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Advanced Particle Physics / Standard Model -1-

1. Quantisation and Scattering

1) The action of a free real scalar field is given by

1
Slo] = 5 [ d's (9u0(2) 96(w) — m?*(2)) . &
The field operator of a real scalar field is given by
Bk 1 . - , -
¢z) = / 2n) 2 {emal (k) + e *a(k)} (2)

with w = k2 + m2, and annihilation/creation operators a, a’ with

[a(k), o (k)] = 2w(2m)8(k — k') . (3)
a) Show that the Klein-Gordon equation (9,0" + m?)¢(z) = 0 follows from
0S[¢] _ . 00W) _ s
o) 0, with Solr) oz —y). (4)

Show that ¢(x) in (2) satisfies the Klein-Gordon equation, and show, that the cano-
nical momentum operator II(x) is given by II(x) = ¢(x).

b) Show with (3) that ¢(x) and ¢(z) satisfy the canonical commutation relations

67 1), S 0] = id(F —7),  [6(r1), @, 0)] = [ 0), (71 =0. (5)
2) Consider the scattering of one particle in the presence of an interaction Lagrangian
L(x) =—=1/2V(Z) : ¢(x)p(x) :, where : . : stands for normal ordering, e.g.,

:al---anai---ain::ai---ain(h"'an- (6)

With H'(t) = — [ d®z L'(x), the time evolution in the interaction picture is given by
oty = H'(t)[t) (7)
a) Show by iterating (7) in its infinitesimal form, |t + At) = (1 —iH'(¢))[t), that

1) = Ut to)lto),  where  U(tty) = Te ™) (8)

with time ordering T:T Hl(tl)Hl(tg) = H’(tl)H'(tg)H(tl —tg) +Hl(t2)H/(t1)0(t2 —tl)
Expand U up to the second order.

b) Show that
(K| = d(@)g(x) : |K) = 2(F'| : ¢()|0)(0]¢(x) : |E) (9)

and compute it. This matrix element is relevant for the first order perturbation
theory.
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3) The action of a free photon field is given by
1 1
A= -3 / 02 Fu P = 3 / d*z A, (z) (90,07 — 0"9") Ay (x) . (10)

The field operator of the gauge field A, is given by

o) = [ S (el )+ e (B (1)

with ko = \/ k2, and annihilation/creation operators a,, aL with

[ (), af(K')] = —g,u2ko(2m)*5(k — K') .
a) Show that the Klein-Gordon equatlon (wave equation) 0,07 A, (x) = 0 follows from
)

5514 , Ay
AL @) O Wit 5AM( )

Show that A, (x) in (11) satisfies the wave equation, and show, that the canonical mo-
mentum operator I1;(z) is given by II;(z) = E;(z) = —Fpi(x) = —[00Ai(x) —0; Ao ()]

(12)

= g,0(x —y) for oA, =0. (13)

b) Show with (12) that A;(z) and E;(x) satisfy the canonical commutation relation

4) Physical states are defined by

ap|phys. states) =0, (15)
with
al(k) = s (aj(k) — ka'(k)) ,  with k= @
2 14
al(k) = eal(k), with ék=0, i=1,2,
. 1 o
al(k) = NG (ab(k) + ka'(k)) -
a) Show that the operator af satisfy the commutation relations
[ao(k), af(K)] = 0 = [al(k), as(k)]
[ao(k), of(F)] = 0 = [a§(), as(k")
[ao(k), ad(K)] = —2ko(2m)*5(k — )
[i(k), ol (K] = 2ko2m)30(k—K), i=1,2.

b) Show that the one particle states ol (K)]0), af(k)|0) with i = 1,2 are physical states
with (15). Show that o (k)[0) is not a physical state.



