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Chapter 1

Pre-requisits

1.1 Special Relativity

The Minkowski space is a four dimensional space with the following metric:
1
-1
(uv) = 4 (1.1)
-1

One point in the Minkowski space is a contravariant vector:

(a#) = ( cg-?t )

with 1 =0,1,2)3and c=h=1

(1)

The scalar product of space-time differences
(@=9)? = (@—9" g (x—y)" (1.2)
= @-y)'-(z-yh
= (¢-y)—(@-9?
with x, = g, - ¥ is a covariant vector.

Symmetry transformation? What leaves (z — y)*(x — y),, invariant?
Poincaré transformations (A, a):

ot — ' = A 2V + at (1.3)

Composition:
(Al,al)o(Ag,ag) = (Al -AQ,A10,Q+CL1) (14)



Invariance:
AlgA=yg

In components:
APy Gpo A% = g

or
AUM AUV = gHV
detA = =#+1

Lorentz group (A, 0):
Component of unity (orthochron):

detA =1, A% >0

Parity P: ¥ — -7

1
-1
Ap = 1
-1
Time reversal T: o — —xg
-1
1
Ar = 1
1
Generators of Lorentz group:
Boost along x-axis:
Lt A
PN} 1
AILV = T 7 y V= T —
1 e
1 2

with rapidity w
v
w = arctanh (7)
c

(1.5)

(1.6)

(1.10)

(1.11)



and generator K

0 -1 0 0
-1 0 0 0
K, = O 0 0 0 (1.12)
0O 0 00
= Lorentz algebra
Boosts K;, rotations J;:
i, J;] = iecin Jr
(K, K] = —icije Ji (1.13)
[Ji, Kj] = ieije K
1.2 Transition rates
Perturbation theory for computing decay rates and cross sections
HOan = En¢n (1-14)
with
v
Perturbation H': 5
(Ho+ H" ) =i 8—15 (1.15)
What is the transition rate from ¢; at —% to ¢y at %?
B(w) =Y calt) - ou(@) - et
Cn <_§) = Oni (1-16)
From equation (1.15):
0¢ .
— = —i(Hy + H'
ot i(Ho + H')¢
dee(t . N (B
7(;( ) = —chn(t)/d?’r o3 H b, !By —En)t
n N—_————
(fIH'|n)
~ <f|H/|Z> ei(Ef—Ei)t+O(H/2)
¢i(t) =1+ O(H")
S ocp(t) = —i [ At (f|H|i) ! Fr B (1.17)

|
N‘ﬂ\ﬂ



= Transition amplitude Ay;:

T
A= e (3)
Ay = —i/dt(f\H’|i>ei(Ef_Ei)t (1.18)
%
or
Api(T' — 00) = /¢f VH' ¢ (2 (1.19)
with

On(z) = (bn(f)e_iEnt
Transition probability: H’ time-independent

lim \Aﬁ|2 (fIH'|i) /dt e EBr—Eit /dt' (BBt
T—o0

T T
-2 -2
Fermi’ s trick = 7 -2 |(f|H'|i)|* 6(E; — E;) (1.20)
= Transition rate I":
. o ARl 1y |2 o
D~ f) = Jim PL0 <o | (R0 P 6By~ B (L21)
Integrating over final states (p: phase space density):
F[i_’f]:/dEf p(Ey)-2m [ (fIH'|i)|* 6(Ef — Ey) (1.22)
=Ti— fl=2r [{f|H'[i) |* p(E:) (1.23)
In general:
Ll — f] =2 |Ty:|* p(E:)
with




Chapter 2

Quantum Field Theory

2.1 The free scalar field

Spin 0, neutral particles, e.g. Iy, described by a real scalar field ¢:

¢*(x) = p(x) (2.1)
Property under Lorentz transformations:
o' (2') = p(x) scalar (2.2)

The equation of motion, free, up to second order in derivatives (unique if local)
is called Klein-Gordon equation:

(0,0" +m*)p(z) =0 (2.3)
with
Dt = 92 -V
= 97 -A
= 0O

O: d’Alembert operator, m?: mass of the scalar particle

The Klein-Gordon equation can be derived out of Boosts from the rest frame

equation of motion:
(BE? —m*)p(x) =0 unique (2.4)

The most fruitful approach to Elementary Particle Physics is via the action
principle.
Lagrange density of a free scalar field:

£(r) = 5 [0p(2)0"p(x) ~ m?6? ()] (25)



Action S:

1
= 3 /d x(@ugo(x)a”ga(x) — ngpz(z)) (2.6)
Action principle:
65[p] =0
or 55
=0
dp(x)
with 5oy
PY) )
— =6 (x —
So() (z —y)
and 50,0(v)
rPY) _ gy s@) (5 _
So(@) 9% 0" (z —y) (2.7)
results in the following equation
oL oL
= e 2.8
57~ %900 (28)

which equals (2.3).

Classical solutions of the Klein-Gordon equation, take e.g. ¢ = p(z!):
(=0f + m*)p(z1) =0 .
= Solutions are plane waves:
p(@) = e+ (2.9)

with
kx =ktx,

k? =m?, koziw:i\/E2+m2.

General solution: linear superposition of plane waves.

with

3 . , .
o(z) = /%% (e“”a*(k) —|—e‘””a(k)) (2.10)

[ sk —m2)

2mT
o= (

with

EnTIES

)



QFT:
o(x) — ¢(x) operator

The expectation value (¢(x)) is a classical field. ¢ obeys canonical commutation
relations:

[6(7,1), 6(7,1)] = i 6%z 7). (2.11)
&(i7,t) is the canonical conjugated momentum.
Let a be the lattice parameter of a crystal.

O O O O

~~

a
a—0

Classical mechanics field theory

QM fama QFT
[z, p] = i(h) (¢, TTp] =i

¢(x) still obeys the Klein-Gordon equation (O + m?)¢ = 0.

3 . o
= o(z) = / (;’)‘“3% [eat (7) + e~ *a(F) (2.12)

Inserting (2.12) into (2.11) results in

[a(E), aT(E’)} = (2n)% 2w 6P (k — ) (2.13)
]

Fock space
|0): normalised vacuum state: (0]0) = 1 with

a(k)[0) =0.

|0) is the lowest energy state! a annihilates the vacuum.
Heisenberg picture:
0:10) =0 (2.14)

All states are generated by applying a, a' on [0). a, a are annihilation and
creation operators, respectively.
One particle states:

k) = af (k) |0) . (2.15)
The states |k) are orthogonal:
(K'lk) = (0la(K)al(k)|0)
= (0[[a(K"),a’ (k)] [0)
= (1) 2w 0@ (k — k) (2.16)



= General one-particle state:

9= [ G Bl 1) (27)
) (@2m)3 2w '
Example: two state system (spin)
With
aat +ata = 1

a0y = 1)

al)) = 0

alll) =
Realisation:

(1) e (2 0)
0- (1) w-(3)

Realised in spin system.
Pauli matrices:

(01 s (0 —i s (1 0
A=(Vo) () e-(o )

(0%, 07] = 2i ek g*
Note that:
{o, 07} = 247k
or = %(01 +ic?)

0+:(8é),0:(?8). (2.18)

N-Particle states

2 particles: al(ky) af (k1) |0)
3 particles: al(k3) af(ky) a' (k1) ]0)

(2.19)

Have Bose symmetry, as

G,'r (kg) CLT(kl) = aT(kl) G,T(kg) (220)

10



Energy-momentum is additive. Take some state |3), then af(k)|3) is a state
with one additional particle with momentum k.

Annibhilation:
a(k) |B) is a state, where a particle with momentum & is removed from the state

|5)-
Example with a general particle state |f) (see equation (2.17)):

- - 3L/ - -
aB)f> = alf) / %iﬂk’) (1) |0)

2w’

dBk/ 1 “/ =, T"/
— [ G @ dEY )
—_—
(2.14)(27)3-2w5B3) (k—k’)
= V2uwf(k)|o) (2.21)
Interpretation of ¢(z):

e states with defined particle number n have vanishing expectation values
of ¢, as ¢ creates and annihilates a particle, see equation (2.12).
This follows from

(0la"]0) = (0al0)=0
Kla' k) = (klalk) =0
= (0]¢(x)]0y = 0 ... (2.22)
e coherent states: (¢) behaves like a classical wave.
1 Bk 1 - -
P = T
|c) N exp {/ @n) 2wa(k)a (k)} |0) (2.23)
leo)
with B
_ 1 Lol
NeXp{Z/(27r)32w a(k)] } {aolav)
and «(k) coefficient function.
(ala) =1
via
O a(k)---a(kl) - (k) ...al (K])[0) ~ Gnm [2w(27)?]"

= (a| ¢(z) |a) =/(2W)32w{e"’”a*(l€)+e“”a(i?)} (2.24)



Using

N 377 N . n—1
- Lo ai { / dkl/a(k’)a*(k’)} 0) (see equation (2.16))

n! (27)3 2w
_ i 1 d*F’ L AV I n
= o) gy U ool F )] 0) (2.25)

and similarily

il %alu“*(’%a(’?)ra*(“: i/ s e (Fall) e

Symmetries:
By partial integration of equation (2.5) one gets:

1

Sl¢) = / de £(x) =

/d4:r o(x)[~0,0" — m?|¢(x) . (2.27)

1. Invariance of S[¢| under orthochronous Poincaré transformations

¥ = AYx” +a” (see equation (1.3))
¢'@) = o) (2.28)
=9/ = 9,0
with
ATgh =g
and

(O +m?)¢ (2') = (O +m*)d(z) =0
Unitary Representation: U(A, a)

p(x) = ¢/ (2') = U (A,a) ¢(2') U(A, a)

U(A,a) ¢(z) UT(Aa) = ¢(a))

d(Ax + a) (2.29)
On Fockspace:
U(A,a)[0) = 10)
U(A,a) a' (k) UT(A, a) e egt (K

with
kM = A kY

12



2. Invariance of S[¢| under Parity transformations

ot = AL 2 (2.30)
with
1
-1
Ap = 1
-1
Unitary Representation
U(P) é(x) UN(P) = np é(a')
= U(P) §(Z,t) UN(P) = np ¢(—T,t) (2.31)
with intrinsic parity np = +1.
On Fockspace:
U)oy = |o)
U(P) a'(R) UT(P) = np al(—F) (2.32)

Parity reverses 3-momentum of particle:

Scalar fields: np = +1
Pseudo scalar fields: np = —1
e.g. HO
Parity:
r — -
p - P

What about Parity transformations of pseudovectors like e.g. the angular

momentum L: L =2 xp?

=
—

L — ¥ x p pseudo vector

So what about e.g. & - Lor p- L?

L — —i&-L

- L — —p- L pseudoscalars

3. Invariance of S[¢#] under time reversal
ot =AY (2.33)
with
—1
1
Ar = 1

Anti-unitary transformation V' with

13



Viey-la) +ea b)) =¢f-Via)+c5-VIb) (2.34)
(b)
Viv=vvi=1 (2.35)
(c)
(al VI o) = (8| V'|a) (2.36)
We have .
[V(Ar) 6(&,1) VI(A)] = ¢(& ~ 1) (2.37)
On Fockspace:
V(Ar)|0) = 10)
V(Ar) af (k) VI(Ar) = af(—F) (238)
Note that
') = V(Ar)a)
by = V(Ar)[b) (2.39)
and
(@'[b') = (bla) = (alb)” (2.40)

4. Charge conjugation: complex
2., 3., 4. CPT-invariance is required for any local, relativistic QFT.
But CP, P, T violation is permitted and realised.

2.2 The interacting scalar field

In this chapter some basic concepts on scattering/perturbation theory are in-
troduced. Interaction of a real scalar field with a static potential V(Z), e.g. a
localised potential produced by a nucleus.

Langrange density (H = Hy + H'):

L(z) = Lo(z)+ L' () (2.41)
= o) (~0,0" — m?) o) SV ()
Lo(z) L' (x)
L@ = V@R

Lo(x) is the Lagrange density of a free scalar field. L'(z) is the Lagrange
interaction density.

QM revisited: interaction picture

e ,
i o1t =H'O)) (2.42)

14



H' is the interaction Hamiltonian (see (1.15)).

t<—§> = |i) adiabatic
T
>3y = 1n
2
T
ty=——
2

with the solution
[ty = Ul(t,to) [to)

where U (¢, 1) describes a unitary time evolution:

U(t,to)

first order term, see page 5

¢
= Texp{—i [ d'H'(t')}
to

so that the time is ordered.

We have

i iUt to) = H(OU( 1)

Tterate (2.42) in its infinitesimal form:

[t+ At) = |t)—i At H'(t) |t)
= (1—iAtH'(t))]t)

This defines the S-Matrix:

Back to field theory:

H'(t) = —/d3:r£(x,t)

t t t’
n+(w/wﬂw)+ew/w/dWHw)
to to to

| —

(2.43)

CH' () + ..

(2.44)

(2.45)

(2.46)

(2.47)

where ¢(Z, t) is a operator, which includes annihilation and creation of particles

and : : denotes normal ordering:

—

ca(k) a' () : = +a' (K a(k) .

15
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Example: transition amplitude for transition

) at tg — —o0

k) [0
(k') 0) - (2.49)

fom |i) = [ =al(
to [f) = [¥)=ad
We have

Api = (fIS])) = #[SF)

- k/|]1—z/dtH’ LR
= (¥|1 +i/d4:z: £'(x)+...|%) (2.50)
Consider weak interactions:
V(@) ~0.
Then
F181i) =85 =i [ d'z 3 V@ 2 Flo@ 0 Ol6@D . (25

The factor 2 in (2.51) stands for the two permutations of a' and a, included
in ¢(&), which contribute. They are: a'a and aa', because there is neither an
overlap between three particles and one particle nor between one and 0, the
annihilated vacuum state |0).

Furthermore

6y =

2m)3 - 2w 6 (k — k') (2.52)

The last equation follows from equation (2.14) on page 9.

Interpretation:

1. 04 no interaction = k=K.

2. state k scatters once at V() into state k.

310 . L -
016 1) = (0] [ G5 {eal )+ al@) ol ()0

3 2w/
with

(Ola" = (a0)* =

16



follows

- 4’k 1 otk RPN
(Ol ¢(z) [£) = (0] @ aw© (0 [a(k"), a’ (k)] |0)
31./ . .
_ /g’;nile—ik v 90 (21)° 6O (F — B
Y
= etk (2.53)
and similarily -
(| p(x)|0) = e . (2.54)

Interpretation: Lo
Amplitudes for annihilating/ creating particles with momentum k/ k' at space-
time point x.

We infer:
Api = (fISi) =105 — i/d4x V(Z)eik zeike
= 5]% —|—7,/dt [/ dSJZ V 1(E’E)f:| ei(k’U,ko)zo
= (Sf — 21 5(/6’0 f/(") (2.55)
with

V(] = /d?’xV(:E')ei‘f‘f

¢ = k—k . 3-momentum transfer (2.56)

Interpretation revisited:

1. State k scatters at V(%) with ’strength’ V() into state ¥’ where § = k—k’.
2. Energy is conserved as ko = k) .

Final remark:
Relation between the scattering amplitudes in momentum space and the
form/ range of potential in space(-time):

Example:

L 1 1 1 72
- 1
-V = W exp{—2 A 172} (2.58)

The potential V(Z) and its Fourier transformation V(§) are plotted in figures
2.1 and 2.2 for one Vj-I-combination.

17



[,

0

V(O)/sqri'ie)

Potential V(x)

120

05

=172

Figure 2.1: Potential V(&) for V5=1000, 1=0.5

25

=]
=

=1
=1

V(0)/sqrt(e)

&
S

Fourier transformed potenial V(q)

N
=1

Figure 2.2: Fourier transformed potential V(§) for V,=1000, 1=0.5
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Remark on self-interaction (and Feynman rules):

Figure 2.3: Feynman diagram for self-interaction.

1
<4’3|I o], 2)
1
~ <4,3|EaTa‘Laa\1,2>~4-3-2~1
~ )\~<aaT>4

Remark on complex fields:

¢ = o1+igy
1
=Ly = 3 ¢*()(=0,0" —m*)$(x)
L= V@6
L = Lo+ /[
In general:
L= L¢e"]
It follows that L is invariant under global U(1)-transformation of ¢:
b(z) — €¢(z)

19
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(2.60)
(2.61)

(2.62)

(2.63)



with

Noether theorem:
Ou " =0 equation of motion

with

= oo

Q
Q =0
Noether theorem (for internal Symmetry):

o _, o
96 90,0

Il
—
o

w
S
<.
o

=0 equation of motion

oL oL
0L = 500+ m@m

oL oL
= (8“8 8H¢) 0 + 509 B0 0u0¢

oL
- a(ggs ) =0
.
]H
= 8” j'u' = 0

and
Qz/d?’xjoz—i-/d‘gmaiji:O
No boundary terms.
. 1 .
2.3 Spin 5 Fields

Motivation: Algebra of Lorentz group, see (1.14) on page 5.
Boosts K;, Rotations J;

1
N; = E(Jz'i‘ZKz)

1
NI = Sl iK)

20
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(2.65)

(2.66)

(2.67)



with SU(2)-algebra
(N NPT = e NP (2.68)

= We have 2-dim. representations of the Lorentz group, the spin %
representations.

Example:
AL = exp {;ai(wi — w’)} left-handed
Ar = exp {;ai(wi + w’)} right-handed (2.69)

w : rotation, v : boost, o; : Pauli matrices
The left-handed spin % representation Ay can be mapped to the right-handed

spin % representation Ag by parity transformation.

Dirac equation:

Y1(2)
Y(x) = :
Ya()
(iv*0p —m)p(x) = 0 (2.70)
with v* are 4 x 4 matrices with
{7 =
29" -1 Clifford algebra (2.71)
Standard representation:
0o _ I, 0
7= ( 0 —1,
i 0 O'i
v o= ( o 0 (2.72)

with Pauli matrices o’ (see (2.18) on page 10).
Remarks:

1. ¢(x) consists of a two-component left-handed and a two-component
right-handed spinor.
Chiral representation:

0 _ 0 1
T (112 0
0 o
b = <—ai ’ > (2.73)



2. ~* transforms as a vector under Lorentztransformations.

Equation of motion (2.70) from Lagrange density:

Lp =1 (i7" O —m) Y(x)
with the Dirac conjugate 1 = T ~°.
0Lp OLp 0Lp

—_— — = = — = 0
op oo Y
For the result of equation (2.75) see equation (2.70).
Also
oL oL
o _auﬁ =0
Lo L
= —-my —id, Yy =0
Classical solution:
1
(=i Ou—m)- (i7" 0y —m)(z) = |5{1"7"} 0 O +m?
22— —

2907 8, 0,
(9" 8, 0+ m?] Y (x)
[D + m2] »(z)

= (z) ~ eFP? plane wave

We have ‘ ‘
(7% O — m) 7% = (7 — m) "

with
pi="pu=7"po—7'p' =" —7%p’.
A solution to the Dirac equation reads, s = i%
(x) ~ us(p) e
() ~ vsp) eP”

with

Uy = 0 +m < 5%{5 >
Po+m Xs
5
vs = —Vp'+m ( piFm © Xs )
€ Xs

(2.74)

(2.75)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)



with
X

(é) X—%<(1)>’ €<—01

po = +v/P2+m?2, o: Pauli matrices

e describes the metric in spin § space.
Additional identity:

D usp) uslp) = p+m

Z vs(p) vs(p) = Pp—m

—4+ 1
s==%3

(2.83)

As for the scalar field the general solution is given by the Fourier integral:

3
1”(1'):/ @175 % S {67 0y(p) B(P) + 7 ua(p) an(7)}

—4 1
s=%3

g% and o are independent of each other.

(2.84)

One gets the Hamiltonian density Hp via a Legendre transformation of £p:

Hp=114v—Lp
with ar ar
m=—"2 11="22 -9
oY o
=14 iy =iyt
It follows
Hp = ¥iy" =4 (i9" 0y —m) v
= ¢ (EFI+m)
Hamiltonian:
Hp = /d?’m/?(mfhm)qp
= [ @il (17840 m) v
with

— —

0=V.
Inserting (2.84) into (2.87) leads to

3
o = [ 5 5o 3 (@30 ol po— A0 5560 o)

—+ 1
s=%3

23
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(2.86)

(2.87)

(2.88)



from

m) us(p) = p°us(p)
m)vs(p) = —p° vs(p) (2.89)

s o= [ S50 Y @0 e -ABHG) )

= Negative energy states lead to unbounded Hamiltonian, no classical
interpretation!

Quantisation:

30 Z {e" vy(p) bL(P) + e " ug(p) as()}  (2.91)

,il

P(z) =

with anti-commutation relations

{ar(@),al(@)} = 6,5 (2m)* 200 69 (7 - §)
{6,617} = 85 (21)° 2po 6P (5~ ") (2.92)
and
{aM,aM} = (pM 5D} = {aD D} = {a,b7} =0 (2.93)
Remarks:

1. The anti-commutation relations (ACR) are a manifestation of the
Spin-statics theorem:

Spin 2%H particles have fermi-statistics (ACR, Pauli
princ1p1e) spin n particles have Bose-statistics.

2. Electric charge (Noether): J# = —e ) 4" o)

/d?’w JO

= —e/d3x Y
= o[ 5T S (@) i)+ 0 ) (299

(2m)3 2po P

—+32

Q

Please notice the positive sign in equation (2.94), that turns into a minus sign
again!

Fockspace:
Construction as for scalar field, but ACR — anti-symmetric states

24



|0): normalised vacuum state, (0]0) = 1

as(p)[0) = 0
bs(p)10) = O
One-particle states:
le=(7,5)) = al(@)]0)
et (Bs)) = bl(@)0)

le=(7,5)) / |eT(p,s)) describe electron/ positron with momentum p and spin
s =+3 (s. in rest-frame).

Remark:
Prediction of e™, e~ with identical mass is triumpf of the Dirac theory.

Orthogonality:

(e (", 8")le” (P, 5))

(0] ay (5") al(7) |0)

(0| {as (7). al(5)}0)
= (27)%-2po 0gs 6P (F—F)

Two-particle states:
le™ (1, 51) € (P2, 52)) = al, (1) al,(72) |0)
Pauli principle

le™(F1,51) € (P2, 52)) = al,

N-particle states:

Olg() e 5) = usp)e™
(X (7,5)|v(@)[0) = vilp)e?”

v: Annihilation of an electron/ creation of a positron at x.
(O[¢(x) |e*(B.5)) = vs(p) e ™
(" s)| (@) |0) = us(p) ™



v: Annihilation of a positron/ creation of an electron at x.

Symmetries:

Splud] = [ dte 3 (i7" 0, m) v (2.96)

1. Invariance of Sp[t), )] under orthochronous Poincaré transformations:

* = A", ¥ + a* see (1.3) (2.97)

U(A,a) ¥(z) UT(A,a) = 571 (A) $(Ax + a)

where S satisfies

STHA) A" S(A) = A% AP (2.98)

and U is unitary.

Dirac adjoint spinor:

U(A,a) (z) UT(A,a) = d(Az + a) S(A) (2.99)

The invariance of S is to show:

[t iy 0, - m) wia)

/d% B(Az +a) S (i 4" 8, — m) Y(Az + a)
[t i(a) 8 (19" 0,07, —m) 571 w(a)
[ i) S 8% 5 0 - m) S0l
[t s 57y S0, - m) ST v(o)

/d4x Y (i " 9, —m) Y(x) (2.100)

General bilinears:

(a) ¢ 1 scalar: m 1) 1

pseudo scalar later
(b) ) v* 4 vector
pseudo vector later

(c) 9 o"¥ 4 tensor, oMV = %[7”7’71’]

2. Invariance of Sp[, ] under Parity

Ap = ( 1 1, ) see equation (1.8) (2.101)
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Unitary representation:

UP) $(@, ) UNP) = +°¢(-7,1)
UP)le"(5)) = e (=5.9))
UP) [ef(ms) = —let(=p,s))

et, e are parity ’eigen states’.
Relative intrinsic parity can be measured:

. Invariance of Sp[, ] under time reversal

-1 .
Ar = ( 1 > see equation (1.9)
3
Anti-unitary transformation V:

(V(T) (@) VHT)' = S(T) 97 (7, 1)

with
S(T) =i~ s
and
— i WAV AP ~O
V5= ﬂguupa’y v
B N Y VB
€o123 = 1
{rs,7"} 0
We have

with
_ 2 0 __ 0 —&
S(C)=iv"~v —<_(E 0 >
_ 0 1
Tl -1 0
and

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)



Bilinears:

(1) scalar: ¥ Y(x) 1 generator
pseudo-scalar: it 51 1 generator
(2) vector: IR 4 generators with
pseudo-vector: 1) v5 y* 1) 4 generators
(3) tensor: P o qp 6 generators
o = 2 [y*,7"]
2

= 16 generators of the Lorentzgroup

Remark:

(A €pvpe) VTV~

2.4 The interacting fermionic field (a first
glimps of QED)

Classical: Langrangian density

Lz) = Lp(x)+L(z)
= P(@)(ir" 9 — m)y(x) +e Ay (x) Y(x)y* Y(x)

Lp(z) L' (z)

with

Li(z) = e Au(x) P(z) " ¢(2)

(2.110)

(2.111)

(2.112)

Since 1 (x)y*1(z) transforms as a vector under Lorentz transformations,

A, (z) has to transform as a vector:
A(x) — AV, A" (x)

A, is a vector field.

Remark:
L(x) is invariant under

Y(a) — @y
Pa) — geient
Au(a) = Au() +u0(x)
=gt = —epyty

Quantisation in interaction picture

.0 ,
i 1) = H'(8) 1)
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with
H'(t) = —/d?’xﬁgp(x) (2.116)
— e [ Pa o) s v(a)

A,, can be either a background field (classical) or a quantum field A, : it is
bosonic (as a vector spin 1) and commutes with 1,1, also: : A, : = A, with
creation/ annihilation operators af,, a,,.

Subtleties concerning the quantisation of A, later, physical state |y) ~ af|0)
Equation (2.115) is solved by

[t) = U(t, o) [to) (2.117)

with

t

¢
Ul(t,to) :Texp{—i H’(t’)dt’} = T exp {ie/ d*z A, :z/ry“w:}

t(J tO
(2.118)
L’ couples e* to the electromagnetic field A,,, the photon.
Similarily we couple p* and 7F to Ay
Ve
() = | Yu (2.119)
¥r

with

Lp= z/;e(i’yﬂau - me)l/)e + iu(i'yuau - mu)wu + &T(ivuau - m'r)d’r (2-120)

and
me = 0,511 MeV
m, = 105,7MeV
m; = 1784 MeV
L'(x) = e[the Ape + Py Aty + Py Aty ] (2.121)

Computation of transition amplitude
Initial state at tg — —oo:

lto) = i) = e (1) - .e”(pu)et (q1) - - ¥ (gm )y (k) .. (K1) (2.122)

and p's, 7's.
Final state at ¢ — +o00:

[ty =1f) =le” (@) ...e (@)et () ... e (g )v(kD) .. .v(ky)) (2.123)
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e.g.
=) Pt (dh) - T () (kD) - v (Ry))

This is related to the S matrix element.
e (p)+ ...+ y(k) = e (P) + ..+ (k)

Here, we are interested in

te= o ptpr.

et (k) +e (k)= u (p)+put ()

e

In general:

[t) = U(t, to) i)

Sri = (flt =00)

—  lim (f|U( o) ]d) (2.124)
e
= (f|Texp {ie/d4IAu LYy :} |i)
Expanding T exp{i [ d*z L'} leads to
L'(z)=eA, Py :.
Spi = <f|i)+ie<f|T/d4:UAu Syt |8) +
\6/"
fi
o1 [ dteal @) (o) i) +
+ .
Ty .. ./d4an,C’(z1) LN () i) +
. (2.125)
First order:
/ A (f] Au(e) ()" o) i) (2:126)
/ (I oal 4 ) (b, + a4+ by, + - ala,) [i)

We have the following processes:
Time ordered diagrams

1. Scattering of e™ with emission/absorption of ~.

2. Creation of ete™ pairs with emission/absorption of ~.
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3. Annihilation of eTe™ pairs with emission/absorption of .
4. Scattering of e~ with emission/absorption of .

Higher order processes are composed out of first order processes, e.g. second
order with

1f) o~
or [i) ~ 7, [f) ~ 7
Problem:
e Convergence of expansion in
_ e? 1
C4m 137

Series is an asymptotic series: does not converge.
e All orders are infinite = renormalisation.
Programme:

e Write down all diagrams for a given order in « for matrix element
(f1.513)-

e Sort out combinatorics (normal ordering), compute the remaining
integrals.

= Feynman rules/ Loop integrals

Reminder: differential cross section (page 6)

dI'[i — f]
do = ———
7 o
2m)* d
= B 5Ot pm v —po) 4P YL (2127
for two particle scattering.
®: particle flux, normalisation of the states |i), | f) and
|Agil® = Myl = |(f1 H ).
-d? V.d?
V. d'pe Pb (2.128)

WY1 oy 2, a2
Example:
ete” —ppt
Cross section do:

1 V'd3p3 V dp4 + _ 2
0= 7 e e F o [T 00| S|e e )

spins

- S-Matrix element
phasespace density

F is the incident particle flux.
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Differential cross-section do per unit volume V for e”e™ — pu~pu™:

i ﬁ*@w)%*@ﬂ@
<3 (pa) p (ps)] S e (p2) e (p1)) 2 (2.129)
spins

with incident particle flux F', and unit volume V = 1.
Consider the term between the absolut value bars in (2.129) first:

S-Matrix: ~
S — T ie d'a Au(e) By () (2.130)

with ~ ~ ~
VY () = e v Yelx) + Vu v hu().
Expansion of S-matrix element for e~ et — p~put:
(1" (pa) 1™ (p3)| S le™ (p2) €™ (p1)) =
(ie)?

= B 0w )T [ daate @) A, ¢

x " (@)t () et (p2) e (p)) + O(e?)  (2.131)
Consider the states in (2.131):
le¥ (p2) €™ (p1)) = bl(F2) al(51)]0)

Fermionic field operator

o= [ s Ty 5 TP O e upld) @13

=+1/2
A, commutes with ), s

(1 (pa) ™ (p3)| S le™ (p2) e~ (p1)) =

(ie)Q A, 34t /

=3 /d zd 2" (0T A, (z) Au(z’)]0) x
X(uF(pa) = (p3)| T 207" () oy (2" e (p2) e (pr)) +
+0(et)

_ (Z;’) / e d*a! (0T Ay () A, (2/) 0)
X (T (pa) = (p3)| s y” (@) by () et (p2) e (1)) +
+0(et)

_ (ie)? / e da! (0T Ay (z) A, (2') [0) x
Xt (pa) 1™ (p3)] 290,y (@) Py e ()1 et (p2) e (p1)) +
+0(e*) (2.133)
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Counting annihilation/creation operators: a(f), b():

(1 (pa) ™ (P3)] =y () 1 ey e (') |e* (p2) e (p1)) =
= (1" (pa) 1~ (P3)| =¥y V()1 [0) x
(0] ey e(a): let (p2) €™ (p1)) (2.134)

Further reduction of the last part of (2.134):

(Of sterve(a’): |e¥ (p2) ™ (p1)) = (O] e v e(a”): BL(72) al(51)]0) (2.135)
For the fermionic field operator 1 (x) see (2.132).
Further reduction of the right side of (2.135) leads to

(O] e 7" pe(a”) + b () al (51)10) = — (0] e (a”) b (72) 0)7* (Oltpe (") al (71) 0)
13

(2.136)

Expectation value (0[¢|e™)

O @)l = [ o2k S )0l a@alGlo) (2137

3
(27T> 2p s=+£1/2

with the commutator trick:

- dsp 1 o -
(0 (2") al(p1)[0) = / e e P ug(p)(0 {ac(P)  al(71)}10).
(2m)3 2p
s=+1/2
(2.138)
For more information about the result of the anti-commutation relation above

{as(P), al(p1)} = (2m)°2p"0,50(7 — 71)

see (2.92) on page 24.
So one gets for (0]yle™):

(Ofe(a)al (71)[0) = e ue(pr) (2.139)

Analogous one can calculate the expectation value (0|i|e™).
In summary the expectation values (0||e™), (0])|e™):

(0[e(a) al(B1)|0) = e P u(py) (2.140)
(0[P (2') bE(F2)|0) = ™72 Te(ps) (2.141)
(2.142)

It follows a further simplification of (2.135):

(O] (@) ¥ the(): bE(B2) al(51) [0) = —De(p2) V" e (pr) e 1 P27
(2.143)
Similarily for the muon:

(01, (Pa) au(F3) () 7 () [0) = Gy (p3) 7" v (pa) € P3HPIT - (2.144)
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Plug the results in (2.131):
(1™ (pa) 1 (p3)| Sle™ (p2) e (p1)) ~
~ (i) / dha d'a! (0T Ay (z) A, (') [0)eips+Pa)7 o =ilps+p2)a”
X1y (P3) V" Vu(Pa) Ve(P2) 7 1e (P1) (2.145)

Now consider the photon propagator:

) d*k efzk(ac z')
017 Au(o) Au(a)10) = g limn [ 555 S

Momentum conservation

dAk e~ ilk—pi—p2)z i(k—p3—pa)a’  q
/d4 d'z // » = ;(277)45(171 +p2 — p3 — pa)

2m)4 k2 + ie
(2.146)

with the square of the total energy s = (p; + p2)? leads to

<.u+(p4)u‘(p3)| Slet(p2) e (p1)) ~

Zg%(ieﬁ(?w)‘l 5(p1 + p2 — p3 — pa)iiu(p3) v v (pa) De(p2) 7" te(p1)

1

¢

1R

(ie)?(2m)* 8(p1 + P2 — p3 — Pa)Uu(P3) ¥ Vu(Pa) Ve(P2) Vo e (p1]2.147)

» |

Now the term between the absolut value bars in (2.129) is calculated. The
next step is the averaging over the spins in the initial and the final state (see
(2.129)):

1 _ y _
4 Z |Uu,s(p3)”y Uu,S’(p4) Ue,r(pQ)”Yuue,r’(pl)F =

’ ’
§,8°,7,T

1 _ » _
= 5 (57 0 (P2) T (92)1 005 ()

1 )
X5 D Ve (D2)Wutte rr (P1)Tie oo (P1) Yy e, (2) (2.148)
rr!
with
* t
[ @] = ul @ o)

Consider the first sum in (2.148) first:

1 _ y _ 1 y
5 Z U;L,s(p3)7 Uu,s’(p4)vu,s’ (p4)’YpUu,s(p3) = §TI‘(}Z$3 + mu)’y (]64 - m,u)'Yp see 2.83

s,s’
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Similarily one gets for the second sum in (2.148):

1 _ _ 1
5 Z ’Ue,s(pZ)’YVue,s/(pl)ue,s/ (pl)’ypve,s(pZ) = §TI'(]62 - me)’YV(ﬁl + me)’)/p

s,s’

In summary one gets as an intermediate result for the average over the spins in
the initial and the final state (see (2.148)):

1 ) , )
4 > s (p3)V Vs (Pa) Ve (D2) Vot e (p1) | =

’ ’
s,s’,r,r

- i”ﬁ [(153 +mu)y” (P — mu)vf’] Tr [(152 — me )Y (1 + me)yp}(2.149)

In high energy limit
2 2
s> My, M
one can drop m., m,, in the traces of (2.149).

So (2.149) turns into

i Z |%,s(p3)’yyvu,s' (p4> @e,r(p2)’71/ue,r’(p1)|2 = iTI‘ |:¢3’7V¢4’7p} ﬁ[ﬁz%ﬁl’}’p}

’ ’
8,8°,1,1

(2.150)
With the traces
Tr v*9"y%7" = 4 (9 g7 + 9" g% — g*7¢"")
one gets for (2.148):
1

T (s (5)7 0 (91) T (02 Wt (1) = 4] (0101) (p25)+(p21) (p15)]

(2.151)
High energy limit revisited

S s
P1P3 = P2ps = Z(1 —cos?), P1P4 = Pop3 = Z(1 + cos )

with scattering angle

cosv = _,1 i
Py 175
one gets the final result for (2.148):
1 _ » _ 52
72 s v (a) Ber (p2)vtte, (1) = 5 (L cos” ) (2.152)

Back to the differential cross-section do per unit volume (see (2.129)). When
one plugs in all results calculated above one gets for the differential
cross-section do per unit volume

1 d3ps 1 d3ps 1 et 52

= S E 75350 '535.0 27)4 e 2 57 9
90 = TF 2y 20 (2my 2p) (@7 012 = pa = pa)]” 55 5 (14 cos™0)
(2.153)
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With Fermi’s trick

[(2m)*6(p1 4+ p2 — p3 — pa))?
= (2m)'6(p1 +p2 — ps — p4)/ d*z e ((P1p2—ps—pa)
VT

= VT(2m)*(p1 + p2 — p3 — pa)

e
and a = — one gets for the differential cross-section do per unit volume

dm
1 d°ps d’ps
2 2

In high energy limit and the CMS-system, i.e.
p1+p2=0, P+ = s

do
one gets for the differential cross-section 0.
3

47—t [ i) /dBp“‘fWE— ) — [F4)3(F5 + ) (1 + cos? 9)
d0s Y ) D3| |P3 |]74| D3 P41)0(P3 T P4 .
(2.155)
With the flux F ~
F=2 5Bl (=il 284280)
1
. . . do
the differential cross-section ——
dQs
do o?
— =1 2y 2.1
a0 1 (1+ cos” ) (2.156)
. do
and the total cross-section o = / dQ3——
dQs
_ _ dra?
Orotal(e et — pupt) = 3 (2.157)

for e“et — p~pt are calculated.
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Chapter 3

Quantenelectrodynamics

(QED)

3.1 The electromagnetic field

Maxwell’s equations:
O, F" (z) = j"(x)

eMP? 9, Fpe(x) =0
with field strength F),,

Fu(x) =0, A, (x) — 0, Au(x)

and 4-vector potential A, (x).
(3.3) trivially satisfies (3.2):

2107 0,04 = 0

j¥(x) is the 4-vector current density:

and

0 -E' -E> —E?
E' 0 -B® B?
E> B* 0 -B'

Fr(z) =
E3 _B2 Bl

0

We use Heaviside units (rational), that is removing factors of /47 from the
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equation. Maxwell’s equations (see (3.2)) reads with (3.4) and (3.5):

V-E = p
= o oF -
VxB = — 3.6
x 5 T (3.6)
V-B = 0
5 = oB
VXE = —— 3.7
8 ot (37
Relation to cgs units:
2
o = al L
47 he 137
eg = VAT eqys
2 2
€ €sr
=L, = - == 3.8
Cegs 47 A4meg (3.8)
- E
E _ cgs
n vam
q B
B _ cgs
" VAT
(3.9)
The most important values in the cgs-system:
eggs = (4.8-1071%2g.cm?®/s?, ¢=3-10"%m/s
hegs = 1.05-107*Terg-s, erg=g-cm?/s? =107"]J
Remarks:
1. Inhomogeneous Maxwell equation (3.1):
0,0, F'" =0,37" =0 (3.10)

= conserved current!

2. A¥ carries a redundancy, the gauge degrees of freedom: F*¥ is invariant
under

A¥(z) —  AP(z)+ 0" a(x)
= F" — FM 40", 0")a=F* (3.11)
This redundancy can be removed by imposing a constraint on A, (gauge
fixing condition):
Lorentz gauge (Landau):
0y At (z) 0
= 0, " = OA” =j" (3.12)

consistent with (3.10).
For j¥ = 0, each component A” satisfies the Klein-Gordon equation.
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Lagrangian density:

Quantisation of free field:

A, () :/(;1;]@)32]1{70 [eikm aL(E) 4 ke aM(E)]

with ko = |k|, and the commutators

Remarks:

1. We have the Klein-Gordon equation:
0A,(z)=0
but
O Au(z) ~ /ik#a:ﬂ... # 0.
(kylay (K'), af,(B)] = —k, (27)° 2ko 6(k — K'))
0, FH[A] #0

Can we do better than (3.14) ?

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

No, it was not possible to construct A,, with 9, A,p, = 0 + covariant.

2. Fockspace:

e vacuum |0) with (0]0) =1

a,(k)[0) =0
e one particle states .
al,(k)10)
with norm
(0l ay (K af, (k) [0) = (0] [ay(¥"), al,(F)]|0)

= —gu (27m)% 2ko 6 (K —

= positive norm states

p=v==1:
p=v=0: mnegative norm states

= No physical Hilbertspace (no probability interpretation).
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Remedy:
Fockspace contains physical subspace Fjpys with

0, FM[A,]| physical states ) =0

=| k! a“(lg) | physical states ) =0 (3.20)

or
0y A" | physical states ) =0

Evidently [0) € Fppys-
Construction of Fjpys:

. 11 .
k) = ——=k'al(k
ay (k) Mol a, (k)
_ v et
- ﬂ(ao(k)—ka(k))
“h b= K
with k£ = Tk
al(k) = eal(k)
ab(k) = exal(k)
- 1w o= ay
ab(®) = % ( g(k)+kcﬂ(k)) (3.21)
ek = 0
€i€j = 0j
Commutators:
[O‘O’ ao] [O‘3v aB] =0
oo, 07 = [a,0{7] = 0
[0407 ;] ( ) 2k05
[ai, )] = (27)% - 2k° 6 (3.22)
Physical states: .
ap(k) |physical state) =0 (3.23)

One particle states: of (k) [0), o (k) |0), ol (k) |0)
but zero-norm states . .
(0] ao () o () [0) = 0 (3.24)

= Physical Hilbertspace H:
1) ~[2) for [[ 1) = [2) || =
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F,
H o= e (3.25)

~

= We have two one particle states in H:
[F.e1) = al(B)10)

with Polarisation é1, é2, g and

£ = ( ‘. ) i=1,2 (3.26)

E,e> withe® =0 and &- k=0, Fe C?

o

General:

E- and B-field operators:

El({E) _ _FOi _ _(80Ai _ azAO)

= B3k 1 - , . .
E — 1.0 = 0\ ,—ikx _ (=2t k 01y ikx
= E(x) /(2@3 2k02k {(a ka’)e (@ a e }

Ck 1o ay ) + ¢ Y o —ikT
- / 2 2y F (61 @1 (R) + &2 an(R)) e

— (e al () + &5 ab (F)) %)

Bk 1 (s - A
—/ o) %zk‘o {k:ao(k:)e ke _ ko () e”“”}

Bla) = / (dgk1iﬁx{éiai(ﬁ)eik$—éial(ﬁ)eik1} (3.27)

= Hamiltonian depends on «;, ag.

From 1 )
L(x) = = Fu F" = S (E? - B?) (3.28)
follows the canonical momentum
. oL . .
I’ = = _FYi=F' 3.29
00A; ( )
Hamiltonian density
| »
H = IIJA+ ZF‘“'F
o 1 a o .
= E?- 5(E2 — B*) + EVA4,
1 — —, - =
= 5(132 + B?) + V(EAy) (3.30)
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The last equation follows from VE =0 for p=0.
1 _, ~
:>H:/d3xH: 5/d%(E%rB?)

Use field operators

H ~ _{/ézy/d%'l ) [2 (0u(R) ol (R) + ol (R) o)) ] - 2m)? 6k — 1)

2

ok Ak [estBal) + ol By

(27)3 2k0 2k0

(3.31)

Normal ordering causes a;(k) ol (k) + af (k) i (k) to become 2 - aj(%) o (k).

i i

Inserting the result of normal ordering in equation (3.32) leads to:

Bk 1 o
i~ [ a3 K el B ai®)

but ...
Interlude: The Casimir effect oL
Experiment: Lamoreaux et al 1997 Solution for F, B: plane waves

E~éeth  BokxE

12

Boundary conditions:

>

X E|x:O,L =0
- §|x:0,L = 0
= E~ € sin(k,x) eilkyy+k.z2—k"1)

with the polarisation £ and

K = Vik?
ky = ”% n=1,2,...
Casimir energy:
1 [ &k 1 L
H = ¥ —= (0] a;(k)al(k)]0) -2
O, = 5 fgs Olad@al @0
11 [ d%k) & - nm\2
= - 21/k2+ (25) s
2L/(27r)2n§_:1 i+ () 00
with
Fi = (0, ky, k)
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Equation () is divergent for large momenta (UV). Assume for the moment that

the 3f is cut off regularly for high energies/momenta:

(0| H [0}, =
Area

where 75 (7 > A?) - 0, ra(z < A%) — 1

= E, = (0|H|0),

s Y

with

Ra(n) = /OOO aky by R+ (B2 (Eﬁ + (7?)2)

AEL = EL — Eoo:

[e%e] oo 1
AE;, = —— ;RA(n)—/O dn Ra(n) +§RA()
Euler-McLaurin:
o = (2n—1) 1
[ anae) = 32 [Ba(o) + g B0 4 500
with Bernoulli numbers
1 1
By=-, Byj=——
27 8 30’
_ v L @ [G)
— Ak 27T~L|: 12 B (0) 4 755 B2 7(0)
Since
o . nm\ 2
Ra(n) = dk‘HkH k‘ﬁ—F(T)
N————’
k
= / dk k% rp(k?) - ra(k?)
%
(1) ™o (nm\? o nm
= Ry(n) = L(L) TA(L)
RV = 0
3) o (™Y
o = ()

d kH 0] n7r 2

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



R{Z¥(0) depends on ry: R{7¥(0) ~ (7).

Finally:
2 V/L
A —% ? for A — 0
or AL )
T 1
Force/Area:
dAe w2 1 1.3-107%
F=—r = g i )=~ pam
Summary:
Wiy = T (P, (7T
Byin) = =7 (L) TA(L)
7T2 V/L (4)
AE = 750 15 + O(R,7(0))
72 V/L
with
(i>3) 1 3
#00 ~ (57)
Force/Area:
d(+77) 2 1.3-10~%
/L 0 : 4
F = — = —— — Y —_———
L 210 77 1) Limps %

Idea: with plates, without plates

For high frequencies the difference between ’plates’ and 'no plates’ becomes
smaller.

AE = (0| H|0), — (0| H|0),__ is finite. Divergent parts cancel. Computation
is performed with regularisation

Aira (kﬁ + (T)2>
3.2 Lagrangian of QED

In equation (3.13) on page 39 the Langrangian density of the electromagnetic
field coupled to an external current j*(x) was presented. In QED, j* describes
the coupling to the electron-, muon-, tau-current with

j*(x) = —ept Y(x) (3.48)
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where 9 is given by

Ye
w = "/}M
V-

Together with the Dirac term we get

1

LogEDp = —~

1 Furl@) P (@) + 9 (19 Dy = m) ¢

where D,, is the covariant derivative:

D,y(x) = (au — ieAM(;E)) ()

me 0 0
m = 0 m, O
0 0 m,

Gauge invariance: g(z) = '*® € U(1)

(2) = glo)v(z) = yplx) =y?

b(z) — P(z) gl (2) =p(z) e = 9

Apu(z)
)

and

- égDu 9" = Au(x) + dua(x) = A7
— 9Dug'(z)

v 1 v
—EFWF“ — =B P

Y —m)y — gl (igDg' —m) g = (i) —m)

with
D =~"D,
and
ggJr =1.
Remark: 0,, — 0, — ieA,, is called 'minimal coupling’.
A, is a connection (Zusammenhang).

Consequences of gauge invariance:
Classical action of QED:

SasplA, v, 7] = / d'z Lopp ()

with Logrp(z) from equation (3.50).
Gauge invariance:

S[A?, 47,49 = S[A, 9]
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Infinitesimal

SLA -+ By (1 -+ 0.5 1 —iac)] - 54,67 =0
4 0 ) i b d
= /d x (8“()[(@(%(:6) +iea(z) w(x)&/)(m) a w(x)(slb(x)) °

eg: =1 =

5
4 —_— =
/d z Oya(x) e S[A,0,0] 0
dS[A,0,0]
— 4 ik ke R
= /d za(x)o, S (@) 0
a(z) arbitrary:
5S14]
%5, @ O
also 525
o =0

b 5, ()3, () A
= 3; (3p3p gt —0"9")o(x —y) =0

Completion of Feynman rules:
Physical 1p states:
Ea €i>

with the 4-vector ¢; = ( >

%

-,

al(k)[0) = &;af(k)|0)y i=1,2

o

General states: [e, e =1

1‘5,5> — <ol () |0) = £a' (F) |0)

with €% =0, g,k =0, ek = 0.

Norm . . L
<k’, &l k> =& *2(2m)3 2k° 5(F — &)

= initial state * final state e#*

3.3 Magnetic moment of electron

Consider
D, Oy —ieA,
Lp = Y@y D,—m)y
Hp = o7 (i7"’ Di+1"m) ¢

H
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Evaluate non-relativistic limit of H?:

First
2 _ 0(: =27 0(; 2T
H* = 4’ (iyD+m)7" (iyD+m)
= (AD+m) YD+ m)
= ’yZ’yJDiDjerz
. 1 o
= B4 Sl DD 4w
. 1 }
= =D —ie [y ] FY 4 m?
with o
[V, 7] = — 20 B
0 oF
kE _
and ¥ —( koo )
H2 — _p2_S.. Fid 4 m2
- 251,]k: m
= —52+ei~§—|—m2.
Then

o 2
Hzg@b:(er Y imt £ 9255
Spin coupling;:
ge-ig E:ﬁe B
2m

with gyromagnetic factor g, = 2.
Experiment: g, = 2.0023193...
(1 g, = 1.760859770(44) - 101 s~ 17 1)

Anomalous magnetic moment: j,,(z) = —e :b(x) y* (z):
" 1 3 o7 o
flop = 5 A’z & X jop(Z, 1)

Expectation value: ‘6(];, s)> = al(K)|0).
Non-interacting:

<6(EI,T)‘ﬁ‘6(E, s)> = —g/d3a:fx <e(l¥’,r)‘ Y- ‘e(E,s)>

When one proceeds as with scattering, one gets g, = 2.
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Magnetic moment of an electron in general:

ji(t) = % / P i x (@) (3.64)

Electron: ¢t = 0.

- S o € = - T - o -
@A) = 5 [ Ed x ()] D@0 T 03 ()
€ = - T g
= 5 [ @ax 0l 60 T6(E,0): al(P) )
e - <o -
= 5 [ 010, (7)5(50) 0) (0] (2. 00l () 0)
= —g /dgm PP 35 i (p') F s (p)
= ... (3.65)
Anomalous magnetic moment
Classically the interaction is given by
_6157“ Au P
= Looking for quantum corrections to the Vertex:
Lowest order in «v and A:
elu(g, g +p) A (p)
with
1 o
F ~ —_— v v _—
K 2m Tuv P 27
o = S (3.66)
For 0" see page 28.
e o .,
:>(FNAM)($) ~ —%UW/%Q A'U‘(l')
e «
- - = 25 FVH
Im 27 O F @)
- £ 2% B
- 2m 27
(3.67)
One gets the last equation, because E=0.
oz e ay %
S (14 ) 3 3.68
RS T om T 2r) 2 (3.68)
<~
s



3.4 Renormalisation

~
higher order term ~ a2 vacuum polarisation
Computation from Feynman rules:

W) = ~(ie)? [ Gt (369
— (ie 2 d4q E n 1 v _ 2 _ n
o0 [ g L | = (3.10)

Two Problems:
1. integral is divergent ~ [ d%q q%
2. poles: ¢> =0, (¢+p)? =0.
Remedy:
1. Regularisation: IT — I (p?, m?) (Casimir)

2. Wick rotation: ty; — itg, p%, — ip%;, Dupt — —pffpf.
There is a one-to-one relation between Euklidean Correlation functions
G g and Minkowski Correlation functions Gy.

How to implement (1):
Photon propagator:

Au(ﬁuayg#p - aHaP)AP - ZAAren.u(auayng - auap)ATen.p (371)

with
Zp=1+ Zgl)a + 0(a?)
=
Demand
. —1 2 2
Jim (Z3" + Ha(p?,m®))
finite.

Structure of 115

A (p?,m?) = 1ﬁ Oi
Alp”,m®) = OéfonA2+f1+ )t

A2
=7Z' = 1-af lnﬁ+a~ﬁnite+0(a2)

with renormalisation scale p.

Hence
2

ZV+ AP, m?) =1+« [111 (1)2) + ﬁnite] +0(a?)
i
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In summary we demand

d
u— Observables = 0
du

Computation:
" (p) = (p*g" — p"p”) - I(p)

with renormalised II: I (p%, m?) — II5 (0, m?).

2

2 ! m
np*) = -—if dzzl1-2)lp ———————
) [ dea(—a)
20 [* m?2/p?
= ——1 drzz(l —2)1
T ! 0 vl @) nm2/p2_$(1_w)

UV-asymptotics:

2 2
a P 5 m
I(p?*) ~ ~|m(-2) -2 +o(2
)= g -2 -3 o (%))
~~
finite=c
9 o
= aepp(p”) = —
1— - In(-5)
li e = 0
lim oy
_pz_i}lgi e3m/a Qeff =
with (here)
c=e3, aepf(em?) =a | 1-loop B-function
RG-equation:
paZa 2 1
=——a=—- —a«a
Za 3r 672

30

(3.72)

(3.73)



Chapter 4

Quantum Chromodynamics

(QCD)

The theory of strong interactions provides the nuclear forces that keep nuclear
cores together.
Peculiar properties:
2

_9s

4
1. asymptotic freedom: as(p? — 00) — 0.

(Nobel Prize 2004 for Gross, Wilczek and Politzer)

Qs

2. confinement: V g(r) ~ r for large distances.
Millenium Prize riddle (Jaffe, Witten).

3. selfinteraction of gauge fields
Gauge fields are colour charged.

Evidence for :l:%e, :I:%(z charged hadronic constituents with spin % quarks ¢

(J. Joyce), and gluonic jets (Nobel Prize 1969 for Gell-Mann, Zweig).

4.1 The QCD-Lagrangian

Hadronic current:

ju(x) = eZQq Q(l‘) o Q(m) (41)

with 5 )
Qu,c,t == ga Qd,s,b == 7§
Hadronic states are invariant under SU(3) transformations in colour space:
qg(z) — Ugq(x) o,U =0

(Qa(x) - af Qﬂ(x) o, 3= 132a3)

ol



with
UecSU@B):UU=UU"=13, detU =1.

SU(3) is non-Abelian.

Infinitesimal
U=13+i0p* X\, a=1,...,8
A%: generators of SU(3) (Lie-Algebra of SU(3))
with
B =0, X =2\

Compare to the generators of SU(2) o

[O'a,db] — 9 é_abc o€
Quarks:
q1(z)
q(z) = | ga(z) (4.2)
qs(z)

with Dirac spinors ¢;, where i, i = 1,2, 3, indicates the colour.

In table 4.1 the flavours of quarks, their current masses and their charges are
listed.

Generation | first second third || Charge
Mass [eV] 1.5-4 | 1150-1350 170
Quark u c t

Quark d s b —
Mass [eV] 4-8 80-130 | 4.1-4.4

[woling

ol

Table 4.1: Quarks and some of their properties.

Lagrangian:

£ =" a@) (19 — my) q(x) (4.3)

q

Bound states:
1. Mesons: qq
2. Baryons: qqq
e.g.

71'Jr ~ ’ll,lCzl +U2J2 +’U,3d_3

p ~ Saﬁfy Ua UB d»y
( —  Eapy Ua Up d,y det U)
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7T and p are gauge invariant.
[)\(17 )\b] — 9 fabC)\c

where £ are structure constants.

TrA = 0
TN = 26%
4
{)\a7/\b} _ g 5ab + 2dabc A€
dabc — Tr)\ {/\b}\(t}

The Lagrangian £

quark(®) is invariant under

qg — Uq
g — qu'.

With UTU = 15:
S qut@—myuq= Ll (x)
q

Gauge principle (as in QED):

We demand

q(x) — Ux)q(z)

gz) — qla)Ul(z)

= Lquark(x) - Equark(x)
but
L @) = L0 @)+ Y aWugu)g
q
@(wﬂ N ,yu DSB
with
DY = 0,6 wigs AP,
see page 45.
SU(3):
[ta,tb] — ifabc €

with

1
A
2
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fe is anti-symmetric:

f123 - 1
1
147 _ (156 _ 246 _ ¢257 _ 345 _ _ ¢367 _
JUT = 1T < R0 o ST i T
458  _ 678_@
e
and
01 0 0 — 0 1
A= 10 0 |, Ao = i 01, M= 0
0 0O 0 0 O 0
0 0 O 0 0 —i 0
M= 00 1|, M= 0 0 0 , =10
01 0 i 0 0 0
0 0 O 1 0 O
M=[00 —i |, =101 0
0 i O Ve 0 0 -2
Quark colour charge: t*t* =Cp1 with Cp = 4.
3
Gluon colour charge: fabe fabd — 0y 54 with Cy = 3.
trag t°t7 = —C4 6%
1
trpua t10 = 550‘1
\a@ aff
Transformation of Aﬁd = Af, < 5 ) :
<~
t(l
)
Au() — U) Au(z) UM (z) = —U(2) 9,U" (2)

9s
- —gis U(x) D, Ut (x)
=Du(r) — U(x)D,U'(x)
As in QED we define the fieldstrength F),,
i gs Fuy = [Dp. D] =i gs (04 Ay — 0, Ay + igs [Au, A])

with
Fun. - UF,U'

and
[AM,AV] _ Z-fabc Ab AC )@

o4



or
F, =0, Ap — 0, A% — g, f**° A A°.
Pure gauge theory: Yang-Mills

1
ﬁYM(«T) = —5 TI'FL“, F“y
1 a auv
- _Z FN’V F ® (49)
Full Lagrangian:
1 .
L(z) = _ZFP?V P 4 Z gD —my)q (4.10)
q
with gauge symmetry U € SU(3):
g — Ugq
g — qut

i .
A, — UAU' - ;U@uUT

= L(z) — L(z)

with
Loy g, pov Lo B, vot e ot
D) v - 9 1%
1
2
Parameters: g5 or ag = Z—; where «ay is the strong fine structure constant.

11111

Gauge fixing (Lorentz)

1
/E(m) — /E(:c)—!— Q/Tr (0, AM)? +/E8D"c (4.11)
—_—
ghosts
Feynman rules for QCD
Gauge fixing: i J(0,A4,)2
5op

Quark propagator: i}%

Gluon propagator: *iﬁgltff {*(1 - lf“]‘”’.’

Ghost propagator:iﬁ]
Quark-gluon vertex: —i gs (t*)ag V"
3-gluon vertex: —g, f** [¢"(p — q)P — ¢""(q — )" + g (r — p)"]
4-gluon vertex:
—igZ[f T f (g g7 — 9P g"7) +
+fea0febd (g;u/gop _ gpogup) +
+feabfecd (gu,ogup . gupgl/a)}
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4.2 Running coupling

As in QED we compute the running coupling.
Reminder QED page 50 (Euklidean)

p2 > m%pt a(pZ) =

computed from

(B-function:
o2
Baep(a) =~ p*dpa(p?) = I
Borp = —foa’—prad+...

a(p?)

By comparison of coefficients one gets:

1

50:—37T

QCD:

1
Bacp ~ p*Oyzas(p®) = _E(BS —2Ny)a? + 0(a?)

(u?)
l_a?f;

ln(

=| fo=

1
127

(33 — 2Ny)

= O‘s(pz) =

with

u? = AzQCD ~exp{

asymptotic freedom: ag(p?) ~

4.3 Confinement

no coloured asymptotic states.
Example: ¢g-pair

1
()
AQCD ~ 2171_33 MeV

+0(a®) >0

p

m

— 0

96

-)

p2
50 In (Aéc

Bo
s ()

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



1. Definition of gg-state:
d(y) ¢(x) not gauge invariant
but

q(y) Pexp —|—igs/dz“t“AZ(z) q(z)
y

1=

(Il—igs dz#r te Az(z))
y

gauge trafo:

Au(z) = Ulz) Au(z) Ul (2) — iU(w) 9, UT(x) see page 54.

= (1+igsdz"t" A%(z)) = Ul(z) (L+igsdz"t® A5(2)) - (UT(Z) +0,U'(2) dz*)

Ut (z+dz)

= Pexp +igs /dz“Au(z) — U(y)Pexp —|—i/gsdz“Au(z) U'(x)
y

Y

o —y|—o0

lim <q<y>7>exp tig, [dsn () q<x>>eo

in quenched QCD (no dynamical quarks)
Three quarks:
Confinement

f

e
V(T)—V0+K'T—;+ﬁ

Remarks:

e strong coupling is not enough!!
e mass gap in Yang-Mills pure glue [Millenium Prize (Jaffe, Witten)]
e perturbation theory fails = non-perturbation methods

— lattice: space-time grid (~ 126 lattices)

— operator product expansions,/sum rules ...

— renormalisation group methods solve theory via relations
between correlation functions.

3. Area law of Wilson loop

W(Cs,y) = TrPexp ¢ +igs / dz, A*(z)
Ca,y

a7



QED:

exp {ie / d*z j,(z) A"(x)}

Ju = / dz, d(x — 2)

c‘ R

with

wordline of an electron

= W(Csy)) ~ exp {_qu qy} —0

~ e—O'A

4. dynamical quarks

4.4 Phase diagram of QCD

Order parameter:
e chiral condensate: (gq) = o
e Polyakov loop L ~ e~ T4

Remark on phase transitions:
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Chapter 5

Electroweak Theory
(Quantum Flavourdynamics,
QFD)

In 1930 Pauli suggested the existence of the neutrino v. It was discovered from
1953 to 1959 by Reines. In the years 1933 and 1934 Fermi worked out a theory
of the (-decay.
(B-decay:

n—p+e +1,

Fermi interaction:
H= G/d?’x [p(z) +* n(zx)][e(z) v, v(z)] + h.c. (5.1)

with G is the Fermi constant: G = 1.1-107° GeV 2.
Important: parity violation in (-decay !

G ga } {
H==2 ni1-24 1- +hee.
%o [ (1= 5 0] [ele) (1= 20) (0] + b
with
Gs = 1.147-107°GeV 2
94— 1955
gv

Weak interaction distinguishes between left- and right-handed particles.

Universality of weak interaction.
~v5 and handedness.
Fermions revisited: compare to page 22.
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o) = v (a5 )

po+m Xs

G- (1) (1)

and standard representation

0 _ ]12 O i 0 O'i _ O ]].2
V= 0 ]12 ) Y= —gt 0 y 5= ]12 0

For m = 0 we equate |p] = pp = p. With p = g we get for U(p):

with

N

v =i (5%, )

PXs
Spin-orientation/Helicity: & - px+ = £x -
Define:

Ui(p)\/ﬁ( - >

+x+
m = 0: with 5 Uy (p) = £U+(p).
We define left- and right-handed spinors:

LF 7
YR 751/}

Yy form=0

with
Y5 VL r = F¥r/r chirality
5.1 Lagrange density of electroweak theory

Fermi interaction via gauge theory:
Consider
Buoo— e F U+,

Gauge principle (for the time being we consider massless fermions):

. — ¢Ve _ ’(/)I/“ _ ,(/)I/T
e () () ()

Quarks: Qq_(i: >, \I@—(ii), \Ilq—<$z>

Free Lagrangian for the electron:

Lo(z) = \i/ez, ifyuau e, + 17Z€R iryﬂaﬂ weR(m)
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The second summand is necessary because of QED.
Ly is invariant under global SU(2) rotations of ¥y:

\I/L—>U\I/L
with
U = e“eSu2)
w = w“g—a
N 2

Singlet wR: T/JR — ’(/)R.

% are the generators of SU(2) with Lie-algebra
ot o be O° 123
Z 2 | —;abc” -1
[ . } i

and Pauli-matrices ¢*, i = 1,2, 3 (see 10).

Local symmetry (gauging) via minimal coupling

£0 - L:(x) = \IISL i’VWDM \IISL + 1/]61?. i’yuaﬂ weR

with
D, = Ou+igW,
a Uu
Wp, == WH 7

and gauge transformations

Wil(e) — U(x)%(w)tf*(x)—§'U<x>auU*<x>

with U(z) = < i’; )
Within this notation £ reads

L=Viy"D,V
with
D, = 0,+igW,
W, = Wi T¢

N
IS)
I

%’
0
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Coupling via

w3 Wl —iw?
Whot = ( 1, a2 . 3 ! )
. W, +iW, -W,
where W2 is neutral and W}, W7, are charged.
With )
WE = — (W' +iW?
7 ( )
we have the interaction, e.g.:
- _ 1—
\% \Ile,L ’YH W;: 'l/}Vg,L = % 'l/]e 7“ W; 275 %/e
———
Yue,L
g - 1+ _
= vty e
9 75 —
= RY T Wi

(5.2)

Diagrammatically
neutral gauge boson Wﬁ:

e is not the photon: no L-R-symmetry
= additional U(1) gauge boson ~ Z° (triumph of theory)

e is not Z°: no coupling to right-handed fermions

Existence of neutral currents,
eg. v, +e —y,+e”
or v, +n — v, +n.

Consider

Wﬁ = cos Oy Zg +sinfw A,

where A, represents the photon and 6y is the Weinberg angle (weak mixing
angle).

sin? Oy = 0.23117(6), result at SLAC: sin? Oy = 0.23098 + 0.00028
Orthogonal combination:
B, = —sinfw Zg +cosbw A,

with U(1) gauge transformation

U, — ehrw }(WL)_)eiYw<\pL)
Yp — €¥Re YR YR
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with Hypercharge

Y, 0 0
Y= 0 v, 0 (5.3)
0 0 Yz

B,, commutes with W, !

SU(2) x U(1)

The hypercharge Y equals the difference between the electric charge @ in |e]
and the third component of the isospin I5:

Y =Q - I

For right-handed fermions: Y = Q.

For left-handed fermions, e.g.:

Particle Y Q I3
vy, —% 0 —%
ey, 7% -1 7%
ur s| 5| 2
AR

<
v
N———

Interaction term: ¥ = (
g yH D,V

with
D,=08,+igW,+1i¢g B, Y

where W, is explained on page 61 and for the Hypercharge Y see page 63.
Full Lagrangian:

a a a abce b c
wa, = 9WE—a,Wi— g W W
B., = 0,B,—0,B,

1 a apy 1 v I
EEW:*ZW;WW H *ZBAWB“ +yY iy Dy (5.4)
General gauge transformation:

U l9e e g (5.5)
Neutral gauge bosons:

—U 4" [g(cosbw Z,, +sinbw A,) T? + ¢’ (—sinbw Z)) + cos Oy A,) Y| ¥
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Coupling to Photon:

gsinfw T2 +¢ cosby Y = eQ
= eT?+eY
=gsinfy = e
g cosby = e
Current: —e AY) jk .

Gh, =V = (Ypytpr + Uy U ))
Coupling to Z°:

(&

geosOw T? — ¢ sinfy Y = ———————— (cos® Oy T% —sin® O Y)
sin Oy cos Oy
2e
= I —sin® ¢ :
sin 20y ( S w Q) (56)
Current: —ZS g - SmQ;QW
gl = Uy (T? —sin® 0w Q) ¥p + hry* (—sin® 0w Q) Vg
—_——
~gL=%(9v —9gr) 9r=3(9v+gr)

S0 (31— 7s) —2Q sin® by ) v

Electron: = %1/31,% yH 1/JyeL - %7/_1@ Y e, — sin” Ow jbm
Problems:

1. Masses for W+, Z°: explicit mass-terms break gauge invariance!

2. Masses for matter fields: couple left- to right-handed fields — break
weak gauge invariance!

3. Neutrino mixing

Resolution to 1. and 2.: Higgs-mechanism: masses via spontaneous symmetry
breaking.

5.2 The Higgs sector
1. W*, Z0 are massive, e.g. mz = 91.1882(22)GeV, m%, = m% cos? Oyy.
2. Matter-fields are massive:
(a) ~m3, Tt W?
(b) ~ —my ) =my Pripr +my LR
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(a) and (b) are not gauge invariant:

wﬂem{ir;%w}w (5.7)

mZ TTW? = —Lm2, 'DW
g

_ _ 1 1-—
My Y — my exp{—i —;% w} exp{i 275 w}w
Explanation to the last transformation:

) 1 1 _ 1
d’—>wTexp{—¢75}”W = wTvoexp{—i _+75}-w<mp{—4_+75}

2 2 2
m 1/_1 e V5w P
= my (Yre“ YL+ 9L e PR) (5.8)
Infinitesimal: - -
Y — —ihysy

Assume we have scalar field ¢ with (¢) = % #0.
= "Massterms":

Ly(x) = —hy (bpod' U +Tpdhr)  Yukawa term (5.9)

with doublet ¢:
_( nl®) U (@)
o) = (95 ). ot~ v (28] ). vesve)

= ¢'(2) Ui (2) — ¢'(x) UT(2) Ulz) Ui(2) = o' () ¥ (2) (5.10)

= Yukawa term Ly (x) LA Ly (x) gauge invariant under SU(2)!
Hypercharge: ‘
B(z) — €Y1 ()

with

1
Yp =Y, —Yp=g.

eiYm

= Ly(z) — Ly(x)

/lER (b‘i' ‘IIL _ 'J)R e—’i Yrw ¢T e—i YL —YRr)w ei YL w \IJL

= Yrol VL (5.11)

Electric charge:
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¢1($) N YH +Ig
¢2(z): Yu+13 = 0

o=(3)

In summary £(z) is gauge invariant, ¢ couples to W, and to B,,!

0
Mass term for fermion: () po = ( v )

V2
—he (Ve B3 VL + hoc) = —he —= (Pep V1, + hec.) (5.12)
V2
v
Me = he —
V2
Kinetic term:
8,0t 0" — D, ' D
with
D, = 0,+igW,+ig B,Yu
a Ua
W,u == WN 7
Higgs Lagrangian: (for electron)
Ly(z) =Dy ¢ D' ¢ — he (e, ¢' Ve, + hoc) =V (67 ¢) (5.13)
V' is gauge invariant, as
ol B UTUe=0"¢
olo 07 glemivnwiviugy (5.14)
0 it 0
Mass of Z°, W=: Take ¢pg = | o
V2
v V2gWtH >
DF g = ——= 5.15
with
g Bt —gWl = g (sin 0w B* — cos Oy W“)
3 cos Oy 3
g 0
__ 9 popu
cos Oy
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2 .2

vy - 0
= D, ¢ D+ :—<2W W s ZZ”)
n 90 D" do 8 ® + cos? Oy M
This provides mass terms for Z°, W=:
1 wg
my = =
272 cos Ow
mw =-vg
and
m2
sin? Oy =1 — —‘;V
Mz

Full Lagrange density:
L(x) = Lepw(x)+ Ly(x)
see page 63 and page 65
1 a apy 1 v TS
fZWWW b ZB’“'BM +Viv"D, T —

—hy (Prdt UL + UL dhR) + Db DH o~V (¢ ¢)

with
ZS = cosby WS —sinfw B,
A, = sinfw Wj + cosOw B,
and currents — SiHQ;‘eW Zﬁ Jhe, —e AL gk,
with
b = YRV UR+ LA YL
. 1 - .
Jne = 5 (UXel (1—‘%(1 —75) —2Q sin? QW) )
Parameters:
g,sin Oy, v, hy
Measurements:
1. Fine structure constant
2 2 .2 9
a=S 9 Ow 137.0359 ... see QED section
4 4
2. Fermi coupling constant
22 1
Gp =1 ‘2[ = = 1.16639(1) - 107° GeV 2
SmW \/§U2
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3. The Z°%boson mass

qguv
= = 91.1882(22) GeV
mz 2 cos Oy (22) Ge
4. Fermion masses v

Mass hierarchy is not understood.

5.3 Spontaneous Symmetry Breaking
1. Simple example: O(2)-model, ¢ complex field
L= 0,0 0" —p? 9" o — \¢* ¢)? (5.17)
with invariance (global)

b — evo, duw =0

— ¢ — Pre ™ (5.18)
Hamiltonian density
H = 0,6" 0+ V (61 0) (5.19)
with
0,0 0up = 010" 0up+ V"V
V(@o") = 1 ¢ ¢+ A(¢"9)?
Minimum: ¢y = 0, Minimum: ¢g = ;‘;\2 ei?
Mass: m? = J‘T‘{w b = M2
Masses: 0 = 07¢ = ¢1 + i¢2; % (8927‘%/‘@) = _2/~L27 % ?91‘3/‘% =0.

= 1 massive boson (radial mode)
1 massless boson (Goldstone boson)
Spontaneous Symmetry breaking: theory rests in given minimum.

Remark:

In QM the ground state is symmetric! In QFT for d > 2 spontaneous
symmetry breaking (SSB) is possible, for d <= 2 no SSB for a cont.
symmetry can occur (Mermin-Wagner(-Coleman)), but discrete SSB. For
d < 2 no SSB can occur: QM: d = 0.

Lagrangian:

o(z) = (v+ o(@) + in(z)) (5.20)
——

radialmode  Goldstone

Sl
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with

1 1 1 2
£ = 3 [a#a Oo + Oy afﬂ — 5 [(v o)+ wz] - [(v o)t wﬂ
1 1
= 3 [8HU oMo —m? 02} + 3 0, m 0" + interaction-terms (4 const(p.21)
with
mo = =2

. U(1) gauge theory: (Abelian Higgs model)

1 * * *
L(z) = _ZB;WBMU"‘ID;L(ZS DN¢_N2¢ ¢ — Ao ¢)27 :u2 <0
B* = OotBY —9VB*
Dt = O +ig Y B

Again we have ¢y = % € R as minimum:

Mass-term for B,;:

D, ¢ D" ¢o = —(¢' Yv)? B, B" (5.22)
with mass
my = (g' Yv)*.
dofs: ¢17 ¢27 Bi - g, 4R Bi’ Bll;
1 41 +2 [+w] 1 +1 42 +1

+ in B;—L in order to distinguish between the two helicity states and L in
Bﬁ stands for longitudinal.

Perform gauge trafo on ¢ with e’ w = — arctan e
. 1
— ' = (cosw+isinw)— (v+o+in
¢ ¢ ( ) ﬂ( )
1
= 7 (v+0)2+ w2
1
= 7 (v+0') (5.23)
with )
o = (v+o)2+7r2—v:a+72r—+...
v

Unitary gauge.
The gauge field has ’eaten up’ the Goldstone Boson

(Higgs(—Kibble) dinner).



3. Electroweak theory:
su@) xu@1) =P u..1)
4 gen. — 1 gen.
3 Goldstone bosons are eaten up.

¢0_<g>
V2

eiw(T3+YH) ¢O — (bO (524)

where ¢5 is neutral.
= Uem(1) is unbroken Symmetry.
For the mass terms of W and Z° see page 67.

We have used that _
¢ _ (ezw T +YHw)¢O

to gauge away the Goldstones.
We chose SU(2) gauge transformation such that

U () = ( k(f(’)“) ) (5.25)

This is left invariant under the U(1)-transformations

6iw(T3+YH)
It follows that
(a)
i 1 2 PN+ -k
Dud' D¢ = S0updp+miy (1+2) Wirw 4
+ L2 (1+3)220 701 (5.26)
2 % v ® '
For my, and m  see page 67.
(b)
Ve o) = V(50+0?)
_ 1. 2 A 4
= SHw+p?+ 7 (ven)
L 9 o P, 1p\?
= = 1+54- (£ 2
2mpp(+v—|—4 ” (5.27)
with the Higgs mass:
mi =202 (5.28)

where X is a parameter.

70



(c) Leptons: electron

Vi DV, = Ve in"0, . —eAljh, —
2
S 2€9W Zy gl + see page 64
1 e . .
+ 5 g Wi+ W) (529
with
Jétc = \I]e ’7“ (Tl + iTZ)\I}e
1—
= U (T +4T?) 7275 v, (5.30)
_hw (de ¢T \I’L - \I]L ¢wR) = Me @e we (1 + ’(f;) (531)
In general

o

K

<
I
SRS
=

2

allows for mass matrix.
= Mixing!
Kobayashi-Maskawa matrix (v1, ve,vs, ).

Feynman rules:
Propagators:

. —iYuv
D e Feynman gauge

. qu v
- QW*WT)
. w

?—mZ, +ie

qu av
2
A

—i | guv—

?—mZ+ie
T
Selected vertices:
: (ie){(k1 - k2)u3 Gurpz t (k2 — k3)u1 Gpaps + (ks — kl)w gusm}
: (ie) % (k1 — k2)us Gurpz + (k2 — k3)u1 Guans + (ks — kl)uz gusm}
: (i62) {glﬂﬂs Gpapa T Gpapa Guaps — 291 s gltslu}
: (iez) % {gﬂllm Guaps + Gpapa Guaps — 29#1#2 Guspa

. 2.2 cos? Ow _
sle sin2 Gy {gM#s Guapa + Guipa Guaps 29#1#2 9#3#4}

e Snz 6y \Ypips Gpzpa + Gurps Gpops — 2901 po 9#3#4}
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2
& G 27’:;;”
i Gy o
g er‘%
Gauge Higgs: N
D Gur 2
~3i =2
2
—3i £
W~ im Anfangszustand einlaufende W-Linie
(k) Skizze
W~ im Endzustand auslaufende W-Linie
e*(k) Skizze
W+ im Anfangszustand auslaufende W-Linie
e(k) Skizze
W™ im Endzustand einlaufende W-Linie
e*(k) Skizze
Z im Anfangs-(End-)zustand outer Z-line
e(k) e* (k) Skizze
Higgs-particle in beginning-(end-)state outer v-line
1 Skizze
virtual W-boson inner W-line
i(—g”“’+ l«“QkV )
N Skizze
virtual Z-boson inner Z-line
i(—g””—i— k“g")
TRomAic Skizze
virtual Higgs-particle inner v-line
WM Skizze
:—ieQf Y
. f 1— 22
-t sinGWecos Ow {T3 gl 2"{5 — sin® Oy Qf 7#}
R e nwl=ys
t V2 sin Oy v 1
1 _ - ] - - _4 [ pn 1=75
Fermion-Boson-Vertices: Dl e Y %
", e k1=
t V2 sin Ow ‘/Zj g 2
——t o yp 120
V2 sinOy U 2
- 2L
v

5.4 The mass matrix and the Cabibbo angles

So far we have treated diagonal Yukawa-terms. In general Isospin doublets
need not to be mass eigenstates!

Quantum numbers (Flavour): ¢’ = V 4, where 1’ is the (weak) isospin
eigenstate, 1 is the mass eigenstate and V' is unitary.
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Families T T3 Y Q
1 2 3

< Vu, ) < Vi > ( Vo, ) 2 12 120
weL wuL ’l/}TL 1/2 _1/2 _1/2 -1
%R wua wm 0 0 -1 -1
ur cr tr 1/2 1/2 1/6 2/3
d, s, b, ) 12 —1/2 1/6 ~1/3
UR CR tR 0 0 2/3 2/3
d, s by 0 0 -1/3  —1/3

Iso scalars: ¥ = < Y1

with ¢ =

Vo,

01
-1 0

), e.g. for leptons: ¢1, =, , Y2, =P, or for
quarks: ©1, = up, Pa, = d}.
L ¢l Wp =] 1, + )i,
2. ¢T e = 12, — b2,

e Isospin transformations
1., 2. are invariant under SU(2) Isospin rotations.

U:

as

For & see page 10.

1.:

with eT Ue = U*.

o — U¢
\IfL — U\I/L
Yr — YR

eUTe = Ut
elgle=—¢

P, — g UTU Y, =Ty

ol evy

— ¢TUTeU VY
_ T T
= ¢ g UeVy

12

= ¢l eV,
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e Hypercharge| Yy = =

\I/L — e“‘)Y‘I’L \I’L
iwY,
Yr — e'YURYR

¢ _ etiH

Leptons:

T —iw ot
¢ \IJLLeptuns - € ¢ lI/L/Leptons

T T
¢ E\IILLeptons - ¢ E\IILLeptons

= Only | g ¢" ¥, |invariant under Hypercharge transformations.
Quarks:

d)T \IlLllua'rk's - eii % ¢ ¢T \IIL
ot eV,

quarks

;2
i gw T
— 3 qZ) \:/
quarks € € Lquarks

=
_ T U/L — T UL T T UL 7 .’. UL — .’.
uR(b (dlL)acRgb €<dlL>7tR¢ E<d/L>v~~~adR¢ (dlL)»SRq5

In summary:

’(ZJQR ¢T wER
Ly(z) = - Vur H ¢ Vur +
wTR ¢T /(/)TR
T ur
€
UR (b d}‘
+| cr | H, | o"¢ L -
tr oL
t
T L
'€ blL
ur,
¢T
a, 4
- ?R H, (bT EIL +
by L
of (
by,
+ h.c.

Change of basis in fieldspace: | u,u’,v € U(3) |
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Yr,, — Uyqtn,,
’(le/q - ‘/l/q ¢Ll/q
! A /
R, - Uq wRq

he 0 0
=H — UHVi=[ 0 h, 0
0 0 h,
hy, 0 0
H, — UMHV,=| 0 h, 0
0 0 hy
he 0 0
H, — U/HV,=V| 0 h, 0 |VI
0 0 h
with
~f ha 0 O ) 3 3
H,=U 0 hs O V,VZ‘/:]TVT7U;:VUT
0 0 h
Furthermore the first transformation (H;) is bi-unitary.
V: Cabibbo-Kobayashi-Maskawa-Matrix (CKM-Matrix)
e V € U(3) carries phase redundancy
Vi Ulviv,
with
e’ 0 0
U, = 0 e¥2 0
0 0 e¥s
and
ha 0 0 ha 0 O
Uy | 0 he O |UI=| 0 he 0 |, ¢¥—Up
0 0 hb 0 0 hb
5 phases (global phase drops out)
parameters: 9 — 5 = 4.
c1 S1C3 5183
V= —S81C2 C1C2C3 — 8283€i5 Cc1C283 + 82036itS
@8 @6

—8182 C182C3 + C283€ C18283 — CaC3€
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Cabibbo angles 60;: ¢; = cosb;, i=1,2,3

CP-violation

e two families

s; = sinb;,

0; € [0,

5]

5 € [0, 2]

VeU(a)

phase redundancy: 3 phases (global phase drops out)

e.g. Nachtmann page

Ul vV Uy

= no CP-violation.

314.

(

Total Yukawa Lagrangian: ¢ = (

Ly(x)

with

1

+

Ven
’l/i;U'R
VYrp

Vv

he
0
0

hu
0
0

ha
0
0

e~ile1=01)
e~ Hp2—01) Vaq

cosf sinf
—sinf cosf
0
5 (p+0)
0 0 Ve,
h# 0 w#L
0 h'r 1pTL
0 0 ur,
hc 0 Cr,
0 h tr,
0 0
he 0 | VT
0 hy

br

+

e~ i(p1—062) Vig
e~ i(p2—02) Vas

+h.c.} . ﬁ

(+7)

[medje%er;ﬂl_),ﬂm+m7¢7¢f+muﬂu+mc50+mttt+

+

J/
g

B/

|4

mq

0
0

0 0

ms O

0 my

m v
7 |
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vt

d7
g

l_)/

(49
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Charged quark current:

|
K
=]
2
T
B
+
~
N
S
Q

7
Jee

Cr, \%4 SL (533)

= d—u+W~ Vi
s—u+W~— Vo
b—-u+W— Vs
eg.n—p+W~
0.97383 1500022 0.22724+0.001  (3.69 +0.09) - 10
V= 0.2271100010  0.97296 £0.00024  (42.217035) - 10 (5.34)
(8.147033) - 1073 (41.611032) - 1072 0.99910017 050
Unitary triangle: Y. Vi; Vii = dx
e.g.

Vud Vip + Vea Vi + Via Vi =0

Jarlskog invariant:
Tm[Vi; Va Vi Vil = 1Y (€ikm €in)
m,n

Vua Vi Via Vi3,
Ved Vcﬁ) Ved Vc*b
Neutral current

)

(T? — Q sin® Oy ) ¥

=2
=

e
Jne quark

11— 2 Y
~H (7 2702 i 9W> c |+

Il
T I'EH
SN

2 2 3 "
d d
11— 1
+1 5 | (—f 27T in? 9W> s (5.35)
b 2 2 3 b

The factors +1 in front of 252 equal 7% and the factors in front of sin® Oy
are the negative charges of the quarks.

No flavour changing neutral currents.

In addition to the parameters on page 67.
5. Cabbibo angles + phase
3 1
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5.5 CP-Violation in the Standard model

CP:

Y — €0 4 S(C) YT (—&,t)  see page 26 to page 27

Jee Leptons
_ " = _ i
UAHTT U — —V Leptons T VU Leptons € x
with
X = PLeptons — Prreptons

Please notice the charge conjugation of 7.

jé‘c quar‘ké': _ _ i
U, AT, — —U, T~ W, X
If
elpd 0 0 e~ WPu 0 0 4
0 e* 0 | VT 0 e 0 = eXVi
0 0 eivr 0 0 et
= V=V*"| or |d=0,7

Remarks:

1. strong CP-problem: f-angle in QCD, U(1)-problem

6 >

Lo = 3272

Tr "?% F,, F,,

F‘;LV

|(0Eiucli1%ea;1 % [TvF,, F, =ncZ)
<10-

_1-
Lo noor, ~ |det by ——1°

wt} e | U(1)-phase

2. Neutrino masses:

Neutrino oszillations

=- Missing neutrinos from the sun.
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Chapter 6

Beyond the Standard Model
(SM)

Despite its great successes, the SM has its problems: (7 mostly aesthetic ?)
1. Unification(s) (GUT)
running couplings, fine tuning
weak scale: 102 GeV  ~my,z
GUT scale: 10'° GeV
Planck scale: 10 GeV  Ey : ¢ % ~2.4-10'6 GeV

2. Hierarchy problem, radiative corrections (time tuning)

e Mass of the Higgs-particle 2 115 GeV is 'bad’ for the SM.
According to the SM it should be smaller than about 1 TeV.
SM: 6,2 =O(2) - A?

H T
from
Integrals: ~ o [io_,» d*k 25 ~ aA?

(for fermions 0, ~ O(%) m+ 1n(£))

mpg

aesthetics 2: in RG theory no problem
bare mass/ par. encode cancellations
If A is natural cut-off:
A =10%TeV, 10 GeV, 10'° GeV
For A = 103 TeV the SM ’naively’ breaks down (’heavy’ tops).
Higgs part gets negative (Unitarity).
¢*-corrections

e Where do the scales come from? (aesthetics 3)

3. Quantisation of Gravity

e quantum gravity perturbatively non-renormalisable
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e unification of gravity and quantum physics

e (quantum) cosmology,
early universe

— Inflation

— Baryon asymmetry

— cosmological constant
— dark energy

Possible resolutions:

1. (amongst) candidates: Susy theories
strength: ’naturality’, effective low en.
theories of String theory
other possibilities: fine-tuning

2. (amongst) candidates: Susy theories
strength: ’naturality’, connection to string theory, extra-dimensions
other possibilities: fine-tuning
RG-theory: UV-fixed point
(extra-dimensions)

3. (amongst) candidates: Sugra/String theory
(UV-cut-off string scale)
other possibilities: RG-theory: UV-fixed point
non-perturbatively ren. (also lattice)
loop quantum gravity

6.1 A hint of Supersymmetry

Coleman-Mandula theorem:

'Internal symmetries B (Lie group/algebra) commute with Poincaré’
[P, B]=0 O’Raifeartaigh: Int. Sym. cannot relate diff. mass-shells.
W2 B] =0 W — Pauli-Ljubanski

Way out: (Haag-Lopuszanski-Sohnius)

Lie algebra — super Lie algebra (Z; graduated)

[Bi, Bj] = {Q:,Q;}: Q fermionic

chiral dofs Multiple V

= ( boson = fermion 2 10)
1 Q
@ fermion = boson 2 ¥ (Majorana)
1 Q
Q*=0 2 F
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Remark:
O’Raifeartaigh still intact, but @ does not commute with spin!

Properties/Notation:
e Susy theories have as many fermions as bosons

— fermionic partners: sfermions (sleptons, squarks), e.g. stop.

— bosonic partners: bosinos: wino, zino, photino, gluino, ...

e radiative corrections: (Higgs)
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Appendix A

Auxiliary calculation to
Fermi’s trick

Compare to page 6.

Z
dteE't — / tet E'Jrs)t /dte(E ie)t
0

[N

1 1

dt Bt
¢ W(E+ie) TiE—i0)

lim
T—o0

|
N \“H .\;H \

1 .
= Ty (%)
2e

E2 4 &2

2e 2 E
Ef(E)—//—— = E'f(E' -e)—=s— with B/ = — .
/Rd 1) /Rd FE )y wit -

’ 1 _ 1 ! 1 1
a0 [ = ol [ ()
= 2nf(O)V f

= hm /dteEt—27r5( )

_T
2
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Appendix B

Supplement

B.1 Landé-factor

The Landé-factor is also called gyromagnetic ratio.
Dirac-equation:

(D +im)y =0 (B.1)
with
D = J+ied
= =Dy
with
D, = 0y + ieA.
From equation (B.1) follows:
(1 — im)(I + im) 6 = (I + m?) = 0 (B.2)
with
D2 = ., (0, +ieA,) (D, +icA,)
1 1 ) ;
= 5{'7#7 P)/V} +2i 1 h’/u 'Yu] (au + ZeAu)(aV + ZCAV)
—_——
= —D*—¢o., Fu (B.3)
with

F, =0,A, — 0,A,.
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Reminder:

c = (@1l,5), a=(>il,-05)
0 o
Tu = o 0
1 Guoy, — 0,0, 0
= Ow = 41( 0 0“51,0,,5#>
(B.4)
[O’i,()’j] = 2i5ijk Ok
:>€O'#VF#V = QGUOiEn“i’O'ij Fij
efd 0 = e d 0\ 3
- 22( 0 —3>E_22( 0 a)B
with 1
E,=F,;, B;= §5iijk
Magnetic moment
e -
0= L B.5
F=95— (B.5)
and B
Hynagn. = —fi - B. (B.6)
. e 1 = o= o
=g = 2-—§5 withS=h—
2 mc 2
=g = 2
. eh _9
|l = — =5.79-10""eV/G (B.7)
2mc
where G stands for GauR and |S| = i
Pauli equation:
0 [(d-7)° 0
— = A B.
‘ ot [ 2m te ¢ (B.8)
with .
T =p—eA.

Quantum corrections?

(D +im)y — (L/H—im—iAgeaWFW) ¥

2 2m
c=bipeme b (<iprm- L o R)

j&eAgezva

84



—>1;eA’gE (Vo +Tp+&p G y5)
1;614? (’7p+F +ZPVGO %r)?b, G:GO+GOZGO+O(93)

with v, 1) on-shell
absorbed in the definition of mass and normalisation.

(b Ag):
1. Calculate vacuum pole
2. Calculate vertex correction

3. Project on o, k, terms (on-shell)

No contributions of ... to o, k.
but I'y=0,, k.

Lo (p,p):

s [ % 1 1 1
_'L(e,U’ ) (27’()2"" ’Yuzs_g_i_mr)/pﬁ/_g_’_?n-’YMqu

with
e—ep’ v,

Dimensional regularisation:

with
ien* ™y, 2m)* 6 (k +q —p)
1
orm
1 Du D ¢=1 1
— 0, — 22 (1 - — 0
p2 I (p) ( C) p2 I

w=2—¢ withe — 0. Blatt 9
With I'[1 4+ 1 4 1] = 2 and Blatt 9(6)

e d*q Y @BHd—m) v (' +4—m),
d d w p w
/ a/ ﬂ/ 202 (g2 + m2(a + B) + 2q(pa + p'B) + pPa + p25)°

Quadratic addition: § = g + pa + p'8

/da/l adﬁ/ d*q wﬁ P8+ P(L— ) —m) 7y, (d — o+ F (1 8) 7

2m)2 (@ + m2(a + B) + p*a(l — a) + p2B8(1 — B) — 2pp'aB)?

= only even terms in ¢ of the counter can contribute (g2, g")
-2
g :
Yl Vol Ve = VuYaVp V8 Va5
= YVl Vv Y
(2"‘-’_2)2 Yo ™~ Vp (B.9)
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with

Yu Yo YVp VB

with dimension of v’s: Tr 1

{’7;1«”701} = _26Ma

Y =278 Ya — 2(2 — W) Ya Vp V8
:2(.4)

Tr ’Y/t T _2w5;¢y

Tr 7# '7p Yv Yo 2¢ (6;4;) 61/0 + 6uo 5/)1/ - 5uu 6p0)

From
{’7;1«7 PYV} = -2 6/11/
follows
VoY = 2wl
and
VYo Ve = [2—22-w)]p

YuVa Vo V8V = 2787 Va — 2(2— W) YaYp V8
Remain

Y (P — @) =B —m)~, (P (1= ) — po —m)

For the calculation we use

1. Electrons on mass shell

@ +m) [@) = 0, (P-m)P+m)=—-p*—m’
(W) @+m) = 0
2. Gordon identities
Vo ]6/ = “YpVuPu

with

and

p’p — 2oy, pL
= —my, +7, (% +m)
= Pp+2i0p.pp

]6'7p

1
Oppu = E[%’ Vil

1 1 .
Yo T = 5{713’7#} + 5['71377#] = —Opu + 2i0p,.

}6/ = _'Yupit
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Furthermore

]ﬁI’Yp = —m7,+ (75/ +m),
= —MmY+% (75/ +m) + [751770]
= —m’yp+7p(¢+m)+4i0p“plﬂ

In the same way:

Vpi’ = _m’7p+(¢+m)7p_4i0'pupu
=P vp = m’y,—k v, —4dimo,,k,
with
k=p—1p.

= (P —a) =p'B—=m) v, (F'(1 = B) — pa —m)7,, =~
~ fyp{ [( + B)? 2(1&6)]2k2(la)(1ﬂ)}+

+8i opu{pL (a=B(a+8)) —pu(B —ala+ ﬁ))}m

/da/dﬂ[}w

o-part (finite):

11—« d4— 1
—16e7 / da/ dﬁ/ @+ 2@+ 0) 1 PPl —a) 1 20— B) —2-pap))
Opu [p#(a - Bla+ ﬂ)) — DPu (/6 —afa+ ﬂ))} =

_ 161 / da/l ¢ La—PBla+p)
- 2(4n)? m2 Ton (Plu = Pu a—l—ﬁ

1a o — Oé+ﬁ)
= opuk ”2m /da/

= 8m7r2 Opu by (B.11)
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In general: g = 2(1 4 a) where a is the anomalous magnetic moment

a=3-—0.328... (%)2 +1.183... (%)3
O(a*) : 891diagrams

Full result for <1ﬂ A¢>:

Vo ak? m 3 1 1 «
VoL p+200 Go7 Yo = Y, [1 + Py— (ln,u - == )] +%§ Opukp for k? < m
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