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In- and out-going (anti)-particles

In-going electron:

Out-going positron:

spinors ¥, =,y

or

We-(X) =Ug,(P) - exp(=ip - X) = Uy ,(p) - exp(—iEt) exp(+ip - X

p
/ We,(X) =V1,(P)-eXp(+ip - X) =V, ,(p) -exp(+Et) exp(-ip - X

X
=

X
(&

To describe out-goiong electrons or in-going positrons the adjoint
7 V.. =Y.y and Uor V,, are used.
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2. Quantum Electrodynamics

Lagrangian for free spin %2 particle:

L(X,t) =i (X,)740 p (X,t) = mp (X, )y (X, 1)

Applying the Euler-Lagrange formalism leads to the Dirac equation.

Invariance under Local Gauge Transformation

Demanding invariance under local phase transformation of the free
Langrangian (local gauge invariance):

w(X) > w(x) = “y(x)
requires the substitution:

i0, —> 10, +eA,(X)

If one defines the tansformation of A under local gauge transformation as
Aﬂ(x) - Aﬂ(x) + 8#a(x)

one finds

ia(x)
L(x)—2=2%2% 51 (x
invariance of L: ( ) ( )

To interpret the introduced field A, as photon field requires to
complete the Langrangian by the corresponding field energy:

. _ 1 ,
L=y (ir"0, -my +eyy‘y A, —ZFWF”

F.,=0,A -0,A,

The requirement of local gauge invariance has automatically led to
the interaction of the free electron with a field.
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L=y(iy"0, —m)y +eyyy A, _ZFﬂvFﬂ

- AN J - J
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free electron Interaction between Photon field
electron and photon energy

Lagrangian defines the Feynman rules of a theory.

Perturbation Theory

L(x) = Lo(x) +L'(x)
v
Interaction Hamiltionian: Interaction
H'() =~ d* L'(x) =—e[ d*x iy A,
Time dependent state | t > should satifie the Schroédinger eq.:
. 0
I— |ty =H'(t)|t
%y =Holy
A solution is given by (can be checked by insertion):
t t t
t) = {1+(—i)jdt1—l’(t') +(-i)? Idt’Idt"H’(t’)H’(t") £t = o)
T —0 —o0 —o0

x_ _ :‘i>
t—o0:Ty

t—)oo:‘f>

Perturbative expansion in powers of coupling strength e
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Example: e_lu_ - e_;[

e, e e, e e, e e, e
X : X + + + o
u u u u u " u "

_ e2 - e4 - e4

H_/

Born Approximation

Feynman rules for scattering processes

. o o
o eu > eu

~iM = (k) iy (k) ;g T(p)iey u(p)
%/—/ %/—/

u(p) i u(p’) ie-Je'"  propagator 1€

u 5

M = —%U(k')yﬂU(k) -U(p)y“u(p)

There are similar rules for other Feynman diagrams
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e External Lines / / ( / / )
Spin 0 boson (or antiboson) i 1
Spin § fermion (in, out) / / u, i
antifermion (in, out) / / b, 0
Spin 1 photon (in, out) ‘); r{f L

# Internal Lines— Propagators (need + (e prescription)

u euy”u u

Spin 0 boson ———
P

Spin % fermion —_— (g +m)

el m-

i ppl M
Massive spin 1 boson S — - (g PP )
A
Massless spin 1 photon P N NN
(Feynman gauge) e

@ Vertex Factors P P
Halzen, Martin:
Photon—spin 0 (charge —e) ie(p+ p)t Quarks&Leptons

Photon—spin } (charge —¢) Y iey*

3. Fermion-fermion scattering

3.1Process e 4 — e u

Sect. 1.5 =) do _ 12.1.|'i’_f|.||\/|ﬁ|2
dQ 647" s |p)|
2
Sect. 112 mmmp | M, =——a(k)yu(k)-T(p)r“u(p)
q
< >

N
Measurements often _ Spinors decribe a specific

ignores specific spin states spin state of the fermions

For non-polarized ingoing particles and for non-observation of final
state spin one observes unpolarized cross sections = need to
average over possible initial spin states and sum over all final
spin states.

2 1 2
M= (2s, +1)(2s, +1) g M|
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| :(23 +1)(2s +1) P

Se:S,Se:S)

Z D105, (k)7 ug, (), (K)yug, (K)]' -

Se Syse S#

[us;, (p’)yyus# (p)][as;, (p')}f‘,Usy (p)]*

4
€
= q_4 Lg : I-muon,,uv
ns 1 —_— ’ 1 —_— 12 14 *
Electron tensor L = ESZ;?[U (K")y u(kIu(k")y u(k)]

1 ., — *
Muon tensor Lovonw = —SZSIV Py u(p)lu(p’)r,ulp)]

Useful relations I:

Completeness relation: ZUS(p)US(p) =p+m
sz a=y'a,
D V(P (p)=p-m
s=12

30, (0)74ug (P, (P ug, () = 3, 7 (B, + m)r*u,

St

S T ~ . Matrix A
% = .;l{z(asf)j/‘\jk(usf)k}
jk=1{ s
r—H
Z‘Uﬂ/ﬂui‘ Z(Df +m); A, => B, =TraceB
S\t i

Matrix B =(p; + m)A
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Useful relations Il:

Z‘Uf}//‘ui‘z _ TraCE(([Z)f +m)y“(p, + m)}/#)

Si .St

Averaging over spins — trace of matrix element

Trace theorems:
Trace(l)=4
Trace(odd number of y#)=0

Trace(@b) = 4(ab) = 4a,b”

Trace(abe¢d) = 4(ab)(cd) + 4(ad)(bc) — 4(ac)(bd)

uv
Electron tensor Le

_ % PIUATO IO
Muon tensor

Lo =% Z[U(p')m,u(IO)][U(D’)nU(IO)]*

|
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With this relations one obtains after a lengthy calculation

Berechnung  Ven Ve =£Sf [(J(H m) J/NLE’d-m} df"J
(,;(k')fﬂu(k))* = Axd Matrix, deswegen ()°=0) T T R——
- (@ w)' = (W)

- W X"‘r" uk) « y r

= Uk r" ue)

= L[ Ry¥ sk nge mppy*s mptng”]
Spur ungerader 2okl ven yls = o1 ol L"}"E’”’

- Y A Gl Wl ¥, atubv]
- u(h)xu(k') S 8 R BT S e ] Jd
- 4 SplMay™y" b P e mt¥"]
o QKD yMuge) - Lk p¥inck)
be = 3 qz 7y i oL dos. ST V¥ P AV o 12 So [y’
armeg SEL e 4 ) FLd & J
mit {ﬂ B-CJM_; = 'Q‘Y be .5”3 "
Ly : vy
A ENONCTT (k) v | g e kﬁ'q'[da'uﬁpv‘ﬁ J “EGFSMJ
= 153' u,{k)}(,puﬁtﬁ}uocgu Up (k') 4.%!?12- (’,3!’1"
= v ,
" _'12_ uﬁ[n'hu«t«ﬂﬁp-?uﬁmuﬁmzﬂ = o [HFR KR ek -nt]y” |
s
mit Vellekdndigk Relakon Z utx = K+m also

L:u G 1[ PRV, W VR Eh'-k _mz_'rg"‘:]

1]

12' U&’ fm.}:l.u k:[s (!‘{ “’?]ﬁx E/x\;
STCRm)Y (Fom) 17T =

L e 2 ph by Bopy - L - Hguv)

L’ =% LUy i k) u(k)r
L =% Z[U(p')nu(IO)][U(IO’)VVU(D)]*

L = 2k + Kk = (K -k —m?)g*” )

Lo = Z(pzpv +p,p, —(p'-p— Mz)g’”)

) m electron mass
Remember: Matrix? element can only M muon mass

depend scalar products of 4-momenta
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Spin averaged matrix element for € 4 —>€ u

Q|(D
I

|M|2 (2s, +1)(25 +1)

2 2MP

SSSS

4
— e_ L/IV . LMUOI']

[k D)k P + (k- Pk - P) —mZp'- p— MKk + 2m?M2]

b exact 1t order resultfor e u” —» e u

Relativistic limit

mm) neglect masses mand M

4 2 2
e 4S +U

M[" =8——[(k’-p)(k - p)+ (k" p)(k - p)]=2e

M=o J-2e =,
By using the s=(k+p)’=m°+M*+2kp ~2kp =~2kp’ 28
Mandelstam 3 N2 2 a2 . . L 23
variables in the t=(k=k) =m" +M"—2kk"~ -2k~ -2pp E®
relativistic limit u=(Kk-p) =m’+M°—2kp’'~—2kp'~—2kp) ~ °

Scattering cross section for any two non-identical spin %2 particles:

e u >e u

de 1 1 |5f|

dQ 6472 s [p]
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_ t channel _
H H
t = (k —k')? S =(k +k')?
s =(k+p)? t =(k-p)°
u=(k-p) - T=(k-p)=u
2 2 ~ -
| | e,#,_)e,/[(s,t,u) = | | e=e’—>/4*;{(t’s’u)
— 2 2 — T2 2
2 4 S™+U 2 ~ ~ ~ 4 t +Uu
| | e u ey (situ)=2e t2 e | | ee >uy LEL=2e 32

Differential cross section for

Reminder:

2
do 6452'§'ﬁ'|M“|
do_ e’ 1 t+u
dQ 327" s s’

B e’ 1 1 0
_64ﬂ2-g-(+cos )

do

2
290 2% (1+cos’)
dQ

CMS

+ - + -

ee > uu (CMS)
Kinematics for high-relativistic particles
CMS g

B k p| pf 0 /J
e . T +
Aﬁ/ k' E
/u p ﬁ| = 6f

s=(k+k’)? ~4E*
t = (k —p)? ~ —2kp ~ —2E,*(1- cos ")
S
~——(1+cosé
>+ )
u=(k-p')?~-2kp'~ —2E*(1-cos ")

s
~——(1-cos@
2( )

<—1/s dependence from flux factor
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do a 2 -
—1| =—-(1+cos 0)
dQ CcMS 0.1 |—
2 2
dra” 86.86NnbGeV
O ot = 3s = S
00:“ |1i”| 1 .2|0| P 131:0.- (- I_.m

A5 (GeV)
Fig. 6.6 The total cross section fore e’ — p~p" measu red
at PETRA versus the center-of-mass energy.

3.3 Bhabha scattering e‘e” »>e'e”

e - e €
kl
M — -+
o t channel o e e
2 2 2
‘l\/l‘ = ‘ ‘ + interference + ‘ ‘
H_/ H_J
eu »>eu ee -uu
do a’(s®+u® 2u® t*+u’
— = — + + -
dQ 2s t ts S

11



Advanced Particle Physics: Ill. QED

U. Uwer

CM system:

e / -~ e
. . §- Kanal
with x=cos0 L [ S |5
a _""-
do a?(4+@Q+x)? (@1+x)? 1+x? G i
R - + \‘
do 2s| (@1- X)2 1-x 2 =2 Trlerferens —>
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- f
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cos0—1 ™
4 L fcos &1 ?

12



