Advanced Particle Physics & Introduction to Standard Model: Il. Prerequisites

Il. Prerequisites
1. Relativistic kinematics
Wave description of free particles
Non relativistic perturbation theory
Scattering matrix and transition amplitudes

Cross section and phase space

© g &~ w N

Decay width, lifetimes and Dalitz plots

Literature: F. Halzen, A.D. Martin, “Quarks and Leptons”

O. Nachtmann, “Elementarteilchenphysik”

1. Relativistic kinematics

1.1 Notations
= 4-vector
. contra-variant form X" (Xo,i)=(t,>—<) p":(po,ﬁ):(E,ﬁ)

* covariant form X, = (XO’_)‘('): t-X) p,= (po,—ﬁ): (E-p)

10 0 0) .
« Metric tensor w_ |0 -1 0 0 o
g - gyv - O O _1 O X = g Xv
0O 0 0 -1
* Derivative operator o* = 0 = i,—% 0, = 9 = ﬁﬁ
ox, \ot “oox# et
« Scalar product ab=ab“=g,a’b"=(a’b’ -a-b)
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1.2 Lorentz and Poincaré transformations (formal)

X = x" = Ax" +a”

(Apa)o(Aja,) = (A Ay, Aja, + )

Poincaré transformations

Combined transformations

Leaves the scalar product of space-time difference invariant:

(x=y)* = (x=y)“(x=y), = (X = ¥o)* = (X~ ¥)°

mp [detA=+1 = (A1) =A7

(orthochron,
reachable from unity)

Lorentz group (A, 0) detA=+1, A>0

v =P
v Br v — (e} Rapidity o: @=arctan(p)
1
0 -1
-1 0 .
With generator K, = 0 [Ki K J = -l gy K,
0
Rotation & Lorentz-Trf
Remember rotation: lJi | J= +i Ei Ik l‘]i K, ]: +i &Ky
Discrete Poincare transformations:
Parity P: X = —X Time reversal: xo - —xO
1 -1
-1 1
A p = _ 1 AT = 1
-1 1
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1.3 Lorentz invariants t &
Lorentz transformation: Y _v y=(-py"
moving particle with p = (E,p) —
&) T8
=) \-pr 7 \p e
b =P, wi/r to rest frame: ,BZE .

Scalar products are invariant under Lorentz transformations: a'b’ = ab

Example 1: invariant mass Example 2: CMS energy of 2 particle
collision calculated in any frame

p°=p,p*=E°-p =m’
! S=(p1+p2)2 =(E1+E2)2 _(51+52)2

Remark: Lorentz invariants (e.g. cross sections) can only depend on scalars 5

1.4 Mandelstam variables

A C
A+B—->C+D
What are the Lorentz scalars the
cross section can depend on ? B b
PiPx With P i = Pa, Pe: Pey Po (unpolarized particles)
10 combinations
pf = mf 4 constraints
4-mom. conservation: 4 constraints
=) 2 independent products
s=(Pp+Ps)
Instead of 2 out T2 sttius
nstead of pjp, use 2 ou t = _
of the 3 Mandelstam (Pa = Pc) , mi + m; + mé s m;
variables u= (pA — pD)

J. Pawlowski / U. Uwer



Advanced Particle Physics & Introduction to Standard Model: Il. Prerequisites

Example: 2-body decay of spinless particle

dN
dEIab

v

> Eip

Ejab =7E + 78| p, | cos@

dEap = 78| p, |dcos @

dN _ dN  dEy,, -
dcos¢ dE,,, dcosé dE,

with

=constxyB|p.|  flat

(E:LIab )min,max =yE 28] 51 |

In case of the decay of a particle with spin J angular momentum

conservation leads to a deviation from the isotropic decay. 7
1.5 Crossing
A+B—»C+D * ¢
S = (pA + Pg )2
t=(p,—p.)’
u= (pA - pD)2 B D
Pc = —Pe
@ Crossing:  p, - —pg
t —>¢
A+C 5>B+D A B s ot
u - u
s'=(pa +Pg)?
t'=(pa—Pg)’
u'=(pa— pD)2 C D
8
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2. Wave description of free particles

2.1 Schrodinger Equation for non-relativistic free particles

D 1 _»
i —y=—""V
ot v 2m v
p2 Continuit tion:
Solution for energy E =— i
2m 2
. P=lyl
w(r,t) = ——expli(pX — Et)] L1 . *
W J=%(W Vy)-(Vy )w)

a—p-l-VTZO
ot

Schrédinger Eq uses classical E-p
relation E2=p2/2m and the replacement

Esil andp=-iV
ot

2.2 Klein-Gordon Equation

Starts from relativistic energy relation 2
E2=p?+m2:

0
—p-Vg+m'p=0
Describes relativistic Spin 0 particles ot

Solutions for energy values:

negative E values cannot be
E,=+yp’+m’ "0 ignored as otherwise
- solutions are incomplete

#(F 1) =(Nexpli (k% - 0.1)]

N = normalization (later)

Most general solution (superposition):

3 H — H — — —_
#x) =N %(e'kxa*(kﬂe"kxa(k)) with K = (@, K) = (. F)

10
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with p=(i¢*§¢—i¢§¢*) and T=(—i¢*(V¢)—i¢(V¢*))

0 -
mm) Continuity equation: E,D +Vj =0

For the solution:  ¢(r,t) =N exp[i(*)? - Eit)]
P =Cig(ve-igve) P = 25N[ | what are negative
.8 A 5 probabilities for the
p=(|¢ a¢—l¢a¢ ) 2E|N| E < 0 solutions ?

Normalization schemes:
N = 1N(2EV) = 1 particle per unit volume V
N= 1AV = 2E particles per unit volume V

2.3 Anti-particles — Historical interlude

Dirac interpretation for fermions: vacuum = sea of occupied neg. E levels

E
For fermions the negative energy levels

are w/o influence as long as they are fully

occupied
oY Lon,
(}J Missing e~ w/ negative energy

corresponds to to a positron w/ E>0

e*e-annihilation: Photon conversion for E,>2m,
Free energy level in the sea. e~ Excitation of e~ from neg. energy
drops into the hole and releases level to pos. level: y — e*e-

energy by photon emission: E, > 2m,

Model predicts anti-particles (Discovery of positron by Anderson in 1933)2
i
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Discovery of the positron
Anderson, 1933 Cant. D Ao, T“;tm' A ik

& B field

strong curvature

Absorber:
Energy loss

small curvature

IEL :q\7><l_5>
- q=+€ 13

Feynman Stlickelberg interpretation

E.=E: ¢ =Nexp(ipxX —iEt)

s

Solutions with neg. energy -
propagate backwards in time: E_=-E: ¢ =Nexp(ipx +IiEt)

Solutions describe anti-particles propagating forward in time:

X 1 X 2
E <O -E >0
2 ﬁ ” 1 - I_j
t t

Neg. /0=2E|N|2 3'=g ‘2E|N|2 Charge

probability | X m ., | density/
density j= 2p|N| J=q -2p|N| currents

14
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Example

Particle T-with g=-e and energy E_. =-E <0
T ) =(-e)- 2(-E)N[* = (+&) - 2(+E)N[ = 3°(T ")
JT) =(-e)-2pN["  =(+e)-2(-PIN[ =3(T")

T  with E(T)>0, p_. =-p,

Description of creation and annihilation: Y The discussion of
- . : = . Ipos.

» Emission of anti-particle T with p* = (E, p) < nelg tpos enertg)]y
bsorption of particle T with p+ = (-E, -p) soutions can be

a B ' > avoided when

« Absorption of anti-particle T with p* = (E, p) < using QFT, the
emission of T with p* = (-E, -p) correct relativistic
p, guantum theory

15

Interpretation in Quantum Field Theory

* In quantum mechanics observables become operators with an
expectation value. The operators work on states (= vectors of a
Hilbert space).

¢ An observable “classical field” (e.g. E or B) becomes a field
operator with an expectation value.

¢ The classical observable of a meson wave is a scalar field
function ¢(x). Correspondingly there is an associated quanten-
mechanical field operator ®(x) with ¢(x) = < |D(X)| >:

1 ¢ dk (i —~ S ~
O(x) = — | ——(e™a’ (k) + e ™ a(k
) ij(zﬂ)g( (K) + e a(k)
« Again, possible states are vectors of a Hilbert space. The simplest

state is the vacuum |0>. One finds that a(p) annihilates a particle with
momentum k, while b*(k) creates a particle with momentum k:

In this way

a(k)[0)=[k) a(k)k)=|0) ak)0)=0 ~— o "
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3. Non-relativistic perturbation theory

Free particle’s “Schrodinger equation” with solutions ¢,

For simplicity: normalization

Ho 4, =End  with J.¢r; s d’x = Ormn =1 pa'rticle/V
\%
mm) solve Schrddinger equation in presence of additional interaction potential
f E
(Hy +V (X, )y = |— - = 3, ()4, (X)e”
N (any solution)
One finds for the coefficients a,(t):
da . * 3y, ~i(E—E )t
—=—i) at Vg d°xe ™
FEILA0 [ & vad
(Fvm)

-i(f[V]i)e'®Er Lov?)

By using initial conditions: &(-T/2)=1+0(V?) a,(-T/2)=0 forn=i 17

For details, see
Martin & Halzen, p. 79

- 3(t) =i jdt £V i) e!GE"

T2
T/2 _
Define transition amplitude: | A; = a(T/2) = —i Jdt'(f Vi) e!EE
T2
For te: Ao = =i [d*x 4 Vg (X)

Can the transition amplitude be interpreted as transition probability for i—f ?
Assume that V(x) is time independent:

I|m|Af,| o= Kf l\/||>‘2 2n6(E; —E;)-T (Fermi's trick)

T—ow

Transition probability wy = lim |Af'| =2z [\/|i>‘25(Ef -E)
per time

18
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This equation can only be given a physical meaning after integrating
over the set of possible final states: p(E;) is the density of final states,
and p(E)dE; is the number of states with an energy in [E; ; E+dE(].

Transition rate: Iy = ZﬂJ-dEfp(Ef)Kf [\/|i>‘2§(Ef “E)
oV e FemE g
f Higher orders
t
take a(t)=-i J.dt'<f |V|i> ol (E-E)
T/2
, and insert in
i
NE 1
2nd grd V. =l(f Mli VAN S VA S v
= Zvoer  VeofIMI] > Ve RMeg e

in Fermi’s rule

Propagator for intermediate state 19

4. Scattering matrix and transition amplitude

Scattering process: Pa Pc
TPp—>7mP
Ps Po
Described through quantum | i > | i />
numbers of initial and final state: —>

Scattering operator (S matrix): | i ,> =S | i >

iy = (f|s]i)=S;

As there is the probability that |i’) = |i) itis useful to introduce the
transition operator T S=1+T with T, = <f |T| i>

Measurement selects a specific state f. <f
Probability to find f:

20
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Instead of T;;, conventionally one uses the transition or scattering amplitude M;

Tfi =i '(2”)4NANBNCND§4(pA +Pg —Pc — pD)

—
s 1
normalization: 4-momentum conservation

N, =1V — 2E particles/V
Feynman rules for
calculation

Transition probability:

Wy = ITfi|2 = (27)°(NANgNcNp)*[6%(Pa + Pg — Pc — pD)]2|Mfi|2

In this convention the transition probability is given for a single ,possible final
state”. It turns out that the final state particles C(p.) and D(pp) can be in more
than one state. The number of possible final states is described by the phase
space factor and will be considered when calculating observable quantites.

21
Transition rate per unit volume:
2
i 1 2
Wy = % = W(Z”)S(NANBNCND)Z[yl(pA +Pg—Pc — pD)]2|Mfi|
s 1 4 2
=(2r) \75 (Pa+Ps—Pc — pD)|Mfi|
Fermi‘s Trick:
4 2 VT 4
[0°(Pa+ P —Pc —Pp)]" = 707 (Pa+Pg —Pc —Pp)
(27)
[27 54 (x - X2 = j dt e/ 27 §(x - X')
=[Jdt}-2ﬂ5(x—x’)
) 22
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5. Cross section and phase space

A+B—->C+D
Pa P Transition rate:
W, = (f/”f ' (Pa+Pa = Pe = Po) M|
Pe Po
‘ Cross section = (initi\;vm(number of final states)
Cross section: o= %pf (C,D)

p; number of final states for given configuration
F incident particle flux of A and B

23

5.1 Number of final states (phase space)

<1

Quantum mechanics restricts the number Vd3p Vd3p
of final states dp; of a single particle in a dp; = =
volume V with momentum ¢ Fﬁ, p+ dﬁ]

vd3p
2Eh® 2ER(27)° 2E(2x)°

Factor 2E is the result of
normalization of the wave
function: 2E particles / V

For particle C and D scattered into dp, (C,D) = vd®p.  Vd®py
momentum elements d3p. and d3p P 0) = 2E. 27)? 2E, (27)?

24

J. Pawlowski / U. Uwer



Advanced Particle Physics & Introduction to Standard Model: Il. Prerequisites

5.2 Incident particle flux F

Choose rest frame of particle B to calculate F (simplest)

F = (flux density A) x (density B)

1

2Ex 2Eq with v, = P2

v o
A —A > @ B A| v v EA
CMS frame:
p p 4. 4.
Aﬁ_A>;_i B F=\7|pi|'(EA+EB)=\7|pi|\/§
Pa=—Pg =P
General form : = 2W(S,m12,m§) (see Nachtmann,
(in any frame) - V2 p. 19, 76)
with w(s,mf,mé) = ((s —(m; + mz)z)(s —(m, - mz)z))y2 e

5.3 Lorentz invariant phase space factor

Putting everything together do = %dpf
2x)* % vd® vd®
dO‘=( 4) 54(pA+pB_pC_pD)'|Mfi|2 = ) pcs' st
v VAJ2EA2E, 2E.(27)° 2E,(27)
S L S W S
(V|2E, 2E, AT TP 2B (27)° 2B, (27)°
= 4‘@ ‘\E Lorentz invariant 2-particle phase space factor d @,

CMS
Particle flux F

Remark: volume V drops out !

26
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Phase space factor for n particles in the final state:

d3
dD, (P, py,Pyse.sPp) = (27) 454 (P = (P + Py + oo 4 P [ oot
— final (277)° 2B
Final state See also PDG

http://pdg.Ibl.gov/2008/reviews/rpp2008-rev-kinematics.pdf

27

Phase space integration for two-particles final-state (CMS)

CM System: C P

B =Ba=—Pa Br = Po=—Po 5 //’
A »

s =(E, +E)? /~ B
D dQ; =dg.d cos b,
do, SN
B 1 3,5 = d3pc dspD
qu)z = Fjé‘ (Pc + Pp)o(Ex +Eg —Ec —Ep) 2E, E
1 ‘qf‘ To perform the integration see
qu)z = 1672 If dQ e.g. also C. Berger.

28
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5.4 Differential cross section ...putting everything together

Pa Pc
A+B—->C+D
Ps Pp
CMS 2 .
_|Mﬁ| __ 1 EM 2
do==1hdd, == 5 My |*de,

do 1 15
dQ;  647% s |p)|

» The dynamics of the scattering process is contained in the matrix element My
which can be calculated using Feynman rules

» 1/s dependence of the cross section because of initial/final state kinematics o9

6. Decay width, lifetime and Dalitz plots

5.1 Decay width _ _ _
Differential decay width (rate):

1
2 dE(A—>1+2+...+n):%dpf
. A
: 2
M,
1 n dr; = 2E| -(27) 54(pA — Py == Pp)
r== I'=YT
: d pl d3p2 dspn
2E,(27)® 2E,(27)* ' 2E,(2x)?
Two-body decay: |M | |p|
dhi(A—>1+2)= i i dQ
A>1+2 (A>1+2)= @ 2. 1677
= —dQ
CMS 16ﬂ2f £
-E, - dr (A —>1+2) = | M, [ dQ
\E A =M I( - ) 327Z2mf\| fl| 30
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Three-body decay: flatin E;and E,
1 .- B
A—>1+2+3 [do, = ———=[dE,dE, dad(cos f)dy
8(2xr)

1 1 2
for scalar A or [(E. E.)= —~ M. I’dE.dE
averaged over spins — dr; (E,. E,) 643 mA| fl| dE,dE,

Remark: Instead of variables E, and E, one mij2 =(p, +p, )’
can use variables m,, and m_ .
= invariant mass of pairs (i,j) dE,dE, =C -dm,,dm,,
[
2 2 1 1 2 2 5| If phase space is
dl;(m,",my;") = —3_3|Mﬁ| dm,,“dmy;" | fiatin E, then itis
2567" m, also flat in m,

(for A being a scalar, or average over all spin states)

Experimental method to explore behavior of M;: Dalitz Analysis
31

6.2 Dalitz Plots

]‘O""l""""|""\""

r (n|11+mz)2 ] Method:
8 h2 I R [,M—,rnljz 1

Put every measured decay
into a 2-dim,. (E,,E,) or (m,2
,m,2?) distribution. A flat
distribution over the allowed
region corresponds to a “flat
matrix element”. Structures in
the distribution point to a
varying matrix element

32
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0 0 _+ - M. Staric, HEP 2007 (Manchester)
ML - R
- - tom Resonance  Amplitude  Phase (deg) Fit fraction
’§ % wn m2(K°z") K*(892)- 1620 +0.005 1343 +03 06227
b ¥ K3(1430)- 212 £0.02 0905 00724
S £ om K3(1430)~  0.87 £ 001 473407 0.0133
m*(K @ o K*(1410)= 065 +0.02 11142 0.0048
— K* (1680}~ LG =+ 0005 147+ 5 0.0002
. K*(802)% 0152 +0.008 -375+1.1 00,0054
. K3(1430)% 0541 0013 918+ 1.5 00047
i K3(1430)F 0276 £0.010 -106+3 0.0013
T e KU(1410)F 03330016 —102+2 00013
- - J('[If_i?ji]}' 0.73 £0.10 103 £ 6 0000
1 i 000 2¢ 4, - ATT ] | T F;
'Em '!ém m*(z*x") ”r_‘,'” ,]_“n““ . “_[hkltl] [].2]]”[
gm g - w(782) OLOAS0 + 040G 115.1 = 0.9 L0063
- £ o Tul080) 0380 £ 0002 —147.1£09  0.0452
o & o fo(1370)  146£001  US6+14 00162
. o fa(1270) 143 +£002  —136+ 1.1 00180
| 0 p(1450) 0.72£002 400410 00024
i n1 1387 £ 0,018  —147 + 1 0.0014
oo 0m - _—
e s U267 £ 0000 1573 00088
oo * wttgeich S CERAL MR 2.36 £ 0.05 155+ 2 0.0615
33

Recent discovery of a new exotic particle Z(4430)

arXiv:0708.1790 subm. to PRL

wn___ Veto _ Veto _ : ; .
E 22 | . g &"g% 30 ; 6.56 2(30)

M = 4433+ 4 +1MeV

17 +30
13 .11 MeV

=) M2(my') GeV?

s 38 4.05 48

43 455
M(nt y') GeV

= P\)IZ(KT‘;) Gei/z

K*892)  K*(1430)
34
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