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Symmetries

T.D.Lee:
“The root to all symmetry principles lies in the assumption that it is 
impossible to observe certain basic quantities; the non-observables”

There are four main types of symmetry:
• Permutation symmetry: 

Bose-Einstein and Fermi-Dirac Statistics
• Continuous space-time symmetries: 

translation, rotation, acceleration,…
• Discrete symmetries: 

space inversion, time inversion, charge inversion
• Unitary symmetries: gauge invariances: 

U1(charge), SU2(isospin), SU3(color),..

Noether Theorem: symmetry conservation law



lepton numberRelative phase between 
states of different lepton 
number L

charge conjugationAbsolute sign of electric 
charge

chargeRelative phase between 
states of different charge Q

baryon numberRelative phase between 
states of different baryon 
number B

isospinDifference between different 
coherent mixture of p and n 
states

parityAbsolute right (or left)
angular momentumRotationAbsolute spatial direction
energyTime translationAbsolute time
momentumSpace translationAbsolute spatial position

B.-E. or F.-D. statisticsPermutationDifference between identical 
particles

Conservation Laws or 
Selection Rules

Symmetry TransformationsNon-observables
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Lepton / baryon number conservation:



Diskrete Symmetrien C, P, T

• Parity, P
– Parity reflects a system through the origin.  Converts

right-handed coordinate systems to left-handed ones.
– Vectors change sign but axial vectors remain unchanged

• x → −x  , p → -p, but L = x × p → L

• Charge Conjugation, C
– Charge conjugation turns a particle into its anti-particle

• e + → e− , K − → K + 

• Time Reversal, T
– Changes, for example, the direction of motion of particles

• t → −t

+ −

Discrete symmetries ⇔ multiplicative quantum numbers



Transformation Properties

1 1 2 2 1 22 2 1 1 2 1

1 1 2 2 1 25 2 5 2 5 1 5 1 5 2 5 1

1 1 2 2 1 22 2 1 1 2 1

1 1 2 2 1 25 2 5 2 5 1 5 1 5 2 5 1

1 1 22 2 1

:

:

:

:

:

P C CP T CPT

S

P

V

A

T

µ µ µ
µ µ µ

µ µ µ
µ µ µ

µν
µν µν

ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ ψ

ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ

ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ ψ γ ψ

ψ γ γ ψ ψ γ γ ψ ψ γ γ ψ ψ γ γ ψ ψ γ γ ψ ψ γ γ ψ

ψ σ ψ ψ σ ψ ψ σ ψ

→

→ − − −

→ − − − −

→ − − − −

→ − 1 2 22 1 1
µν µν

µνψ σ ψ ψ σ ψ ψ σ ψ− −

Transformation properties of Dirac spinor bilinears:
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T Reversal

• Wigner found that T operator is antiunitary:

( ) * *
1 2 1 2| | | |T C C C T C Tψ φ ψ φ〉 + 〉 = 〉 + 〉

• As a consequence, T is antilinear:

• This leaves the physical content of a system unchanged, since: 

† *' | ' | |T Tψ φ ψ φ ψ φ〈 〉 = 〈 〉 = 〈 〉

| ' | ' | | | | | | |ψ φ φ ψ ψ φ〈 〉 = 〈 〉 = 〈 〉

• Antiunitary operators may be interpreted as the product of an unitary 
operator by an operator which complex-conjugates.



Parity Violation in Weak Interaction
(Charged current)
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C and P Violation
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Auf ersten Blick scheint schwache Wechselwirkung invariant unter CP.
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Partity Violation in Neutral Current ?

Instead of gl and gR the vector and axial vector couplings are often used:
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CPT Symmetrie

Local Field theories always respect:
• Lorentz Invariance
• Symmetry under CPT operation   (an electron = a positron travelling back in time)
=> Consequence: mass of particle = mass of anti-particle: 

• Question 1: 
The mass difference between KL and KS:  ∆m = 3.5 x 10-6 eV => CPT violation?
• Question 2:
How come the lifetime of KS = 0.089 ns while the lifetime of the KL = 51.7 ns?
• Question 3:
BaBar measures decay rate B-> J/ψ KS and Bbar-> J/ψ KS. Clearly not the same: how can it 
be?
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=> Similarly the total decay-rate of a particle is equal to that of the anti-particle

(Lüders, Pauli,  Schwinger)

(anti-unitarity)





Dirac Equation for free Spin ½ Fermion

0=−∂ ψψγ µ
µ m

Solutions ψ are four-component spinors. 

They describes the fundamental spin ½ particles:
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Gamma Matrices
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Continuity Equation
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Langrangian

( ) ( ) ( )( ), , , ,j jx t x t x tµφ φ= ∂
r r rL L

( )4 ,A d x x t= ∫
rL

( ), , 1,2,...,j x t j Nφ =
r

Local field theories work with Lagrangian densities:

The fundamental quantity, when discussing symmetries is the Action:

If the action is (is not) invariant under a symmetry operation then 
the symmetry in question is a good (broken) one

=> Unitarity of the interaction requires the Lagrangian to be Hermitian

with                                   the fields taken at ,x tr

( )intexpS iA= (S matrix theory)



Toy Theory
Consider a spin-1/2 (Dirac) particle (“nucleon”) interacting with 
a spin-0 (Scalar) object (“meson”)
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Interaction: Scalar and pseudo scalar couplings



Local Gauge Invariance
= Lagrangian must be invariant under local gauge transformations

Theory of massless Fermions: ( )i µ
µψ γ ψ= ∂L

“global” U(1) gauge transformation: ( ) ( ) ( )ix x e xαψ ψ ψ′→ =

“local” U(1) gauge transformation: ( ) ( ) ( ) ( )i xx x e xαψ ψ ψ′→ =

Is the Lagrangian invariant? ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
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invariant!



Gauge Field

=> Introduce the covariant derivative: D ieAµ µ µ≡ ∂ −

and demand that Αµ  transforms as: ( )1A A A x
eµ µ µ µα′→ = + ∂

′→ =L L L

• Introduce charged fermion field (electron)
• Demand invariance under local gauge transformations (U(1))
• The price to pay is that a gauge field Aµ and the IA with the field must be 

introduced at the same time.

Conclusion:

Attention: Mass terms are not gauge invariant!



Standard Modell Lagrangian
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f  =  fermions (quarks, leptons)

G = gauge bosons (W, B)

H  = Higgs doublet
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Langrangian formally violates P and C, but conserves CP
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L(f,H) and Symmetrie Breaking

υφφ +→ 00 3,2,1, =iiφ

„Eaten“ up by W± and Z bosons becoming massive 

Spontaneous Symmetry Breaking: 
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Physical Quark Fields

Diagonalize mass matrices: ),,.( tcuRL mmmDiagDUmU ≡=+

),,.( bsdRL mmmDiagDUmU ≡′=′′′ +(matrix theory: possible w/ help
of 2 unitary matices)

convention
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analog for d-type quarks
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Similar relations also for
right-handed quarks



Mass terms

Remark: )1(
2
1)1(

2
1 5050 γγγγ −=−== ++ qqqq LL

Substitution into L(f,H):

Note:   Lphys(f,H) conserves C and P separately, and therefore also CP. 



Charged Current Interaction
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CP Violation and Mixing Matrix
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CP Violation ⇒ Phase ≠ 0, π

d t

CP 

XC is maximally P and C violating and CP conservation requires V to be real 



Parameters of the CKM Matrix

Unitary N × N Matrix:    → N2   Parameters:

N ( N - 1 )/2  Euler angles

N=3
9

3
(rotation angles)

Remaining parameters are phases:
2N-1 are unmeasurable phase diff 5

6

( N – 1 )2 observable parameters 4



Unobservable Phases
Phases of left-handed fields in JC are unobservable:   possible redefinition
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CP violation with 3 families

CKM Phase δ ≠0,π ⇔ CP Violation Not fully correct !

Assume that s and b quark have the same mass: extra symmetry

= rotations in s/b quark space

New s-quark: bVsVs ubus
new +~

u-quark only couples two d and snew but not to bnew

New mixing matrix:

(contructed from 1st

row using unitarity) 
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Necessary (but not sufficient) conditions for CP Violation
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CKM Parametrization

PDG choice
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CKM Parametrization
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→ hierarchy expressed by orders of λ = sinθc≈ 0.22



CKM Parametrization

PDG choice + Wolfenstein inspired parametrization
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in O(λ3) equal to Wolfenstein parametrization. 



Unitarity Triangle „bd“ in O(λ3)
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Angles
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CKM Phases and Angles
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All triangles …
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Jarlskog Invariant 

562 103Im −∗∗ ⋅≈≈±= ηλAVVVVJ kjilklij

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

tbtstd

cbcscd

ubusud

VVV
VVV
VVV

∗

∗

2
Jarea =

(all triangles)

0))()((

))()((

≠−−−×

−−−⋅

dsdbsb

cuutct

mmmmmm

mmmmmmJCP Violation:



Triangles in Higher Order
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1. CP is explicitly broken

2. There is a single source of CP violation: δCKM

3. CP violation appears only in charged current interactions of quarks

4. CP violation is closely related to flavor changing interactions

Standard Modell



Mixing of neutral mesons

Standard Model predicts oscillations of neutral Mesons:
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Phenomenological description of mixing

Schrödinger equation for unstable meson:
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Heavy and light mass eigenstate:
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Mixing of neutral mesons
Time evolution of rates:
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Mixing Mechanism

Two mixing mechanisms:
• Mixing through decays

• Mixing through oscillation )1(
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Mixing mechanisms:
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Matrix Element

Propagator=Π



Light Quark Contribution

:0  For ≈= cu mm 0Π=Π=Π cu (similar to GIM)

Using unitarity: 0=++ ∗∗∗
tbtdcbcdubud VVVVVV

Corresponds to single matrix element w/ inner fermion „t – u “
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D0 Mixing Formalism







++−+∗ → ππ )(0 KDD



Status aufgrund CP erhaltender Messgrößen
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Couplings in electroweak Theorie
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1. Photonkopplung an Fermionen (an LH und RH Fermionen gleich)

2. W-Kopplung an Fermionen (nur an LH Fermionen)

3. Z-Kopplung an Fermionen (an LH und RH Fermionen verschieden)
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Häufig werden statt gl und gR auch die Vektor und Axialvektorkopplungen 
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