uϕ

 hd 0 0
0 hs 0
0 0 hb

U†
ϕ =

 hd 0 0
0 hs 0
0 0 hb

 , ψ → Uθ ψ

5 phases (global phase drops out)
parameters: 9− 5 = 4.

V =

 c1 s1 c3 s1 s3
−s1 c2 c1c2c3 − s2s3eiδ c1c2s3 + s2c3e

iδ

−s1s2 c1s2c3 + c2s3e
iδ c1s2s3 − c2c3eiδ
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Cabibbo angles θi: ci = cos θi, i = 1, 2, 3
si = sin θi, θi ∈

[
0, π2

]
δ ∈ [0, 2π]

δ CP-violation

• two families

V ∈ U(α)

phase redundancy: 3 phases (global phase drops out)

U†
ϕ V Uθ =

(
e−i(ϕ1−θ1) V11 e−i(ϕ1−θ2) V12

e−i(ϕ2−θ1) V21 e−i(ϕ2−θ2) V22

)
=

(
cos θ sin θ
− sin θ cos θ

)
e.g. Nachtmann page 314.
⇒ no CP-violation.

Total Yukawa Lagrangian: φ =
(

0
1√
2

(ρ+ v)

)

Ly(x) = −

{ ψ̄eR
ψ̄µR
ψ̄τR

  he 0 0
0 hµ 0
0 0 hτ

  ψeL
ψµL
ψτL

 +

+

 ūR
c̄R
t̄R

  hu 0 0
0 hc 0
0 0 ht

  uL
cL
tL

 +

+

 d̄′R
s̄′R
b̄′R

V

 hd 0 0
0 hs 0
0 0 hb

 V †

 d̄′L
s̄′L
b̄′L

 + h.c.

}
· v√

2

(
1 +

ρ

v

)

= −

[
me ψ̄e ψe +mµ ψ̄µ ψµ +mτ ψ̄τ ψτ +mu ū u+mc c̄ c+mt t̄ t+

+

 d̄′

s̄′

b̄′

V

 md 0 0
0 ms 0
0 0 mb

 V †

 d̄′

s̄′

b̄′

]
·
(
1 +

ρ

v

)
(5.32)

with

m =
h v√

2
.
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Charged quark current:

jµcc = Ψ̄q γ
µ

(
T 1 + i T 2

)
Ψq

=

 ūL
c̄L
t̄L

 γµ

 d′L
s′L
b′L


=

 ūL
c̄L
t̄L

 V

 dL
sL
bL

 (5.33)

⇒ d→ u+W− V11

s→ u+W− V12

b→ u+W− V13

e.g. n→ p+W−

V =

 0.97383+0.00024
−0.00023 0.2272± 0.001 (3.69± 0.09) · 10

0.2271+0.0010
−0.0010 0.97296± 0.00024

(
42.21+0.10

−0.80

)
· 10(

8.14+0.32
−0.64

)
· 10−3

(
41.61+0.12

−0.78

)
· 10−3 0.999100+0.0003

−0.000

 (5.34)

Unitary triangle:
∑
i Vij V

∗
ik = δjk

e.g.

Vud V
∗
ub + Vcd V

∗
cb + Vtd V

∗
tb = 0

Jarlskog invariant:

Jm
[
Vij Vkl V

∗
il V

∗
kj

]
= J

∑
m,n

(εikm εjln)

∣∣∣Vud V ∗ubVcd V ∗cb

∣∣∣, ∣∣∣ Vtd V ∗tbVcd V ∗cb

∣∣∣
Neutral current

jµnc quark = Ψ̄ γµ
(
T 3 −Q sin2 θW

)
Ψ

=

 ū
c̄
t̄

 γµ
(1

2
1− γ5

2
− 2

3
sin2 θW

)  u
c
t

 +

+

 d̄
s̄
b̄

 γµ
(
−1

2
1− γ5

2
+

1
3

sin2 θW

)  d
s
b

 (5.35)

The factors ± 1
2 in front of 1−γ5

2 equal T 3 and the factors in front of sin2 θW
are the negative charges of the quarks.

No �avour changing neutral currents.

In addition to the parameters on page 67.
5. Cabbibo angles + phase

3 1
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5.5 CP-Violation in the Standard model

CP:
ψ′ → eiϕψ γ0 S(C) ψ̄T (−~x, t) see page 26 to page 27

jccLeptons
Ψ̄ γµ T+ Ψ→ −Ψ̄Leptons γ

µ T− ΨLeptons e
iχ

with
χ = ϕLeptons − ϕνLeptons

Please notice the charge conjugation of T .
jµcc quarks :

Ψ̄q γ
µ T+ Ψq → −Ψ̄q γ

µ T− Ψq e
iχ

If

 eiϕd 0 0
0 eiϕs 0
0 0 eiϕb

 V T

 e−iϕu 0 0
0 e−iϕc 0
0 0 e−iϕt

 = eiχV †

⇒ V = V ∗ or δ = 0, π

Remarks:

1. strong CP-problem: θ-angle in QCD, U(1)-problem

Lθ =
θ g2

32π2
Tr εµνρσ Fρσ︸ ︷︷ ︸

F̃µν

Fµν

(Euclidean g2

32π2

∫
TrFµν F̃µν = n ∈ Z)

|θ| < 10−9

L't Hooft ∼
[
det
s,t

ψ̄s
1− γ5

2
ψt

]
eiθn U(1)-phase

2. Neutrino masses:

Neutrino oszillations

⇒ Missing neutrinos from the sun.
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Chapter 6

Beyond the Standard Model
(SM)

Despite its great successes, the SM has its problems: (? mostly aesthetic ?)

1. Uni�cation(s) (GUT)
running couplings, �ne tuning

weak scale: 102 GeV ∼ mW/Z

GUT scale: 1015 GeV

Planck scale: 1019 GeV Epl : c2
√

~c
G ∼ 2.4 · 1016 GeV

2. Hierarchy problem, radiative corrections (time tuning)

• Mass of the Higgs-particle & 115 GeV is 'bad' for the SM.
According to the SM it should be smaller than about 1 TeV.
SM: δm2

H
= O

(
α
π

)
· Λ2

from
Integrals: ∼ α

∫
k2≤Λ2 d4k 1

k2 ∼ αΛ2

(for fermions δmf ∼ O
(
α
π

)
m+ ln

(
Λ2

mf

)
)

aesthetics 2: in RG theory no problem
bare mass/ par. encode cancellations

If Λ is natural cut-o�:
Λ = 103 TeV, 1015 GeV, 1019 GeV
For Λ = 103 TeV the SM 'naively' breaks down ('heavy' tops).
Higgs part gets negative (Unitarity).
φ4-corrections

• Where do the scales come from? (aesthetics 3)

3. Quantisation of Gravity

• quantum gravity perturbatively non-renormalisable
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• uni�cation of gravity and quantum physics

• (quantum) cosmology,
early universe

� In�ation

� Baryon asymmetry

� cosmological constant

� dark energy

Possible resolutions:

1. (amongst) candidates: Susy theories
strength: 'naturality', e�ective low en.

theories of String theory
other possibilities: �ne-tuning

2. (amongst) candidates: Susy theories
strength: 'naturality', connection to string theory, extra-dimensions
other possibilities: �ne-tuning

RG-theory: UV-�xed point
(extra-dimensions)

3. (amongst) candidates: Sugra/String theory
(UV-cut-o� string scale)

other possibilities: RG-theory: UV-�xed point
non-perturbatively ren. (also lattice)
loop quantum gravity

6.1 A hint of Supersymmetry

Coleman-Mandula theorem:
'Internal symmetries B (Lie group/algebra) commute with Poincaré'
[P 2, B] = 0 O'Raifeartaigh: Int. Sym. cannot relate di�. mass-shells.
[W2, B] = 0 W → Pauli-Ljubanski

Way out: (Haag-Lopuszanski-Sohnius)
Lie algebra → super Lie algebra (Z2 graduated)
[Bi, Bj ]→ {Qi, Qj} : Q fermionic

chiral dofs Multiple V
⇒ Q boson = fermion 2 φ

↓ Q
Q fermion = boson 2 ψ (Majorana)

↓ Q
Q2 = 0 2 F
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Remark:
O'Raifeartaigh still intact, but Q does not commute with spin!

Properties/Notation:

• Susy theories have as many fermions as bosons

� fermionic partners: sfermions (sleptons, squarks), e.g. stop.

� bosonic partners: bosinos: wino, zino, photino, gluino, . . .

• radiative corrections: (Higgs)
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Appendix A

Auxiliary calculation to
Fermi's trick

Compare to page 6.

T
2∫

−T
2

dt eiEt =

T
2∫

0

dt ei(E+iε)t +

0∫
−T

2

dt ei(E−iε)t

lim
T→∞

T
2∫

−T
2

dt eiEt = − 1
i(E + iε)

+
1

i(E − iε)

= i
1

E2 + ε2
· (−2iε)

=
2ε

E2 + ε2

∫
R

dE f(E)
2ε

E2 + ε2
=

∫
R

dE′f(E′ · ε) 2
E′2 + 1

with E′ =
E

ε
.

→ 2f(0) ·
∫

R
dE′

1
1 + E′2 = f(0)

1
i

∫
dE′

(
1

1 + iE′ +
1

1− iE′

)
= 2πf(0) ∀ f

⇒ lim
T→∞

T
2∫

−T
2

dt eiEt = 2πδ(E)
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Appendix B

Supplement

B.1 Landé-factor

The Landé-factor is also called gyromagnetic ratio.
Dirac-equation:

(D/+ im)ψ = 0 (B.1)

with

D/ = ∂/+ ieA/

= −γµDµ

with
Dµ = ∂µ + ieA.

From equation (B.1) follows:

(D/− im)(D/+ im)ψ = (D/2 +m2)ψ = 0 (B.2)

with

D2 = γµ γν (∂µ + ieAµ) (∂ν + ieAν)

=
[
1
2
{γµ, γν}+ 2i

1
4i

[γµ, γν ]︸ ︷︷ ︸
σµν

]
(∂µ + ieAµ)(∂ν + ieAν)

= −D2 − e σµν Fµν (B.3)

with
Fµν = ∂µAν − ∂νAµ.
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Reminder:

σ = (i1, ~σ), σ̄ = (i1,−σ̄)

γµ =
(

0 σ̄
σ 0

)
⇒ σµν =

1
4i

(
σ̄µσν − σ̄νσµ 0

0 σµσ̄ν − σν σ̄µ

)
(B.4)

[σi, σj ] = 2i εijk σk

⇒ e σµν Fµν = 2e σoi Foi + σij Fij

= 2
e

2

(
~σ 0
0 −~σ

)
~E − 2

e

2

(
~σ 0
0 ~σ

)
~B

with

Ei = Foi, Bi =
1
2
εijk Fjk.

Magnetic moment

~µ = g
e

2mc
~L (B.5)

and
Hmagn. = −~µ · ~B. (B.6)

⇒ ~µ = 2
e

2
1
mc

~S with ~S = ~
~σ

2
⇒ g = 2

|~µ| =
e~

2mc
= 5.79 · 10−9eV/G (B.7)

where G stands for Gauÿ and |~S| = 1
2 .

Pauli equation:

i
∂φ

∂t
=

[
(~σ · ~π)2

2m
+ eA0

]
φ (B.8)

with
~π = ~p− e ~A.

Quantum corrections?

(D/+ im)ψ →
(
D/+ im− i ∆g

2
e

2m
σµν Fµν

)
ψ

L = ψ̄ (−iD/+m)ψ → ψ̄

(
−iD/+m− ∆g

2
e

4m
σµν Fµν

)
ψ

⇒ ψ̄ eAρce γρ ψ
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→ ψ̄ eAρce (γρ + Γρ + ω̄ρν G
νρ γσ)ψ

ψ̄ eAρce (γρ + Γρ + Σρν Gνσ0 γσ)ψ, G = G0 +G0 ΣG0 + O(g3)

with ψ, ψ̄ on-shell
absorbed in the de�nition of mass and normalisation.〈
ψ̄ Aψ

〉
:

1. Calculate vacuum pole

2. Calculate vertex correction

3. Project on σµν kν terms (on-shell)

No contributions of ... to σµν kν
but Γρ=σµν kν .

Γρ(p, p′):

= i (e µ2−ω)3
∫

d2ωq

(2π)2ω
γµ

1
p/− q/+m

γρ
1

p/′ − q/+m
· γµ

1
q2

with
e→ e µ2−ω.

Dimensional regularisation:
with

i e µ2−ω γµ (2π)4 δ(4)(k + q − p)
1

p/+m

1
p2
δµν −

pµ pν
(p2)2

(1− ζ) ζ=1→ 1
p2
δµν

ω = 2− ε with ε→ 0. Blatt 9
With Γ[1 + 1 + 1] = 2 and Blatt 9(6)

= 2i (e µ2−ω)3
∫ 1

0

dα
∫ 1−α

0

dβ
∫

d2ωq

(2π)2ω
· γµ (p/+ q/−m) γρ (p/′ + q/−m) γµ(
q2 +m2(α+ β) + 2q(pα+ p′β) + p2α+ p′2β

)3

Quadratic addition: q̄ = q + pα+ p′β

= 2i (e µ2−ω)3
∫ 1

0

dα
∫ 1−α

0

dβ
∫

d2ω q̄

(2π)2ω
·
γµ

(
q̄/− p/′β + p/(1− α)−m

)
γρ

(
q̄/− p/α+ p/′(1− β)

)
γµ(

q̄2 +m2(α+ β) + p2α(1− α) + p′2β(1− β)− 2pp′αβ
)
3

⇒ only even terms in q̄ of the counter can contribute (q̄2, q̄0)
q̄/
2

:

γµ q̄/ γρ q̄/ γµ = γµ γα γρ γβ γµ q̄α q̄β

' γµ γν qρ γν γµ

= (2ω−2)2 γρ ∼ γρ (B.9)
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with
{γµ, γα} = −2 δµα

γµ γα γρ γβ γµ = 2 γβ γρ γα − 2(2− ω) γα γρ γβ (B.10)

with dimension of γ's: Tr1 = 2ω

Tr γµ γν = −2ωδµν
Tr γµ γρ γν γσ = 2ω (δµρ δνσ + δµσ δρν − δµν δρσ)

From
{γµ, γν} = −2 δµν

follows
γµ γµ = −2ω 1

and

γµ γρ γµ = [2− 2(2− ω)] γρ
γµ γα γρ γβ γµ = 2 γβ γρ γα − 2(2− ω) γα γρ γβ

Remain
γµ

(
p/(1− α)− p/′β −m

)
γρ

(
p/′(1− β)− p/α−m

)
For the calculation we use

1. Electrons on mass shell

(p/′ +m) |ψ(p′)〉 ' 0, (p/−m)(p/+m) = −p2 −m2

〈ψ(p)| (p/+m) ' 0

2. Gordon identities

γρ p/
′ = −γρ γµ pµ

= p′ρ − 2i σρµ p′µ
= −mγρ + γρ (p/′ +m)

p/ γρ = pρ + 2i σρµ pµ

with

σρµ =
1
40

[γρ, γµ]

and

γρ γµ =
1
2
{γρ, γµ}+

1
2
[γρ, γµ] = −δρµ + 2i σρµ.

p/′ = −γµp′µ
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Furthermore

p/′ γρ = −mγρ + (p/′ +m) γρ
= −mγρ + γρ (p/′ +m) + [p/′, γρ]
= −mγρ + γρ (p/+m) + 4i σρµ p′µ

In the same way:

γρ p/ = −mγρ + (p/+m) γρ − 4i σρµ pµ
⇒ p/′ γρ p/ = m2 γρ − k2 γρ− 4imσρµ kµ

with
k = p− p′.

⇒ γµ
(
p/(1− α)− p/′β −m

)
γρ

(
p/′(1− β)− p/α−m

)
γµ '

' γρ

{
2m2

[
(α+ β)2 − 2(1− α− β)

]
− 2k2(1− α)(1− β)

}
+

+8i σρµ

{
p′µ

(
α− β(α+ β)

)
− pµ

(
β − α(α+ β)

)}
m

∫
dα

∫
dβ[ ] ∼ (p′µ − pµ)

σ-part (�nite):

−16e3
∫ 1

0

dα
∫ 1−α

0

dβ
∫

d4q̄

(2π)4
1(

q̄2 +m2(α+ β) + p2(α(1− α) + p′2(p(1− β)− 2 · p′αβ)))
) ·

·σρµ
[
p′µ

(
α− β(α+ β)

)
− pµ

(
β − α(α+ β)

)]
=

= − 16e3

2(4π)2
· 1
m2

σρµ (p′µ − pµ)
∫ 1

0

dα
∫ 1−α

0

dβ
α− β(α+ β)

(α+ β)2

= σρµ kµ
e3

2mπ2

∫ 1

0

dα
∫ 1−α

0

dβ
α− β(α+ β)

(α+ β)2

=
e3

8mπ2
σρµ kµ (B.11)

⇒ e

m
· e

2

8π2
ψ̄(p)σρµ kµAρ(k)ψ(q)

→ −2
ie

4m
· e

2

4π︸︷︷︸
α

· 1
2π

ψ̄(x)σρµ Fρµ ψ(x)

⇒ g = 2→ 2
(
1 +

α

2π

)
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In general: g = 2(1 + a) where a is the anomalous magnetic moment

a =
α

2π
− 0.328 . . .

(α
π

)2

+ 1.183 . . .
(α
π

)3

O(α4) : 891diagrams

Full result for
〈
ψ̄ Aψ

〉
:

γρ+Γρ+Σρν Gνσ0 γσ ' γρ
[
1 +

αk2

3πm2

(
ln
m

µ
− 3

8
− 1

5

)]
+

1
2m
· α
2π

σρµ kµ for k2 � m
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