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1. Requisites

a) Fundamental fermions

e

b) Fundamental interaction

» Charged current interaction:
transitions inside LH doublets

: . weal
* Neutral current interaction:
couples to LH and RH fermions

Left-handed
doublets
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s Tn right-handed
singlets
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 Electromagnetic interaction couples
equally to LH and RH fermions




2. Local Gauge Invariance

Quantum Electrodynamics

Reminder

QED Lagrangian for free spin Y2 particle:
L(x,t) = i@ (x,t)y"0 g (x,t) =mP (X, t)p(x.t)
Applying the Euler-Lagrange formalism leads to the Dirac equation.

Invariance under Local Gauge Transformation

Demanding invariance under local phase transformation of the free
Langrangian (local gauge invariance):

W(X) - P(x) =e""MyY(x)

requires the substitution:

i0, — i0, +eA,(x)

If A transforms under local gauge transformation as

Reminder

A (X) - A,(x)+0,0(x)

Then L remains L(x) O ¢ unR L(x)

invariant:

To interpret the introduced field A, as photon field requires to
complete the Langrangian by the corresponding field energy:

L=g(iy"o, -mw +efiy"y A, —%FWF“"

F,=0,A -0,A,

The requirement of local gauge invariance has autom  atically led
to the interaction of the free electron with a fiel  d.




Quantum Chromodynamics — SU(3) Theory

Reminder

YR
= L:UG
\WB\

Lagrangian is constructed with quark wave functions W

Invariance of the QCD Lagrangian under

local SU(3) gauge transformation

w(x)=y'(x)=U(x)p(x)=e > y¢(x)

with any unitary (3 x 3) matrix U(X).

U(X) can be given by a linear combination of
8 Gell-Mann matrices A ... A, [SU(3) group generators]

requires interaction fields — 8 gluons correspondin g to these matrices

Electroweak Theory — SU(2) x U(1) Theory

Describe the particles of the LH doublet as two states of one patrticle.
In analogy to the strong isospin one can introduce a new quantum
number: weak isospin T = %. The two states are then given by T,= +%.
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xR Teinesd

As in case of the (iso)spin, the transformations are defined by the
SU(2) group - the group of all unitary (2 x 2) matrices U(X). The
generators of the group are the three Pauli matrices 1 = ¢*.

X (x)=X' (x)=U(x)X,(x)=e ? X.(x)

Three gauge bosons W1, W2, W3 should correspond to the three group generators.

This means




as in the QED lagrangian
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fermion current e.m. field

we expect three fermion currents in the weak lagrangian:

Weak isospin Triplett
of LH fermion currents

vy, Lo
—XJQETXL

i. e. we expect the terms gJiH WH with some coupling g.

What do we see in reality?

FA

Charged current weak interaction

v Charge raising current:

+ 1- -
< J, =U)Y, ysu =vy, 2)/5

Charge lowering current:
L 1-y
JH =€y, 2

V=§nw

Neutral current weak interaction

e’ g,

1
<—J,T°=éy,,§(g -g.0)e= ey,,g(gv gA)

units of e

Electromagnetic interaction

e=vy.e
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Weak isospin and weak currents

J* and J” describe state transitions along the T, axis.  X. = %% T=

As in the case of the (iso)spin, one can use the
raising and lowering operators defined by the Pauli

+ 1 .
T 2 (Tl Fi B_Z)
IllatriceS to eXpreSS tl e state tranSitions.

r' =o' =Pauli- matrices
The charge current can then be written in the compact form:
*t _ 37 +
‘Jy - XLy,uT XL

| .
and the corresponding fields are: W, :E( Wl Fiw?)

u u

From the SU(2) structure of the isospin formalism

one expects that in addition to the currents J* Weak isospin Triplett

‘ of LH fermion currents

_ 1
— 1_ 1_ JI - v —TI
3= Xy, OsTx, = SV TS eV A w= AV tA

there exists a 3™ neutral current J2 of the form:

3. Electro-weak unification

The new current J3 is not equal to the current J\C;
JN¢ contains LH and RH fermion contributions

!

Treat both neutral currents, Jm and JN¢, simultaneously:

As both currents contain RH contributions it should be
possible to construct a linear combination which couples
only to LH fermions:

two linear combinations of Je™ and JN¢

JZ = sin? HWJE"‘ + JDC == Choose 6,, such that RH fermions
components in J2 vanish.

1 Y — 2 em NC
EJ“ =cos“6,J," —J,

» J? completes the isospin triplet J'

 J is called hypercharge current ~ j¥ — 9 jem _ o33
It couples via hypercharge Y K K K




=lectro-weak hypercharge

“rom the above definitions follows:

Jr =20 =202 =y [2Q-2T,ly =y Yy

l Hypercharge operator: Y = 2[Q-T,]

(Gell-Mann — Nishijima formula)

‘lectro-weak quantum numbers

Leptons| T T, Q Y Quarks [T T; Q Y
v o+ 2/ Y

L B0 B R P A
e |}y 7l -1 - d |l 71 Tls s
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4. Current coupling to the gauge fields/bosons

In the electro-weak theory the coupling QED
between bosons and fermions is defined in
analogy to the coupling of the photon to the — e
fermions currents in QED. There are in y
total 4 boson fields:
~—ieJ;" [A¥
—_ i iU
1gJ, (W
Corresponding to J*and J? there are fields
+ 1 1 —; 2 3
W, = E(Wy FiW7) and W,
~ =i g—J; B~ g, g’ are coupling
constants.

Note: B corresponds to an additional local gauge transformation U(1), of L
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Fermion coupling to the Z boson

Y _ em 3
From —i[ ]Z” follows with Ju _ZJ/J J/l]
g-sing, =g’-cos§,
il Jzr =i COSB J3 —sin® g, |z*
w
— _I' g JNCZ’U
cos@, *
3_ =, T3
Using =Y T one finds
J;’" =eyQe
i ]Z”=—fﬁ{T3-€7ﬂ1_275e—q-sinzl9wéyﬂe}z“
w
. . _ 1
_’[ ]Zﬂ = COSH |:e}/y§[gv_gA75]e:|Zﬂ
w
with g,=T,—-2gsin°g, and g,=T,

5. Feyman rules

Vertex factors Propagator
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Comparison of the g% - 0 limit with the 4-femion ansatz

0° _ G
8My, V2
2
g — GNC
2 —
z 9" -0 8cos® g, M2 J2
M2 follows also
For Ce = Gc follows | COS 8y = —V‘; 4= from Higgs
2 2 M; mechanism

6. Higgs boson and the parameters of the SM

The original EW lagrangian
. _ 1 v
L=i@gy"o,y+egy'y Au_ZFquu
: 8 _wi. 8
with eA =217, W +=YB,
2 2
uv __ uv uv
FWF —WWW +BWB
is invariant under local gauge transformations only with massless fields
But particles have masses. Ad-hoc mass terms for
fermions my g
bosons mzAu A"

destroy the gauge invariance under SU(2), x U(1),.

To generate boson and fermion masses in an gauge invariant way the
Standard Model uses the Higgs mechanism.




Higgs—Kibble Mechanism

Introduce a new doublet of complex
scalar fields (4 degrees of freedom)
with the ‘mexican hat’ potential:

Vip)=—u’lop pl+alp ¢l
with g, A >0

Spontanous symmetry breaking
System falls in to minimum of V at ¢ # 0.

This results in:
Three massless excitations along the valley — masses for W* and Z
One massive exciation out of the valley — ,physical* Higgs boson

Higgs field has two components: ¢=v + H.
1. omnipresent, constant background condensate with non-vanishing
vacuum expectation value v = W/ VA = 247 GeV (from Gg)

2. Higgs boson H with unknown mass M,; = pev2 = vV2A

Interactions of the condensate field result in Lagrangian terms:

2 2 2 12\ .2
g4v W“Wu-l—(g +g )V

Vv _
z,z" —g v

N -

boson mass terms fermion mass terms
X x X
v=2476GeV Y\ ¢ 92 9¢ v =247 GeV
\ ’,j_ \,\:

Fermion

LY
W/Z boson

For the boson masses one finds:

1

My, :Eug My — g = cos@,
1 MZ \/92+912 I

M, :EU\/QZ +9" gsing, =g'cosé,

Fermion masses are added via uknown Yukawa couplings m;~ g; v
specific for each fermion




Omnipresent Higgs field

Higgs field — generation of masses




Excitation of the Higgs field

Higgs boson gets mass




Higgs boson couplings

9s

k J

Fermion ¢

92 N Kv=aa76ev § v
" s mEm_————
g > hO
W/Z boson % v

Fermions: g;~m;/v - coupling proportional to the fermion mass
W/Z bosons: g, ~ g2 v=M?/v

Higgs and WW scattering

w! w!
FwFw term contains
self couplings between
gauge bosons.

W W

Cross section: O,,, ~ E_,

WLW.L scattering probability becomes larger than unity for Ecm> 1.2 TeV.
Violation of unitarity if force remains weak at this scale.

To restore unitary it needs W <1 -

a scalar boson “H ” with ;

9w~ My | T te !

Opsr ~ My ) i \/\/‘\f\/\/\/\/\/
W W W W

M,<1TeV

Then O,,, will remain
constant for high energies




— Standard Model Parameters

€ (GQED) \
(G and sinB,, ) or (M,, and M,) or ...

0, (strong coupling constant) > 18 parameters

9 fermion masses, neutrinos are massless

4 quark mixing parameters (CKM matrix) too many?

M, J

+ 3 neutrino masses

+ 4 neutrino mixing parameters

Shortcomings of the electro-weak unification

« Not one group but two: SU(2), x U(1),

* Two couplings g and g' remain

* Mathematically, other unifications of weak and e.m. forces could be realised,
e.g. the lagrangian is in fact invariant w.r.t. 2 global U(1) transformations

vix)| _ o v(x)
e(x), e(x)|,
e(x),—e'e(x),

The lagrangian could be invariant w.r.t. 2 independent local U(1) trasformations.
In this case 2 massless photon fields would be observed.

Full understanding is supposed to be obtained only in the
Grand Unification Theory (GUT) which should have one common group
for electro-weak and QCD fields.




Grand Unification
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