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Problem 1
Let ¢(z) denote a spin 1/2 field of mass m satisfying the Dirac Equation,

(id —m)y(x) =0. (1)
where @ = * Oy

1. Prove that ¢ (x) fulfills the Klein-Gordon Equation, provided that the y-matrices obey the
Clifford algebra:

"y =29". (2)
(hint: apply the operator (i@ +m) to Eq. (1)).

2. One possible representation of the Clifford algebra is the Weyl (or Chiral) representation,
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where T stands for the 2 x 2 identity matrix and o*, 7% denote the usual Pauli matrices,
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Show explicitly that the Weyl representation fulfills the Clifford algebra (2).

3. Using the Weyl representation (3), derive an explicit expression for the chirality projectors

Prry = (1 F75)/2 (vecall that y5 = i7°y'7*y?).

4. Show explicitly that the projectors Pr(g) you just constructed satisfy the following proper-
ties:

(a) Pg( r = Prr (idempotence).
(b) P, Pr=0 (orthogonality).
(¢) PL+Pr=1 (completeness).

5. Again with the help of the Weyl representation (3), show that the Dirac equation (1) can
be rewritten in the following way:
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What is the interesting feature of the massless case?



Problem 2

Let us consider the Lagrangian density of a free spin 1/2 particle of mass m,

L= (i@ —m). (6)
1. Check that the kinetic term in the above Lagrangian density preserves the chirality of the
fermion field, whereas the mass term does not.
(hint: use the chirality projectors Prr = (1 F 75)/2 to rewrite Eq. (6) in terms of the
left-handed and right-handed components of the spinor field, ¥ (r) = Pr(g) %)

2. The following bilinear terms describe generic types of interactions in the Standard Model
involving spinor fields:

(a) vector: ¥ yH 1.
(b) axial-vector: 115 7# 5 ¢
(¢) Yukawa: ¢ ¢, with ¢ denoting a generic scalar field

which of the above bilinear structures preserve the chirality of the fermions, and which of
them do not? Check it explicitly.

3. A Parity Transformation acting on a spin 1/2 field is implemented through

b(t, ) Dy u(t, — &), (7)

where 1 € C. Which of the above bilinear structures are invariant under a Parity transfor-
mation, and which of them are not ? Check it explicitly.

(hints: first of all, check that v (t,T) 2, n*(t,—2)7°. Then, you should make use of
the properties of the v matrices as representations of the Clifford algebra (2), in particular

(1?2 =1 {r°7*} =0.)

Contact information

Christoph (c.englert@thphys.uni-heidelberg.de)
David (lopez@thphys.uni-heidelberg.de),

Dorival (d.goncalves@thphys.uni-heidelberg.de)

Time and place of the tutorial:
Groupl: Tuesdays 9:15 - 11:00, Albert-Ueberle Str. 3-5, SR 1.
Group2: Thursdays 14:15 - 16:00, Philosophenweg 12, kHS.




