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Advanced Particle Physics / Standard Model -1-

1. Fermions, propagators and e e™ — py~ u" scattering

1) The Dirac action is given by

S16) = 3 [ i i — m) i) (1
with the fermionic field operator
v = [ 5y T ) ¢} @)
s==£1/2

Here p° = /p? + m?2, and annihilation/creation operators of fermions and anti-fermions,
e.g. electrons and positrons, a,a’ and b, b', respectively with

{as(P), al (D)} = 20°2m)*05,0(5 = 1'),  {bs(D), DL} = 20°(27)*05,0 (5 — 1) , (3)
and
Z us(p)ﬂs(p) :¢+mv Z Us(p)@s(p) :ﬁ_m' (4)
s=+1/2 s=+1/2

a) Show with (3) that ¢(z) and ¢ (z) satisfy the anti-commutation relations
(@0, v} =1"0G -9,  {v@ 1), vE O} = {0 ), ¥F )} =0. (5)

c) Show that the Feynman propagator Gp a(x —y) = (0|T'A,(x)A,(y)|0) is the propa-
gator of the wave equation,

—0,0"Gpa(x —y) =1igu6(x —y). (6)
Show that Gpa(x — y) is given by
dik e—ik(x—y)

Gralr —y) = igw lim (2m)4 k2 + e "

c) Show that the Feynman propagator G (z—y) = (0|T¢(z)(y)|0) is the propagator
of the Dirac equation,

(i@* —m) Gry(r —y) =id(z —y). (8)
Show that G, (z — y) is given by
d4p e_ip($_y)

(+m). (9)

Crylz—y) =il
By (.’L‘ y) L e—lgi (271’)4 p2 — m? + 1€
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2) The S-Matrix of QED is given by

S =T exp (—z’/d4x Ay(:p)j”(x)) : (10)
where T' stands for time ordering and the fermionic current

(@) = —e 1 Py (@) == ey e (@) -+ Py () < (11)

with standard four-component Dirac spinors ., v, and ¢ = (¢, ,,). For the e”e™ —
p~ pt-scattering we are interested in the S-Matrix element

(W (pa)p™ (ps)| S'le™ (p2)e™ (1)) (12)

with the initial and final states

¥ (p2)e (p1)) = bL(P2)al(p1)]0) (" (pa)p™ (ps)| = (Olb,.(Pa)ay(P5) , (13)

respectively.

a) Expand the S-matrix up to the second order, and perform the time-ordering.

b) Show, that the following relations are valid,

(Olve()al(p1)]0) = e uc(py), (14)

(0[e(2)bl(p2)]0) = e vc(p2), (15)
and derive the corresponding Feynman rules for the initial state. Apply the same

reasoning to the final state.

c) Reduce the matrix element

()™ ()| T2 972 () = Py () = [eT (p2)e™ (p1))
to a product of the simple matrix elements such as (0|, (x)al(py)|0) in (14).

d) Show that

> Jas(ps)v ve (pa) Ur(p2)vaus(p1)]?

=t O — (s + )]t [+ ) — )] (16)

The spin sums in (16) are relevant for ete™ — ete™ and ete™ — p + p~-scattering
matrix elements.
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3) Consider the scattering process a(p,) + b(py) — c(p.) + d(ps), where the 4-momenta
p; are that in the lab-system. The Mandelstam-variables s, ¢, u are Lorentz-invariant

variables,

s=@atm)’, t=Pa—p), u=(pa—pa)’ (17)
with

s= (patp)’ = 0y +1})°, (18)

where the p} are the momenta of the particles in the centre of mass (CM) system: pi =
—p.

a) The particle b is at rest in the lab system. Show that

1
|ﬁa| = 2—7nbw<87 m?p mg) ) (19>
with
w(z,y,2) = (2% +y* + 2° — 20y — 2wz — 2yz)% (20)

Show also that the energy E* (E}) of the particle a (b) in the CMS is given by

2 2

2 2 _
Er=TT e g gy = 2T (21)

. 2v/2 2v/2

Equivalent relations hold for £ and Ej.

b) Show that

¢ ¢ 1 s ¢ 1
|pb| = ‘pa‘ = 2—\/§w<87m(217m13) ‘pc‘ = |pd‘ = 2—\/§w<87mg7m3)7 (22>

and write ¢ as a function of s and the scattering angle #* in the CMS.

c) The flow F for the above configuration is (b is at rest, volume V' = 1):
F = |7]12B,2m, . (23)

Express the flow as a function of the momentum |p| in CMS.

d) Perform the integration of the 2-particle phase space for the above scattering process
in the CMS. Show that

/dcpgz ! ‘pC‘/dQC, (24)

1672 /s
) | )
£=0

by using the relation

a

[ olrg(w)dw = (g -




