cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

do — L d%s 1 d’ps 1
7 T TF (273 2p3 (27)% 200

% 3 1t (pa)i (pa)| S le* (P2)e ™ (pu)) P

spins

with incident particle flux F, and unit volume V = 1.



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

1 d3p3 1 d3p4 1
TF (27)3 Zpg (2m)3 2p2

<Y (i (pa)r (p3)| S e (p2)e ™ (pa))I?

spins

with incident particle flux F, and unit volume V = 1.



S-Matrix element fore"e™ — ppu*

@ S-Matrix: _
S — T ele S dx AL (x) Py (x):

with

DY P(X) = Py he(X) + Puy” u(X)



S-Matrix element fore"e™ — ppu*

@ S-Matrix: -
S — T efe S d**xAL(x) 1Dy (x):

@ Expansion of S-matrix element fore~et — pput:

(W (Pa)p(p3)| S le(p2)e™ (p1))

_ (ie)? <u+(p4)u_(p3)|T/d4X d*x’A, (x)A,(x)

N

x 1y p(x) s pyrp(x’) : et (p2)e” (pa)) + O(e?)



S-Matrix element fore"e™ — ppu*

@ S-Matrix: _
S — T ele S dx AL (x) Py 9(x):

@ Expansion of S-matrix element fore~et — p~pu™:

(W (o) (Pa)IS e (pa)e (pu))
in)2
= B el T [ dtxdtxA, (A K)
<) B plx) - e (e (b)) + O(e?)

@ states
le"(p2)e ™ (p1)) = bl(P2)al(p1)[0)
@ fermionic field operator

w00 = [ S5 T (b () +e P upaE)

s=+1/2



S-Matrix element fore"e™ — ppu*

@ A, commutes with v, ¢):

(W (Pa)r(p3)I S le* (p2)e™ (p1))
(ie) /d x d*x/(0|T A, (X)A,(x") |0)

Xt (Pa)n” (P)I T = 9y (x) = Py (x’) = le* (p2)e ™ (pa)) + O(e?)



S-Matrix element fore"e™ — ppu*

@ A, commutes with v, ¢

(1 (pa)p (p3)| S le ™ (p2)e ™ (p1))

- @/d“x d*x’(0|T A, (x)A.(x") |0)

< (pt(Pa)u™ (Pa)l = 97 e (x) syt (x') : |e* (p2)e” (pa)) +O(e?)



S-Matrix element fore"e™ — ppu*

@ A, commutes with v, ¢

(1" (Pa)r™ (p3)| S e (p2)e ™ (pa))
(ie) /d x d*x’(0|T A,(x)A,(x") |0)

< (ut(Pa)™ (P3)| 0" bu(X) 12 e ve(x) : et (p2)e” (p1)) + O(e?)



S-Matrix element fore"e™ — ppu*

@ A, commutes with v, ¢

(1" (Pa)u™ (P3)| S le"(p2)e™ (p1))
(ie) /d X d4x"(0 [T A, (x)A,(x) |0)
< (" (Pa)u” (Pa)] = Puy u(X) :: ey vbe(X’) - |€7(p2)e™ (p1)) + O(e?)

@ counting annihilation/creation operators a(f), b(f)

(t (Pa)™ (P3)| + 1y u(X) 12 Peyve(X') : |€F(P2)e ™ (p1))

= (ut(Pa)u™ (P3)| = Yuy”u(x) 1 [0)(0] : ey e(X’) - leT(p2)e™ (1))



S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = ey"pe(x’) : [€¥(P2)e™ (P1))

= (0] : e7"ve(x") : bl(P2)al(p1)|0)

@ reminder

000 = [ Gz 3o (PPN (B) + e Pus(p)a)}

s=+1/2




S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = dieyte(x') = bE(P2)al(P1)[0)

= —(0] e (x") b (P2)[0)7" (Ole (x")ad (1) [0)



S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = dieyte(x') = bE(P2)al(P1)[0)
= —(0] e (x") b (P2)[0)7" (Ole (x")ad (1) [0)

@ expectation value (Ojv|e™)

3 o
<0lwe(x’)al(51)|0>—/(27?32—;06"’X Y us(p)(0la(p)al(p1)[0)

s=+1/2



S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = dieyte(x') = bE(P2)al(P1)[0)
= —(0] e (x") b (P2)[0)7" (Ole (x")ad (1) [0)

@ expectation value (Ojv|e™)

3 o
<0l¢e(X’)al(51)|0>—/(gT§)32—;06"’X Y Us(p)(0l {ac(P) . ai(P1)}[0)

s=+1/2



S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = dieyte(x') = bE(P2)al(P1)[0)
= —(0] e (x") b (P2)[0)7" (Ole (x")ad (1) [0)

@ expectation value (Ojv|e™)
3 inx’ — —
<0|¢e(x’)a2(51)|o>—/(27';’32—;0e'px Y Us(p)(0l {ac(P) . ai(P1)}[0)

s=+1/2

@ reminder

{as(ﬁ) ’ a:(ﬁl)} = (277)32p05rs5(5 - 51)



S-Matrix element fore"e™ — ppu*

@ further reduction
(0] = dieyte(x') = bE(P2)al(P1)[0)
= —(0] e (x") bd(P2)|0)7* (Olwve(x")al (B1)I0)
@ expectation value (Ojv|e™)
d*p 1

<0l¢e(><’)al(ﬁ1)|0>—/szoe‘pX’ > us(p)(0] {ae(P) . al(p1)}/0)

s=+1/2

= e "X ug(py)



S-Matrix element fore"e™ — ppu*

@ further reduction

(0] = dieyte(x') = bE(P2)al(P1)[0)
= —(0] e (x") b (P2)[0)7" (Ole (x")ad (1) [0)

@ expectation values (0[y|e ), (0]]e™)

(Ol (x")ad(P1)I0) = e ™ ue(pa)

(Ol (x')bd(P2)I0) = & P Te(p2)



S-Matrix element fore"e™ — ppu*

@ further reduction

(O] = die(x")r"ve(x") : bL(P2)al(P1)|0)

= —Ve(pz)Py“ue(pl)e*i(pﬁp?)xl



S-Matrix element fore"e™ — ppu*

@ further reduction

(O = dhe(X' )1t (x") : bl(P2)al(F1)[0)
= —Ve(p2)y"Ue(py)e i (PrHPX’

@ similarily

(0[by.(Pa)au(Ps) : Yu(Xx)7" () : [0)

— GH(ps)v”vﬂ(m)ei(pﬁp“)x



S-Matrix element fore"e™ — ppu*

@ in summary

(" (pa)r™ (p3)| S le™ (p2)e ™ (p1))

~ —(ie)z/d“x d*x’(0[T A, (x)A,(x") |0)e!(Ps+Pa)x g =i(Prtp2)x’

xUp(P3)7 'V (Pa) Ve(P2)7" Ue(p1)



S-Matrix element fore"e™ — ppu*

@ in summary

(1" (Pa)n™ (P3)| S e (p2)e ™ (pa))
~ —(ie)? / d*x d*x’ (O[T A, (x)A,(x) |0)e!Ps+Pa)x g=i(Prtp2)x’
<0y (P3)7"Vyu(Pa) Ve (P2)7"Ue(P1)
@ photon propagator

d4k e—ik(x—x’)
’ i ; - =z
OIT AR 0) = —igu iy [ S S



S-Matrix element fore"e™ — ppu*

@ in summary

(W (Pa)u (p3)I S le™ (p2)e™ (p1))

1R

—(ie)? / d*x d*x"(0|T A, (x)A,,(x') |0)e!(Ps+Pa)x g —i(Pr+p2)x’

xUp(P3)7 "V, (Pa) Ve(P2)7" Ue(p1)

@ momentum conservation

dix 4y’ d4k e~ i(k—pi—p2)x gi(k—ps—pa)x’
/ / 2m)* k2 +ie

1
= §(27r)“5(p1 + P2 — P3 — Pa)

with s = (p1 + p2)?, the square of the total energy
e



S-Matrix element fore"e™ — ppu*

@ in summary

(1 (pa)p (p3)| S le™ (p2)e ™ (p1))

= 91 (ie)2(2)* (s + P2 — Pa — Pa)u(Pa) "V, (Ps) Ve(P2)7" Ue(Pr)



S-Matrix element fore"e™ — ppu*

@ in summary

(1 (pa)p (p3)| S le™ (p2)e ™ (p1))

~

(ie)?(2m)*3(p1 + P2 — P3 — Pa)T,(P3)y"V,u(P4) Ve(P2)Ywle(P1)

0l—



S-Matrix element fore"e™ — ppu*

@ in summary

(1 (pa)p (p3)| S le™ (p2)e ™ (p1))

~

(ie)?(2m)*3(p1 + P2 — P3 — Pa)T,(P3)y"V,u(P4) Ve(P2)Ywle(P1)

0l—

@ reminder: differential cross-section do per unit volume

1 dips 1 d°ps; 1
TF (27)3 Zpg_sJ (2m)3 2pg

<Y 1 (pa) (p3)| S e (p2)e ™ (p))I?
spins



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ ]
7 2 105(ps)y"Vius (Pa) Ver (P2)wlie r (po)I?

s,s/,r,r/



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

1 ) _
= 3 > G5 (P3)7 Vs (Pa)Vs (Pa) Y U s (P3)

s,s’

1 _ _
X > Z Ver (pz)"/uue,r’ (pl)ue,r’ (pl)"/pve,r (pz)

r,r’
with

T ()t (@)] =l (@)314° Ve (p) = T (@) e (p)



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

1 & v vi g
- E Z U;Lﬁs(p?:)ﬁ// VU7S’ (p4)Vu7S’ (p4)7/ U%s(ps)

s,s’

1 _ _
X > Z Ver (pz)'YuUe,r’ (pl)ue,r’ (pl)'YpVe,r (pz)

r,r’



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

@ single sum

1 _ _
5 > 0s(P3)7"Vies (Pa)7, (Pa)7 Ui (P2)

s,s’

@ reminder: spin sums

Y. Us(P)is(p)=p+m, > vs(p)Vs(p) =p-m

s=+1/2 s=+1/2



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

@ single sum

1 _ _
5 O 0(P)7"Vies (Pa) T, (Pa)7" U (02)

s,s’

@ reminder: spin sums

> us(p)is(p) =¢ +m, > Vvs(p)Vs(p) =p —m

s=+1/2 s=+1/2



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

@ single sum

1 _ _
> Z Up,s(P3)Y" Vs (Pa)Vys (Pa) Y Uu,s(P3)

s,s’

@ reminder: spin sums

Y. us(P)is(p)=pP+m, > vs(p)Vs(p) =p-m

s=+1/2 s=+1/2



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

@ single sum

1 _ _ 1
5 D 0s(P)1"Vies (Pa)7r (Pa)7 Ui s(P2) = 5 Tr(Ba + M)y (s — . )?

s,s’

@ reminder: spin sums

Y. Us(P)is(p)=p+m, > vs(p)Vs(p) =p-m

s=+1/2 s=+1/2



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

@ single sum

1 _ _ 1
5 D 0s(P)1"Vies (Pa)7r (Pa)7 Ui s(P2) = 5 Tr(Ba + M)y (s — . )?

s,s’

@ similarily

3 > Te(P2) 0o (P1)0e. (P11 Veus(P2) = 5 (B2 — Me) (B + me)o

s,s’



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

= %Tr[(vfs +my)v (Pa — mN)PyP} Tr {(pjz —me)v (P + me)%}



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r'(pl)|2

s,s7,r,r/

= %Tr[(p‘s +my)v (Pa — mu)»yp} Tr {(pﬁz —me)v (P + me)»yp}

@ high energy limit
s> mj, m;

— drop me, m,, in traces



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r’(pl)|2

s,s7,r,r’

= %Tr{pgw”pnp} Tr{ﬁz%ﬂ‘l%}

@ traces

Tr %9797 = 4(g*"g” + 97" — g*’g"")



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7qu,s/(p4) Ve,r(pz)’YuUe,r’(pl)|2

s,s7,r,r’

= %Tr{pgﬂy”pﬁnp} Tr{ﬁz%?‘l%}

- 4{(p1p4)(p2p3) + (p2p4)(p1p3)}

@ traces

Try%y"y7y" = 4(g*"g” + 99" — g*’g"")



S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ -
2 > 10u.s(P3)7 Vis' (Pa) Ve r (P2)vle r (p1)[?

s,s’,r,r’

- 4[(p1p4)(pzp3)+-(sz4)(plp3{

@ high energy limit revisited

S s
P1P3 = P2ps = Z(1 —cos ), P1Ps = PoPs = Z(l + cos )
with scattering angle
P1Ps
[P P3|
e

cosd =




S-Matrix element fore"e™ — ppu*

@ averaging/summation over spins in initial state/final state

1 _ _
4 Z |Up,s(p3)7yvu,s'(p4) Ve,r(pz)’YuUe,r’(pl)|2

s,s7,r,r’

52
= S+ cos? )

@ high energy limit revisited
S

1
4( + cos )

S
PiPs = P2Ps = (1 —cosv),  pips = P2Ps =
with scattering angle
P1P3
P1| [Ps]
e

cosd =




cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

do — L d%s 1 d’ps 1
7 T TF (273 2p3 (27)% 200

% 3 1t (pa)i (pa)| S le* (P2)e ™ (pu)) P

spins

with particle flux F, and unit volume V = 1.

@ reminder: S-Matrix element

(" (pa)r (p3)| S le™ (p2)e ™ (p1))

~

(ie)2(2m)*3(p1 + P2 — P3 — Pa)lp(P3)y”V,u(Pa) Ve(P2)Ywle(P1)

|-



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

1 d3p3 1 d3p4 1
TF (2m) 2p3 (27)3 2pY
4 2

e" s

x[(2m)*3(p1 + P2 — P — Pa)I? Z 50+ cos? )

@ Fermi’s trick

[(27)*3(p1 + P2 — P3 — Pa)]?

(27)*5(p1 + P2 — P3 — Pa) d4x e*((P1+p2—ps—ps)
VT

= VT(27)*(p1 + p2 — P3 — Pa)
e



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

1d3p3 1 d3p4 1

do = E (27‘_)3 Zpg (27[-)3 2p2
4 e4 2
x(27)"6(P1 + P2 = P3 — Pa) 7 (1 + cos” )
e2
=



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

do = 20 21d psd P4

—ps—ps) (1 2y
F 200 2p0 d(p1 + p2 — p3 — pa) (1 + cos” ¥)

@ high energy limit + CMS-system: p, +p, = 0, pd +pd ~ /s



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

dU—Z 21d p3d p4

—ps — 1 29
F 200 2p0 d(p1 + p2 — p3 — pa) (1 + cos” ¥)

@ high energy limit + CMS-system: p, +p, = 0, pd +pd ~ /s

g
o differential ti
differential cross-section —— a9,
do , 1 Ll B
g~ Y oF (VS — P3| — [Pal)3(Ps + Pa) (1 + cos™ V)

|p1|

1

@ Flux: F = 2p1 2p2 (: ‘VA‘ZEAZEB)



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

dU—Z 21d p3d p4

—ps — 1 29
F 200 2p0 d(p1 + p2 — p3 — pa) (1 + cos” ¥)

@ high energy limit + CMS-system: p, +p, = 0, pd +pd ~ /s

@ differential cross-section el
dQs
do a?
— -1 2
i~ 4 (1 + cos”v)



cross-section fore"e™ — upu”"

@ differential cross-section do per unit volume

—p3—p4) (1 29
= 2p3 200 d(p1 + P2 — p3 — pa) (1 + cos” ¥)

@ high energy limit + CMS-system: p, +p, =0, pY +pd ~ /s

@ differential cross-section —— 7
dQs
do a?
—— = —(1+cos?*¥
a4 )
do
@ total cross-sectiono = [ dQ3——
dQs
_ _ Ao
oo (€7€" — puTpt) = 3



