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Standard Model - 1 -

Renormalisation

1) In the lecture we have studied the vacuum polarisation Πµν in QED at one loop. A much
simpler example is the one loop correction to the scalar propagator in a φ4-theory with
action

S[φ] =
∫

d4x

{

1

2
φ(x)(−∂µ∂µ + m2)φ +

λ

4!
φ4(x)

}

(1)

in Euclidean space-time with metric gµν = −δµν . The full scalar propagator is given by
∫

d4x〈φ(x)φ(0)〉eipx =
1

p2 + m2 + Π(p)
, (2)

where p2 = pµpµ, and Π(p) stands for the quantum contribution, the self-energy. The one
loop diagram contributing to Π(p) is given by

��
��

r× r×v1

2 p p

q

−λ

The regularised one loop contribution reads

ΠΛ = −
λ

2

∫

q2≤Λ2

d4q

(2π)4

1

q2 + m2
, (3)

with ultraviolet (UV) cut-off Λ. ΠΛ does not depend on the external momentum p.

a) Compute ΠΛ. Choose ∆m2 with m2 = m2
ren +λ∆m2(Λ) such that m2

ren and m2 +ΠΛ

are Λ-independent. Rewrite this relation as m2 = Zmm2
ren

with Zm = 1 + O(λ).

b) What is the scalar wave function renormalisation Zφ at one loop, where φ = Z
1/2

φ φren.

2) In Euclidean space-time with metric gµν = −δµν the regularised vacuum polarisation
reads

Πµν(p) = −e2

∫

q2<Λ

d4q

(2π)4
Tr

[

1

q/ − m
γµ 1

p/ + q/ − m
γν

]

= −e2

∫

q2<Λ

d4q

(2π)4
Tr

[

q/ + m

q2 + m2
γµ (p/ + q/) + m

(p + q)2 + m2
γν

]

, (4)

where q2 = qµqµ. With the help of the trace relations

Tr γργµγσγν = 4 (gρµgσν + gµσgνρ − gνµgσρ) , Tr γµγν = 4gµν , (5)

the regularised vacuum polarisation can be written as

Πµν(p) = −4e2

∫

q2<Λ

d4q

(2π)4

qµ(p + q)ν + qν(p + q)µ − gνµq(p + q) + m2gµν

(q2 + m2)((p + q)2 + m2)
. (6)

a) Compute the orders (p2)0 and p2.

b) Renormalise Πµν .


