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colour hypercharge Y = λ8/3 
 

                  

 Feynman-Rules for Strong IA and Colour Factors  
 

 Strong IA potential 
 

 Experimental Test of QCD 
 
 
 
 
 
 Running of strong IA constant αs 

 Observation of Gluon 
 Measurement of spin of the gluon 
 Test of SU(3)C structure of strong IA 



SU(3) Color 
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physics is invariant under rotation in color space               
red, green and blue quarks are not distinguishable 
 This is an exact symmetry!   
 
 
 
 
 
                

𝑅′
𝐺′
𝐵′

= 𝑈
𝑅
𝐺
𝐵

 

It is believed (though not yet proven) that all free particles are colour neutral . 
neutral = symmetric under rotation in colour space (Yc = I3=0 is not sufficient!) 

Colour wave function of mesons:  ψC = 
1

3
 (r𝑟 + 𝑔𝑔 + 𝑏𝑏 )  

 
Gluons consists of a combination of colour and anticolour, and have net color. 
Gluons are represented by octett state. 

                                                                                 octett state                             color neutral 
  color                        anti-color                               carry color                              singulett state 
                                                                         (as well Y=0,I3=0 state)  



Gell-Mann Matrices can be “associated” to Gluons! 
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T± = 1/2(λ1 ±iλ2) 

V± = 1/2(λ4 ±iλ5) 

U± = 1/2(λ6 ±iλ7) 

1

6
 (𝑟𝑟 + 𝑔𝑔 − 2𝑏 𝑏) 

1

2
 (𝑟𝑟 − 𝑔𝑔 ) 

r𝑔 ,     g𝑟  

r𝑏 , b𝑟   

b𝑔 ,  𝑏 𝑔  

q(r) 

q(r) 

  

conservation of color  
at each vertex 

q(b) 

q(b) q(r) 

q(b) 

r𝑏  

  

q(b) 

q(r) 
1

6
 (𝑟𝑟 + 𝑔𝑔 − 2𝑏 𝑏) 



Symmetries define Interactions 
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Lagrangian must reflect the invariance of the symmetry transformation. 
The Lagrangian of the free fermion (L = iψ  γμ  𝜕μψ - mψ ψ ) is not invariant under any symmetry,  
thus need to add IA terms. 
The Lagrangian defines the IA. To each Lagrangian, there correpsonds a set of Feynman rules.  
 

QED: U(1)                                                                 QCD: SU(3)               
 

U = eiα(x)                                                                                                       U = 𝑒𝑖α(𝑥)λ                          λi ; i=1,2,…,8 

  
two transformation commute                                two transformation in genreral do not commute           
 
Introduce 1 photon field A to get                          introduce 8 gluon fields Gi to get invariant  
invariant Lagrangian                                                Lagrangian    
 
 
 
 
 
 
 
 

L =  „ψ ψ“ +  „eψ ψ𝐴"+"A2" 

L = iψ  γμ  𝜕μψ - mψ ψ  − 𝑔𝑠 ψ γ
μ𝑇𝑎ψ 𝐺μ

𝑎  −  
1

4
 𝐺μν

𝑎𝐺𝑎
μν   

5 
  

L = „ ψ ψ“  +   „ ψ ψ G“ +  „G2“ +     „gsG
3“     +    „gs

2G4“ 

free fermion        IA        kinematic energy of gluon fields 



The Quark-Gluon Interaction 
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𝑔𝑠 ψ γ
μ𝑇𝑎ψ 𝐺μ

𝑎  
Interaction term: 

vertex factor  part of propagator 

Particle wave functions ψ(x) = u(x) e-ipx →     cj u(x) e-ipx 

c1 = 
1
0
0

 c2 = 
0
1
0

 c3 = 
0
0
1

 colour part of the fermion wave-function 

q                               q 
p1                  p3 

i                      j μ, a 

gluon a 

color  i → j 

vertex factor:       𝑢(𝑝3)cj
†(-1/2 i gs λ

a γμ) ci u(p1) 

isolating the colour part:   cj
†λaci  = λji

a  

vertex factor:       𝑢(𝑝3)(-1/2 i gs λji
a γμ) u(p1) 

q                               q 

i                      j 
μ, a 

gluon a 

color  i → j 

vertex factor:       𝑣(𝑝1)ci
†(-1/2 i gs λ

a γμ) cj v(p3) 

p1                  p3 

isolating the colour part:   ci
†λacj  = λij

a  

fo
r 

an
ti

-q
u

ar
ks

   
   

   
   

   
   

fo
r 

 q
u

ar
ks

 

vertex factor:       𝑣(𝑝1)(-1/2 i gs λij
a γμ) v(p3) 



Feynman Rules for QCD 
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Matrix Element for Quark-Quark Scattering 
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p1                  p3 

i                      j μ, a 

p2                  p4 

ν, b 
k                      l 

coulor indices:  i,j,k,l 

In this example the colour flow ik → jl 
 
a,b are the gluon index. δab ensures that a=b,  
same gluon is „emitted“ at a and „absorbed“ at b  

M = -
  𝑔

𝑠
2

4
λji

aλlk
a 1

𝑞2
 gμν[𝑢 𝑝3 γ

μ𝑢(𝑝1)] [𝑢 𝑝4
 
γν𝑢(𝑝2)] ] 

u                              u 

d                              d 

where summing over a,b and μ, ν is implied. 

iM = [𝑢 𝑝3
1

2
𝑔𝑠 λ𝑗𝑖

𝑎γμ
 
𝑢(𝑝1)] 

−𝑖𝑔μν
 
δ𝑎𝑏

𝑞2
 [𝑢 𝑝4

1

2
𝑔𝑠 λ𝑙𝑘

𝑏γν
 
𝑢(𝑝2)] ] 



QCD vs. QED 
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QED matrix element: 

QCD matrix element: 

M = - 
𝑔
𝑠
2

4
λji

aλlk
a 1

𝑞2
 gμν[𝑢 𝑝3 γ

μ𝑢(𝑝1)] [𝑢 𝑝4
 
γν𝑢(𝑝2)]  

p1                  p3 

i                      j μ, a 

p2                  p4 

ν, b 

k                      l 

u                              u 

d                              d 

M = - e2 1

𝑞2
 gμν[𝑢 𝑝3 γ

μ𝑢(𝑝1)] [𝑢 𝑝4
 
γν𝑢(𝑝2)] ] 

p1                  p3 μ 

p2                  p4 

ν 

                               

e-                          e- 

μ-                             μ- 
e2 → gs

2 

+ add. color factor   C(ik → jl) = 
1

4
 λji

aλlk
a 

α2=
𝑒2

4π
 → αs

2 = 
𝑔
𝑠
2

4π
 



Evaluation of QCD Colour Factors 
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Evaluation of QCD Colour Factors 
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Colour Factor for Mesons 
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Colour-factor for q𝑞   color singulett state:  ψ = 
1

3
 (𝑟𝑟 + 𝑏𝑏 + 𝑔𝑔  ) 

C(b𝑏 → 𝑏𝑏 ) =  
1

4
 λ33

𝑎λ33
𝑎8

𝑎=1    

                         
                        

C(b𝑏 → 𝑔𝑔 ) =  
1

4
 λ23

𝑎λ32
𝑎8

𝑎=1    

                         
                        

C(b𝑏 → 𝑟𝑟 ) =  
1

4
 λ13

𝑎λ31
𝑎8

𝑎=1    

                         
                        



Colour Factor for Mesons 
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Colour-factor for q𝑞   color singulett state:  ψ = 
1

3
 (𝑟𝑟 + 𝑏𝑏 + 𝑔𝑔  ) 

CF = 3 * 
1

3
∗

1

3
∗

1

3
+

1

2
+

1

2
= +

4

3
 Colour factor of meson:  

Computing the colour factor for colour octett states, e.g. ψ = 
1

2
 𝑟𝑟 − 𝑔𝑔  results in negative 

colour factors (see homeworks)  sign of colour factors determine if the potential is 
attractive or repulsive (see next slides).  



Form of QCD Potential: Small Distances 
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Comparision of postironium (e+e-) spectroscopy 
and quarkonium spectroscopy motivate that 
QED and QCD potential the same at small 
distances!  Masses of c, b quarks (1.5/5 GeV) large 
compared to electron mass, thus test potential 
at smaller distances. 
  



Form of QCD Potential: Long Distances 
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e.g. potential  
of a meson  



Hadronisation and Jets 
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Discovery of Gluon 
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discovery of 3-jet events by Tasso  
collaboration in 1977 at PETRA ( 𝑠 ~ 20 𝐺𝑒𝑉) 

Interpreted as quark anti-quark 
pair which emits an additional hard 
gluon. 

e+ 

 
 
 
e- 

q 
 
   g 
 
q 

# 𝑜𝑓 𝑡𝑟𝑒𝑒 𝑗𝑒𝑡 𝑒𝑣𝑒𝑛𝑡𝑠

# 𝑜𝑓 𝑡𝑤𝑜 𝑗𝑒𝑡 𝑒𝑣𝑒𝑛𝑡𝑠
  ~ 0.15 

αs is large! 

αs 



Reminder: Evidence for Color 
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e+ 

 
 
 
e- 

q 
 
   g 
 
q 

αs 

q 
 

u 
d 
s 
c 
b 
t 

 Zi
2 

 

4/9 
1/9 
1/9 
4/9 
1/9 
4/9 

R[ 𝑠  ≤ 2𝑚(𝑞)] 
 

4/3 
5/3 
2 
10/3 
11/3 
5 

Nc=3 „more or less“ confirmed by data! 

= Nc  𝑍𝑖
2 𝑢

𝑖  

original R-factor computation ignored higher 
QCD corrections (due to large size of αs) 
 not negligible! 

(1+ 
α
𝑠

π
+ 1.411 

α
𝑠
2

π2 + …) 



Spin of the Gluon 
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Multi-Jet Events and Gluon Self Coupling 
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Gluon self-coupling is a direct consequence of non-abelian SU(3) gauge symmetry! 
 
 
Test of gluon-self coupling (strenght) is a test of SU(3). 

 
 
    
 
 

Rate of four jet events depend on the colour  
factors of the involved vertices:   
q→gq,  g→qq,  g→gg  



Multi-Jet Algorithms 

21 



4 Jet Events 
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(General) colour factors: 
 
 ~ CF = 4/3                                      

 
 
 ~ Nc = 3                                     
 
 
 ~ Tf = 1/2                      

2 

2 

2 

Value of colour factors are a direct consequence of SU(3) 

Group     NC               CF                   TF 

 

U(1)           0                1                    1 
SU(N)         N       (N2-1)/2N         1/2 
SU(3)           3            4/3                1/2 

1

σ
𝑑σ4 =

α𝑠𝐶𝐹
π

2[𝐹𝐴 + 1 −
1

2

𝑁𝐶

𝐶𝐹
𝐹𝐵 + 

𝑁𝐶

𝐶𝐹
𝐹𝐶 

 

                                  + 
𝑇
𝐹

𝐶
𝐹

 𝑁𝑓𝐹𝐷] 

D 

FA, FB, FC, FD depend on kinematics and not on symmetry group 

B+C 

A 



Angular Correlation of jets in 4-jet events 
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If NC/CF ≠ 0 → contribution from gluon  
self-coupling in the 4-jet events 

2 

~ NC 

Exploiting the angular distribution of 4-jets: 
 Bengston-Zerwas angle 
     cos χBZ ~ (𝑝1  𝑥  𝑝2)(𝑝3 𝑥 𝑝4) 

 
 Nachtmann-Reiter angle 
      cos ϴNR ~ (𝑝1   −   𝑝2)(𝑝3  −  𝑝4) 
 
Allow to measure the ratios TF/CF and NC/CF 

SU(3) predicts: TF/CF = 0.375 and NC/CF = 2.25 

 



Test of SU(3) Symmetry 
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2.25 in SU(3) 

0.375 
In SU(3) 

one example of a measurements 
at the ALEPH experiment (at LEP) 
 
Many more similar analysis exist 
and confirm precisely SU(3) structure 
of QCD! 
 



Strong coupling constant αs 
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QED: Running coupling constants  
due to higher order propgator corrections 

αeff(q
2)= 

α
0

1 −
α

 3π
 𝑄

𝑓
2 log

𝑞2

𝑚
𝑓

2𝑓

 

α0 = 1/137 

QCD:  

What is the q2 dependence of αs? 

note „-“ sign 

screeining of bare charge 



Strong coupling constant αs 
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„screening“                                   „anti-screening“ 
Effective strong coupling αs(Q

2) 
 

αs(Q
2) = 

α
𝑠
(μ2)

1+α
𝑠
μ2 1

12π
33−2𝑛

𝑓
log

𝑄2

μ
2

 nf = # quark flavors  (5) 
μ2 = renormalization scale 
           conventionally μ2 = MZ

2 

β0 =  1

12π
33 − 2𝑛𝑓  > 0 

sign of β0 and thus Q2 dependence of αs , depends on number of quark flavours 

Effective strong coupling αs(Q
2) 

 

αs(Q
2) = 

α
𝑠
(μ2)

1+α
𝑠
μ2 β

0
log

𝑄2

μ2

 

For Q2→∞ ,  αs→0  
at large Q2 quarks are  
asymtotically free → Quark Parton Model 
(Gross&Wilczek (1973), Politzer (1974) 

at small values of Q2, pertubative theory doesn‘t 
work anymore (αs >> 1), this happens around 
 ΛQCD ~200 MeV (value has to come from experiment, see later) 

 

αs(Q
2) = 

1

β
0
log

𝑄2

Λ
𝑄𝐶𝐷

2

 



Strong coupling constant αs 
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Effective strong coupling αs(Q
2) 

 

αs(Q
2) = 

α
𝑠
(μ2)

1+α
𝑠
μ2 β

0
log

𝑄2

μ2

 

at small values of Q2, pertubative theory doesn‘t 
work anymore (αs ~ 1) 
This is the  reason why hadronic computations are 
extremly hard to perform 
 

αs(Q
2) = 

1

β
0
log

𝑄2

Λ
𝑄𝐶𝐷

2

 

If αs(μ
2) is around 1 and Q2/μ2 rather large: 

formular simplifies: 

get ΛQCD value from data! 

ΛQCD ~ 200 MeV  [~ 1 fm] 



Nobel Prize in 2004 

28 

„for the discovery of asymptotic freedom in the theory of the strong interaction“ 

Nobel prize was awarded after a lot of experimental results from HERA (e±p collider)  
confirmed this hypothesis 



Measurement of  αs 
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αs measurements are done at fixed scale Q2:  αs(Q
2)  

I) αs from hadronic cross section in e+e- collisions 
 
 
 
 
 
 

II)  αs from hadronic event shape variables 
 
 

Rhad = 
σ(𝑒𝑒→𝑎𝑑𝑟𝑜𝑛𝑠)

σ(𝑒𝑒→μμ)
= 3  𝑄𝑞

2(1 +
α
𝑠

π
+ 1.411

α
𝑠
2

π2 + … ) 

unfortunately not very precise ... 

e+ 

 
 
 
e- 

q 
 
   g 
 
q 

αs 

3-jet rate  R3 = 
σ
3
−
𝑗𝑒𝑡

σ
𝑎𝑑

  
measure R3 as function of jet paramter y 
(similarly other event shape variables can be used) 



Measurement of  αs 
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III)   αs from hadronic τ decays  

Rτ
had = 

Γ(τ→ν
τ
+𝑎𝑑𝑟𝑜𝑛𝑠)

Γ(τ→ν
τ
+𝑒+ ν

𝑒
 )

 ~ f(αs)  

Rτ
had =  

Rτ
had =  Rτ,0

had (1 + 
α
𝑠
(𝑚

τ
2)

π
 + …)  

IV) αs from DIS (deep inelastic scattering) 



Running of  αs and Asymptotic Freedom 
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τ 
m

as
s 

~ 
Z0

 m
as

s 


