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1.6 Solutions for negative energies 22 mpE +−=
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In- and out-going (anti)-particles

In-going electron: 

  )exp()exp()()exp()()( 2,12,1 xpiiEtpuxippuxe
rr
⋅+−⋅=⋅−⋅=−ψ

Out-going positron:

 )exp( )exp()()exp()()( 2,12,1 xpiiEtpvxippvxe
rr
⋅−+⋅=⋅+⋅=+ψ

To describe out-going electrons or in-going positrons the adjoint
spinors or and       or are used. 

0γψψ −− = ee
0γψψ ++ = ee 2,1u 2,1v

p
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2. Quantum Electrodynamics

Lagrangian for free spin ½ particle:

),(),(),(),(),( txtxmtxtxitxL
rrrrr

ψψψγψ µ
µ −∂=

Applying the Euler-Lagrange formalism leads to the Dirac equation.

Demanding invariance under local phase transformation of the free 
Langrangian (local gauge invariance):

)()()( )( xexx xi ψψψ α=→

Invariance under Local Gauge Transformation

requires the substitution:

)(xeAii µµµ +∂→∂

µν
µνµ

µ
µ

µ ψγψψγψ FFAemiL
4
1)( −+−∂=

µννµµν AAF ∂−∂=

If one defines the tansformation of A under local gauge transformation as  

)()()( xxAxA αµµµ ∂+→

one finds 
invariance of L:

)()(
)(

xLxL
xie ⎯⎯⎯⎯ →⎯ → αψψ

To interpret the introduced  field Aµ as photon field requires to 
complete the Langrangian by the corresponding field energy: 

The requirement of local gauge invariance has automatically led to 
the interaction of the free electron with a field. 
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µν
µνµ

µ
µ

µ ψγψψγψ FFAemiL
4
1)( −+−∂=

free electron Interaction between 
electron and photon

Photon field 
energy

ψ ψµγie

µA

µ
eJ

Lagrangian defines the Feynman rules of a theory. 

Perturbation Theory
)()()( 0 xLxLxL ′+=

InteractionInteraction Hamiltionian:

∫∫ −=′−=′ µ
µψγψ AxdexLxdtH 33 )()(

−∞=+′′′′′′′′−+′′′−+= ∫∫∫
′

∞−∞−∞−

ttHtHtdtditHtdit
ttt

})()()()()(1{ 2 K

fiTt :∞→
Perturbative expansion in powers of coupling strength e

Time dependent state | t > should satifie the Schrödinger eq.:

ttHt
t

i )(′=
∂
∂

A solution is given by (can be checked by insertion):

ft :∞→ i=
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Example:
−−−− → µµ ee

Born Approximation

Feynman rules for scattering processes

−−−− → µµ ee

)())(()())(( 2 puiepu
q

ig
kuiekuiM νµνµ γγ ′⋅

−
⋅′=−

µ
eJie ⋅ ν

µJie ⋅

)()()()(2

2

pupukuku
q
eM µ

µ γγ ′⋅′−=

There are similar rules for other Feynman diagrams

µ
eJ

ν
µJ
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2q
g

i µν−

µγie

νγie Propagator
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Halzen, Martin: 
Quarks&Leptons

u uuue µγ

3. Fermion-fermion scattering
3.1 Process −−−− → µµ ee
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Sect. II.5

Sect. III.2

Spinors decribe a specific 
spin state of the fermions

For non-polarized ingoing particles and for non-observation of final 
state spin one observes unpolarized cross sections  ⇒ need to 
average over possible initial spin states and sum over all final 
spin states.
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Measurements often 
ignores specific spin states
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Electron tensor

Muon tensor

Useful relations I:

Completeness relation:
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Useful relations II:

( )µµµ γγγ )()(Trace
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Trace theorems:

4Trace(I) =
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Averaging over spins → trace of matrix element
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With this relations one obtains after a lengthy calculation

( )µνµννµµν gmkkkkkkLe )(2 2−⋅′−′+′=

( )µν
µνµν νµ gMppppppL )(2 2Muon −⋅′−′+′=

m electron mass 
M muon mass
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Remember: Matrix2 element can only 
depend scalar products of 4-momenta
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Spin averaged matrix element for 
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Relativistic limit neglect masses m and M
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Scattering cross section for any two non-identical spin ½ particles:

−−−− → µµ ee
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3.2 Process 
−+−+ → µµee
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