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Quantum statistics: Occupation number

For n identical particles, the wave function

(P F)

must be an even (odd) function under interchange of any pair of coordinates for
bosons (ferminon)

n-body wave function:
symmetrize (— bosons) or antisymmetrize (— fermion) product of n single-
particle wave functions

Occupation number

JO, 1,2,...,00 for bosons,
n, = _
/ 0,1 for fermions.

\

label for single-particle state

We have

E n, = n

«
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Average occupation number in thermal equilibrium

Average occupation number of single-particle state a:

1 .
o = ——§ GE. 11 + : Fermi, —: Bose
1 1
B eEOEM + 1 5 B ﬁ

where the fugacity z defines the chemical potential y:

z = ePH

Chemical potential u controls average particle number of the system
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Number of states

Numlber of states between momentum p and p+dp
(each state occupies a volume h3 in phase space):

physical volume
number of states /

A

dN = ﬁ47rp2dp

volume of a spherical shell with radius p
and thickness dp iIn momentum space
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Degeneracy for gluons and quarks

Gluons (spin-1 bosons):

Bg — Bcolor X 2spin = 16

Quarks (spin 1/2 fermions):
8q — 8quark + 8anti-quark

=2 X 8quark
=2 X 2spin X 2flavor X 3color =24

Occupation number:

€ kT +1
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Non-interacting gluon gas

Gluons (u = 0), Bose-Einstein distribution (mguon = 0 = £ = p):

©. @) @)

A E? A E3
o=ty | gy =Gy | EErmy (=k=D
0 0
Solution:
energy density: pressure: gluon density:
2 1 g
Eg = gg%Télv Pg = gé?g, Ng = W_iC(3) T’

((3) = 1.20205

Example: T =200MeV, g, =16 = n, = 2.03 gluons/fm’
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Non-interaction gas of massless quarks and antiguarks

Quark density (Fermi-Dirac distribution, massless quarks, i.e., £ = p):

O

N, 41 E?
nQ(MQ) _ V — gq (27T)3 /dEe(E—,uq)/T + 1 (h =k = 1)
0

no analytic solution for g # 0

pair creation: g + g < radiation

— only the difference of the quark and antiquark density is fixed

For antiguarks we thus obtain:

O

A E?
na(MQ) — 84 (27T)3 /dE o(E+pq)/T 1 (h =k = 1)
0)
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Non-interacting quark gas with py =0

Quark density 8 3 3
(Ug = O): g =g =5 25 3)T

Total energy of the quarks (E = p for massless quarks):

@)

E:/Equ

0

Energy density and pressure (uq = 0):

_ E I 7T_2T4 _ 15 (identical result
=9 = V qu 30 Pq = 39 for antiquarks)
Example: T =200MeV, g, =18 = ng=ng=1.71/fm’
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Non-interacting QGP at y =0

Pressure and energy density in a quark-gluon plasma at y = O without particle
Interactions:

! e
PQGP — (gg + g(gq + ga)> % T4, EQGP — 3PQGP
2 ( e 4
( 375 T* foru d
37 T4 foru d 30 ord
90 .y
= 2 e 4
475 T* foru d
47.5% T* foru d, s L 130 ortnd.s
\

Example:

T =200 MeV, two active quark flavors = eg'Gglfs = 2.55 GeV /fm>
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A. Chodos et al., Phys. Rev. D10 (1974) 2599

339 MOdel T. DeGrand et al. Phys. Rev. D12 (1975) 2060

normal QCD vacuum = Build confinement and asymptotic freedom
INto simple phenomenological model

= Hadron = ,lbag"” filled with massless quarks

= [wo kinds of vacuum

» Normal QCD vacuum outside of the bag

» Perturbative QCD vacuum within the bag
perturbative QCD vacuum

Energy density in the bag is higher than in the vacuum:  €pert — €vacuum =: B

204N | 4
= + -7R’B
R 3"
Kinetic energy of N particles

INn a sphere of radius R

Energy of N quarks in a bag of radius R: E

Condition for stability: d&/dR = 0 (minimum):

04N\Y"* 1 N3 R—08fm
31/4:(224 ) 5 N=3RS08Im  Bl/4 — 206 MeV (B = c = 1)
70
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Critical temperature for an ideal QGP with y =0

Modeling the complicated aspects of the QCD vacuum with one number:

QCDvac.
Qe = €qep T B E=TS—pV (u=0)
pggl[a)vac. — pacp — B = p+e= Ts

So we have (here: HG = massless pion gas — g = 3 [3 species, 1,1, 119)):

pug = 3aT* ene = 9aT? 2

a= —

pQCDvac. _ 37,74 _ g cQCDvac. _ 111,741 B 90
QGP QGP

Gibbs criterion for the phase transition:
B\ /4
pra(Te) = paep < (Te) = Ie= <%) ~ 150 MeV

Phase transition in the bag model is of first order. Latent heat:
eacr 2 (Te) —eng(T.) = 102aT? + B = 4B
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eal QGP with with p = O:
ressure, energy density, and entropy vs.

e 0.1
= QCD-Vak.
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QGP with p # O: Entropy

Entropy density:
dE=TdS—pdV (u=0) = —=s5= = —

Ratio entropy density QGP / massless pion gas:

SQGP = 148aT3, SHG = 12aT° = >QGP ~ 12.3

SHG /

Large increase in volume at QGP — pion
gas transition! (entropy conservation)

Entropy per particle:

Sr 1272/90 - T3
Massless pion gas: g 1202/72 - T3 = 3.6
M 14 E=12

Idel QGP:

Nq Ng
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QGP with p = O:
—nergy and particle number density of quarks

For pug # 0 a solution in closed form can be found for €4 + €5

but not separately for ¢4 and 3 Chin, PL 78B (1978) 552
e Faro M
fa €3 = 8 X (EOT =

Accordingly one finds for the quark density:
3
f M
nq—na:gqx (FqT2 i 67:2>

From this the net baryon density can be determined as (for gq = 12):

— g 241 2 2013
ng — M4 M 2hg 2 Mg 2HB o 2B

= — 3
3 3 (luB Mq)

32 0 8172
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QGP with p = 0:
—nergy and particle number density of quarks

Energy density in a QGP with p = O (without particle interactions):

377% _, 5 =5 3,ug
EQGP = Eq + €5+ &g = 30 T7 4+ 3pug T° 4 72
Condition for QGP stability:
Condition for QGP:
1 | QGP-pressure = pressure of
pep = zeqap = B = Tc(pg) the QCD-vacuum (similar, but

3

not identical, to the previous
condition pra = Pacp)

Critical temperature / quark potential:

us(T =0) = (2n°B)Y/* = 0.43 GeV

Possibly reached

008 )1/ *
. 2
ng(T =0) = 372 (27725)3/4 / in neutron stars (?)

—0.72fm 3 ~ 5 X Nyycleus
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QGP with p = O:

Phase

Diagram of the non-Interacting QGP

quark-gluon plasma

condition: pacep = B

/

ec = 0.7 GeV /fm’

hadron gas
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Lattice QCD

= Formulated in 1974 (K. Wilson), quarks P (@)
numerical Monte Carlo calculations Y S G 4
started ca. 1980 (M. Creutz) . Lol

= First-principles non-perturbative 44—+
calculation

= Benefitted from huge increase in
computing power

= QCD thermodynamics on the lattice

» SO far restricted to g = O

» Two major groups (HotQCD call.,
Wuppertal-Budapest coll.), results agree

= [0 be done:

. . Example of a machine for lattice QCD:
» Lattice QCD for finite baryon number JUGENE in Jdlich (294,912 processor

» Transport properties of the QGP cores, ~ 1 PetaFLOPS)

» Clarify existence and location of critical
endpoint (CEP)
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_attice QCD correctly describes
mass spectrum of hadrons

S. Durr, Z.Fodor et al.,
Budapest-Marseille-Wuppertal Coll.,
Science 322 (2008) 1225

2000 -
: 0
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- — width
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0
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_attice QCD:
Nature of the transition vs. quark mass

° N;=2 PURE

GAUGE = Nature of the transition
depends on quark
Masses

2nd 18t

order

nd
- Z(2)

order

’ "bxrder
O(4)

‘ = |nfinitely heavy quarks

physical point 'O’,.'Nf=3 (pure gauge)

" » First order phase
transition

» Tc= 270 MeV

= Cross over transition for
physical quark masses

tri _
Mg L Ni=1

mu,d

Ding, Karsch, Mukherjee, arXiv:1504.05274
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for three quark

arXiv:1504.05274 flavors (U, d, )\

16 [ eeemessmescmessemesssmesend
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Pressure, energy and entropy density from lattice QCD

= (2+1) flavor QCD

» two light quarks (u,d)
+ 1 heavier quark (s)

= Results extrapolated to
continuum limit

= Pseudo-critical temperature
for chiral crossover transition

» Teo = (154 + 9) MeV
» €c = (0.34 £ 0.16) GeV/fm3

= Hadron resonance gas
(HRG) agrees with lattice
results for T < T¢

= State-of-the art hydro calc’s
use equation of from lattice
QCD
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Speed of sound

entropy density
arXiv:1504.05274 \
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Lattice QCD vs. perturbation theory

arXiv:1504.05274
I

Lattice QCD agrees with

 P/Pideal perturbation theory (HLT)
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Summary QCD thermodynamics

= JToy model based on treating the QGP as a bag in the QCD vacuum filled
with an ideal gas of quarks and gluons provides some intuitive insights into
the phase diagram

= For T =400 MeV the energy density of an ideal gas is only 20% above the
attice QCD results

= | _attice QCD results

» For physical quark masses the transition at us = O Is a crossover
» Chiral symmetry transition coincides with deconfinement transition

» Pseudo-critical temperature and energy density
» Tc=(154 + 9) MeV
» &c =~ (0.34 = 0.16) GeV/fm3

= Not covered, but interesting: Thermodynamic fluctuations, especially
fluctuations of conserved quantities (charge Q, baryon number B, ...)

» Measured via susceptibilities on the lattice, experimentally accessible

QGP physics SS2017 | K. Reygers | 4. Thermodynamics of the QGP

23



