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Lorentz transformation

2

1. There is no preferred inertial frame

2. The speed of light in vacuum has the same value c in all 

inertial frames of reference

Postulates

(Contravariant) space-time four-vector in system S:

In system S'  
(follows from the two postulates)

S

y

x

z

S´

y´

x´

z´

β = v/c

x0
0
= �(x0 � �x3)

x1
0
= x1

x2
0
= x2

x3
0
= �(x3 � �x0) � = v/c � =

1p
1� �2

xµ := (x0, x1, x2, x3) = (t,~x) = (t, x , y , z)
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Energy-momentum four-vector

3

Relativistic energy and momentum:

General four-vector:  
transforms under Lorentz transformation like the space-time four-vector

pµ = (p0, p1, p2, p3) = (E ,~p) = (E ,~pT , pz) = (E , px , py , pz)

Contravariant four-momentum vector:

E 2 = p2 +m2

Scalar product of two four-vectors a and b:

Relation between energy and momentum:

E = �m, p = ��m, m = restmass (~ = c = 1)

a · b = aµbµ = aµb
µ = a0b0 �~a · ~b

Covariant four-vector:
xµ := (x0, x1, x2, x3) ! xµ := (x0,�x1,�x2,�x3)
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Center-of-Mass System (CMS)

Consider a collision of two particles. The CMS is defined by 

4

~pa = �~pb

pa = (Ea,~pa) pb = (Eb,~pb)

The Mandelstam variable s is defined as 

s := (pa + pb)
2 CMS

= (Ea + Eb)
2

√s is the total energy in the center-of-mass frame ("center-of-mass energy")

Example (LHC Run 3, started on July 5, 2022): 
LHC beam energy 6.8 TeV: √s = 2 E = 13.6 TeV (lab frame = CMS)

[actually: center-of-momentum system]
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Brief interlude: Relativistic Lorentz Force Law
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Turns out that one recovers the familiar Lorentz force law: 

Newtonian case: 

relativistic case:

<latexit sha1_base64="9VRX4NsckTwGXMS+fGs2ew7bRkA="></latexit>

~p = m~v
<latexit sha1_base64="KgpDijwdf0ayu1UKzXNubiiG/Cc="></latexit>

~p = �m~v

Consider velocity perpendicular to constant magnetic field:
<latexit sha1_base64="fmM+YY3iZPOAj6Z1F//lfnQMNJQ="></latexit>

m
d(�~v)

dt
= q~v ⇥ ~B

<latexit sha1_base64="H7g+OYVZJUcXUNcuP/h8h1SQTsM="></latexit>

m�

����
d~v

dt

���� = qvB ,

����
d~v

dt

���� = !2r , v = !r

<latexit sha1_base64="5PAcF9wMo7aPPhgb3LCpyP8W22A="></latexit>

! =
qB

�m

particle still moves in a circle, 
cyclotron frequency now depends 
on how fast the particle is moving 

<latexit sha1_base64="akFHFNZjrmvivEcnM1K0T6TUDOY="></latexit>

r =
p

qB
bending radius

<latexit sha1_base64="D4812c0w6FSjuY2UYmkDjgaT7gw="></latexit>

d~p

dt
= q(~E + ~v ⇥ ~B)

<latexit sha1_base64="vJEvABl75DYLwkcjH18Q1+lQ9Wg="></latexit>

dpµ

d⌧
= qFµ⌫U⌫ , F

µ⌫ =

0

BB@

0 �Ex/c �Ey/c �Ez/c
Ex/c 0 �Bz By

Ey/c Bz 0 �Bx

Ez/c �By Bx 0

1

CCA , pµ =

0

BB@

�mc
px
py
pz

1

CCA , U⌫ = �

0

BB@

c
�vx
�vy
�vz

1

CCA
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More on LHC energies
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From 'centripetal force = Lorentz force' one obtains: 

"rigidity" 1232 dipoles x 14.3 m / (2 π) = 2804 m

protons: R = pproton ions: R =
A · pnucleon

Z

2011/12: pproton = 3.5TeV ! pnucleon ⌘ pPb/A =
Z

A
· pproton = 1.38TeV

corresponding momentum of nucleons 
in Pb ion for same B field (same rigidity)

Center-of-momentum energy per nucleon-nucleon pair:
p
sNN = 2.76TeV

p
sNN = 5.02TeVPb-Pb (2011/12): Pb-Pb (2015/18):

R ⌘ p

q
= rLHC,bend · BLHC, BLHC,max ⇡ 8.3T (! this limits

p
s)



QGP physics SS2023 | P. Braun-Munzinger, K. Reygers, J. Stachel | 2.  Kinematic Variables 

√s for Fixed-Target Experiments
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s =

✓
E lab
1

~p1

◆
+

✓
m2

~0

◆�2

= m2
1 +m2

2 + 2E lab
1 m2

)
p
s =

q
m2

1 +m2
2 + 2E lab

1 m2

E lab
1 �m1,m2

⇡
q

2E lab
1 m2

total energy  
(kin. + rest mass)

m1, E
lab
1

m2, p
lab
2 = 0

Example: antiproton production (fixed-target experiment): 

p + p ! p + p + p + p̄

Minimum energy required to produce an antiproton: In CMS, all particles at 
rest after the reaction, i.e., √s = 4 mp. Hence:

4mp
!
=

q
2m2

p + 2E lab,min
1 mp ) E lab,min

1 =
(4mp)2 � 2m2

p

2mp
= 7mp
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Rapidity
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The rapidity y is a generalization of 
the (longitudinal) velocity βL =  pL /E:

y := arctanh�L =
1

2
ln

1 + �L

1� �L
=

1

2
ln

E + pL
E � pL

y ⇡ �L for �L ⌧ 1

p =
q

p2L + p2T

ey =

s
E + pL

E � pL
, e�y =

s
E � pL
E + pL

With

sinh x =
1

2

�
ex � e�x

�
, cosh x =

1

2

�
ex + e�x

�
and

E = mT · cosh y , pL = mT · sinh y

mT :=
q

m2 + p2T

one obtains

where is called transverse mass
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Additivity of Rapidity under Lorentz Transformation
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E = �(E 0 + �p0z), pz = �(p0z + �E 0) (� ⌘ �S0)Lorentz transformation:

y =
1

2
ln

E + pz
E � pz

=
1

2
ln

�(E 0 + �p0z) + �(p0z + �E 0)

�(E 0 + �p0z)� �(p0z + �E 0)

=
1

2
ln

(1 + �)(E 0 + p0z)

(1� �)(E 0 � p0z)

=
1

2
ln

1 + �

1� �
+

1

2
ln

E 0 + p0z
E 0 � p0z

y is not Lorentz invariant. 
However, it has a simple 
transformation property:


y = y 0 + yS0
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Rapidity of the CMS (I)
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ma, ya mb, yb a = (Ea, 0, 0, pa)

b = (Eb, 0, 0,�pb)

Velocity of the CMS:

) �cm =
az + bz
a0 + b0

Using the formula for the rapidity we obtain

Writing energies and momenta in terms of rapidity:

ycm =
1

2
ln


maeya +mbeyb

mae�ya +mbe�yb

�

=
1

2
(ya + yb) +

1

2
ln


maeya +mbeyb

maeyb +mbeya

�

<latexit sha1_base64="qKCbQINxTk3WvTJvqbznbL6UUTE="></latexit>

a⇤z = �cm(az � �cma0)
!
= �b⇤z = ��cm(bz � �cmb0)

<latexit sha1_base64="n/tKcTKyHIk5LevWljZtTGmoSKc="></latexit>

ycm =
1

2
ln


1 + �cm

1� �cm

�
=

1

2
ln


a0 + az + b0 + bz
a0 � az + b0 � bz

�

<latexit sha1_base64="0mfr+D5157KWzNxAlxST8Cv48AA="></latexit>mT ⌘ m

E = mT cosh y

pz = mT sinh y
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Rapidity of the CMS (II)
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For a collision of two particles with equal mass m and rapidities ya and yb. The 
rapidity of the CMS ycm  is then given by:


In the center-of-mass frame. the rapidities of particles a and b are:

y⇤
a = ya � ycm = �1

2
(yb � ya) y⇤

b = yb � ycm =
1

2
(yb � ya)

ycm = (ya + yb)/2

Examples (CMS rapidity of the nucleon-nucleon system)

a) fixed target experiment:

b) collider (same species and beam momentum):

c) collider (two different ions species. same B field):   


yCM = (ytarget + ybeam)/2 = ybeam/2

yCM = (ytarget + ybeam)/2 = 0

ycm =
1

2
ln

Z1A2

A1Z2
[exercise] p-Pb beam at LHC: yCM ⇡ 0.465
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Pseudorapidity η
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y =
1

2
ln

E + p cos#

E � p cos#

p�m
⇡ 1

2
ln

1 + cos#

1� cos#
=

1

2
ln

2 cos2 #
2

2 sin2 #
2

= � ln


tan

#

2

�
=: ⌘

η = 0

η = +2 (θ = 15.4°)

η = +3 (θ = 5.7°)

η = -1

η = -2

η = -3
θ

η = +1 (θ = 40.4°)

y = ⌘ for m = 0

Analogous to the relations for the rapidity we find:
p = pT · cosh ⌘, pL = pT · sinh ⌘

cos(2↵) = 2 cos2 ↵� 1 = 1� 2 sin2 ↵
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Lorentz transformation expressed via rapidity
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S

y

x

z

S´

y´

x´

z´

β = v/c

� = v/c � =
1p

1� �2

<latexit sha1_base64="RgY3Dq7t9V3m1tua9JjzJmqu0lk="></latexit>

� = tanh y , � =
1p

1� tanh2 y
=

cosh yp
cosh2 y � sinh2 y

= cosh y , �� = sinh y

<latexit sha1_base64="GHCkm+sCsHj/Dn6u/hLFqUYrvdc="></latexit>✓
E 0

p0z

◆
=

✓
cosh y � sinh y
� sinh y cosh y

◆✓
E
pz

◆

<latexit sha1_base64="jae12U2Bo2iAHIuq8iP8pMRYkGk="></latexit>✓
E 0

p0z

◆
=

✓
� ���

��� �

◆✓
E
pz

◆
, ~p0T = ~pT

Lorentz Transformation is similar to a spatial rotation. The difference is that 
Lorentz transformation preserves the Minkowski norm , not the 
Euclidian norm .

E2 − p2
z

E2 + p2
z

We can thus write the Lorentz transformation as

rapidity of S’  
as measured in S
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Boost in an arbitrary direction
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Primed frame (with the same orientation and origin as the unprimed frame) 
moves with arbitrary velocity  in unprimed frame.⃗β = (βx, βy, βz)

Four-vector measured in primed frame:
<latexit sha1_base64="AO9unuIqdm4hRK7aJPevyeqcY8E="></latexit>

P 0 = B(~�)P

Example: 

Consider particle with velocity .  
Momente of decay particles in lab frame: 

⃗β
P′￼= B(− ⃗β)P

<latexit sha1_base64="pMgvqoi8ZIdsFn0Yx3YhYGn/+UI="></latexit>

B(~�) =

0

BBBBBB@

� ���x ���y ���z

���x 1 + (� � 1)�2
x (� � 1)�x�y (� � 1)�x�z

���y (� � 1)�x�y 1 + (� � 1)�2
y (� � 1)�y�z

���z (� � 1)�x�z (� � 1)�y�z 1 + (� � 1)�2
z

1

CCCCCCA
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Example: Beam Rapidities
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y =
1

2
ln

E + pz
E � pz

= ln
E + pzp
E 2 � p2z

= ln
E + pz

m
⇡ ln

2E

m
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Brief summary

16

pT = p sin#

y = atanh�L

⌘ = � ln tan
#

2
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Example of a Pseudorapidity Distribution 
of Charged Particles

17

η

5− 0 5

η
/d

c
h

N
d

0

1

2

3

4

p-p, inel., 410 GeV

p-p, inel., 200 GeV

Beam rapidity:

ybeam = ln
E + p

m
= 5.36

Average number of charged 
particles per collision 
(pp at √s = 200 GeV):

hNchi =
Z

dNch

d⌘
d⌘ ⇡ 20

PHOBOS. Phys.Rev. C83 (2011) 024913
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Difference between dN/dy and dN/dη in the CMS
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Difference between dN/dy and dN/dη 
in the CMS at y = 0:

Simple example:  
Pions distributed according to

1

2⇡pT

d2N

dpTdy
= G (y) · exp(�pT/0.16)

Gaussian with σ = 3 -6 -4 -2 0 2 4 6 η or y

0.5

1.0

1.5

2.0

2.5
dN/dη or dN/dy

dN/dy

dN/dη

pT in GeV

y(⌘) =
1

2
log

0

@

q
p2T cosh2 ⌘ +m2 + pT sinh ⌘

q
p2T cosh2 ⌘ +m2 � pT sinh ⌘

1

A

<latexit sha1_base64="2eEQSSjNdBJB5rTYtErxkPoZZbk="></latexit>

E
<latexit sha1_base64="1JHnt/bspQSuQB0MS6ynVNm3ahk="></latexit>pL

<latexit sha1_base64="osLykiQtuSN1AQInPYReq7+h8FQ="></latexit>

dN

d⌘
=

dN

dy

dy

d⌘
=

s

1� m2

m2
T cosh2 y

dN

dy
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LHC dipole

19

source: lhc-facts.ch

http://lhc-facts.ch
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LHC parameters

20

transverse beam radius: about 20 μm

https://home.cern/resources/brochure/accelerators/lhc-facts-and-figures

https://www.lhc-closer.es/taking_a_closer_look_at_lhc/1.lhc_parameters

https://home.cern/resources/brochure/accelerators/lhc-facts-and-figures
https://www.lhc-closer.es/taking_a_closer_look_at_lhc/1.lhc_parameters
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Luminosity and cross section

21

dNint

dt
= � · L

L = luminosity (in s�1cm�2)

dNint/dt = Number of interactions of a certain type per second

� = cross section for this reaction

L =
n1n2fcoll

A

n1, n2 = numbers of particles per bunch in the two beams

fcoll = bunch collision frequency at a given crossing point

A = beam crossing area (A ⇡ 4⇡�x�y )
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Lorentz invariant Phase Space Element

22

Observable: Average density of produced particles in momentum space

1

Lint

d3NA

d3~p
=

1

Lint

d3NA

dpxdpydpz

However, the phase space density would then not be Lorentz invariant 
(see next slides for details):

d3N

dp0xdp
0
ydp

0
z
=

@(px , py , pz)

@(p0x , p
0
y , p

0
z)

· d3N

dpxdpydpz
=

E

E 0 ·
d3N

dpxdpydpz

Lorentz invariant phase space element: d3~p

E
=

dpxdpydpz
E

The corresponding observable is called Lorentz invariant cross section:

E
d3�

d3~p
=

1

Lint
E
d3N

d3~p
=

1

Nevt,tot
E
d3N

d3~p
�tot

this is called the invariant yield
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Lorentz invariant Phase Space Element:  
Proof of invariance

23

Lorentz boost along the z axis: p0x = px

p0y = py

p0z = �(pz � �E ), pz = �(p0z + �E 0)

E 0 = �(E � �pz), E = �(E 0 + �p0z)

Jacobian:
@(px , py , pz)

@(p0x , p
0
y , p

0
z)

=

�������

@px
@p0

x
0 0

0 @py
@p0

y
0

0 0 @pz
@p0

z

�������

@px
@p0x

= 1,
@py
@p0y

= 1,
@pz
@p0z

=
@

@p0z
[� (p0z + �E 0)] = �

✓
1 + �

@E 0

@p0z

◆

@E 0

@p0z
=

@

@p0z

h�
m2 + p02x + p02y + p02z

�1/2i
=

p0z
E 0

 @pz
@p0z

= �

✓
1 + �

p0z
E 0

◆
=

E

E 0

And so we finally obtain:
@(px , py , pz)

@(p0x , p
0
y , p

0
z)

=
E

E 0
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Invariant Cross Section
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E
d3�

d3p
= E

1

pT

d3�

dpTdpzd'

dpz/dy=mT cosh y=E
=

1

pT

d3�

dpTdyd'

symmetry in'
=

1

2⇡pT

d2�

dpTdy

Calculation of the invariant cross section:

Example: Invariant cross section

for neutral pion production in 
p+p at √s = 200 GeV

Sometimes also measured as a function of mT:

1

2⇡mT

d2�

dmTdy
=

1

2⇡mT

d2�

dpTdy

dpT
dmT

=
1

2⇡pT

d2�

dpTdy

Integral of the inv. cross section
Z

E
d3�

d3p
d3p/E = hNxi · �tot

Average yield of particle X per event
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Average path length of produced particles before decay

25

mass (MeV) mean life τ c τ Llab (p = 1 GeV/c)

π+, π− 139.6 2.6⋅10-8 s 7.80 m 56 m
π0 135 8.4⋅10-17 s 25 nm 185 nm
Κ+, Κ− 494 1.23⋅10-8 s 3.70 m 7.49 m
Κs0 497 0.89⋅10-10 s 2.67 cm 5.37 cm
ΚL0 497 5.2⋅10-8 s 15.50 m 31.19 m
D+, D− 1870 1.04⋅10-12 s 312 μm 167 μm
B+, B− 5279 1.64⋅10-12 s 491 μm 93 μm

Llab = v · � · ⌧ = � · � · ⌧ · c =
p

mc
· ⌧ · c
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Reconstruction of unstable particle via the 
invariant mass calculated from daughter particles

26

Consider the decay of a particle in two daughter particles. The mass of 
the mother particle is given by (“invariant mass”): 

M2 =

✓
E1

~p1

◆
+

✓
E2

~p2

◆�2

= m2
1 +m2

2 + 2E1E2 � 2~p1 · ~p2
= m1

1 +m2
2 + 2E1E2 � 2p1p2 cos#

Example: π0 decay: 

⇡0 ! � + �, m1 = m2 = 0, Ei = pi

) M =
p
2E1E2(1� cos#)

 invariant mass (GeV)

co
un

ts
 (a

rb
. u

ni
ts

)

reconstructed
scaled background

 108 events p+p √s = 7 TeV

(                       )

raw data

0.1 0.2 0.3 0.4 0.5 0.6 0.90.80.7 1

γγ pair pT > 0.4 GeV
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Decay kinematics: π0 → γγ decay (1)
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Lorentz boost to the lab system (along z axis)

Longitudinal momenta of a decay photons:

Energies of the decay photons:

<latexit sha1_base64="oS5icUX6rj86sLqG+c6AUqe633U="></latexit>

p1,z = �(p⇤1,z + �E⇤
� ) = �(p⇤1,z + �E⇤

� )

= �
m

2
(cos ✓⇤ + �)

p2,z = �
m

2
(� cos ✓⇤ + �)

<latexit sha1_base64="0DWQhPnyGdrXqc+i3cxYwuHQ8+w="></latexit>

E1 = �(E⇤
� + �p⇤1,z) = �

m

2
(1 + � cos ✓⇤)

E2 = �
m

2
(1� � cos ✓⇤)

^
✗

→ ✗✗

%
PE

*
>

Pütz z

F-E = TE
L

*K Paz = ME Cost
"

PE = % sin v
*

Decay direction isotropically distributed 
in the rest frame of the particle

<latexit sha1_base64="V8W88eN0U32ppL6K/gXDm/Sjm5k="></latexit>

↵ =

����
E1 � E2

E1 + E2

���� = �| cos ✓⇤|
One sees, e.g., that the energy asymmetry of the two 
decay photons is uniformly distributed between 0 and 
the velocity of mother particle in the lab system:
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Decay kinematics: π0 → γγ decay (2)
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k1, k2: 4-momenta of the decay photons in the lab system
In the lab system:

In the meson rest frame:

As  we obtain:k1k2 = k*1 k*2

Minimum opening angle:
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Decay kinematics: π0 → γγ decay (3)
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Decay kinematics: π0 → γγ decay (4)
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Opening angle distribution peaks at minimum opening angle:
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Summary

■ Center-of-mass energy √s:  
Total energy in the center-of-mass system (rest mass + kinetic energy) 

■ Observables: Transverse momentum pT and rapidity y


■ Pseudorapidity η ≈ y for E ≫ m (η = y for m = 0, e.g., for photons)


■ Production rates of particles described by the Lorentz invariant cross 
section:  
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