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While there is perhaps a province
in which the photograph can tell us
nothing more than what we see
with our own eyes,
there is another
in which it proves to us
how little our eyes permit us to see.1
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Abstract
An important part of many scientific experiments and applications is optical imaging of the
object of interest with the best possible resolution and low imaging errors. We designed and
implemented a nearly diffraction limited imaging system with numerical aperture 0.14, limited by
the constraints of our experiment. To this end a procedure was developed and utilised to stepwise
build the imaging apparatus and to reproducibly achieve the specified numerical aperture, a
well-defined optical axis and low imaging errors. Additionally we introduced a method to measure
relevant imaging errors and characteristics of an imaging system in situ by studying uncorrelated
fluctuations in the imaged object. With this technique we are able to measure the exit pupil
of the imaging system, to quantitatively assess imaging errors and to identify their origin. By
applying these techniques we improved the imaging resolution by a factor of two and attained
a high standard, near-diffraction limited optical system with Strehl ratio 0.67. We find that
the new imaging system is limited by the spherical aberrations of a viewport separating object
and imaging system. In our experiment we seek to optically image individual Rydberg atoms
immersed in an atom cloud in a single shot with high resolution. With the new imaging system
the optical resolution of single Rydberg atoms is within reach.

Zusammenfassung
Ein bedeutender Bestandteil vieler wissenschaftlicher Experimente und Anwendungen ist das
optische System, das das untersuchte Objekt mit bestmöglicher Auflösung und geringen Abbildungsfehlern abbildet. Wir entwickelten und konstruierten ein Abbildungssystem mit numerischer
Apertur 0.4, beschränkt durch die gegebenen Rahmenbedingungen unseres Experiments. Für
dessen Aufbau entwarfen wir eine schrittweise Vorgehensweise, die reproduzierbar die spezifizierte
numerische Apertur, eine wohldefinierte optische Achse und geringe Abbildungsfehler erreicht.
Zusätzlich setzten wir eine Methode ein, um relevante optische Fehler und Eigenschaften eines
Abbildungssystems in situ mittels der Analyse unkorrelierter Fluktuationen des abgebildeten
Objektes zu untersuchen. Mit dieser Technik sind wir in der Lage die Austrittsöffnung eines
optischen Systems zu messen, Abbildungsfehler quantitativ zu bestimmen und auch deren Ursache
zu ermitteln. Durch Anwendung dieser Technik gelang es uns das Auflösungsvermögen unseres
Systems um einen Faktor zwei zu verbessern und ein hochwertiges, nahezu beugungslimitiertes
System mit Strehlzahl 0.67 zu erhalten. Das neue Abbildungssystem ist durch die sphärischen
Aberrationen eines Schauglases limitiert, welches das untersuchte Objekt und das Abbildungssystem trennt. In unserem Experiment bemühen wir uns darum, einzelne Rydbergatome innerhalb
eines Atomgases in einer einzelnen optischen Aufnahme scharf abzubilden. Durch das neue
Abbildungssystem ist die optische Auflösung einzelner Rydbergatome nun erreichbar.
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1. Introduction
Many objects of human interest and scientific curiosity cannot be investigated or dissected
directly, both because they are either inaccessible by distance, barrier or size, or because contact
would cause immediate disturbance up to complete destruction before any information can be
gathered. Consequentially, the use and study of light is one of the most practicable, versatile
and fundamental approaches to the observation and even manipulation of objects in science.
Historically outstanding examples for this are Galileo Galilei, whose eyes were assisted by an
optical telescope when he made the seminal discovery of satellites orbiting Jupiter, or the early
microscope of Robert Hooke, which empowered him to go beyond what one ordinarily can see and
to discover the constituents of life - cells. These observations put to test conventional ideas of
the inner working of the universe, contradicting established theories and thereby helped advance
human comprehension of nature.
In many branches of research and scientific application, a key method for observing and studying
an object is optical imaging. The resolving power of any imaging apparatus is ultimately limited
by the solid angle of collectible light originating from the object. This fundamental boundary to
resolution is in general termed the diffraction limit. Without careful design and implementation,
the imaging apparatus will hardly reach this limit, because imaging errors rapidly decrease
the resolution power further. As a result the image of a point is smeared out by a function
characteristic for the entire imaging system, limiting the amount of information which can be
retrieved about the underlying system. This point spread function is determined by the collected
solid angle of light and all imaging errors. For example, misalignment of optical elements causes
notable deviations of the point spread function from the diffraction limit. Additionally, surface
errors down to a fraction of the wavelength limit the real life performance of an optical system [22].
The point spread function can be characterised in a special test environment without hindrance,
usually by inserting or creating a point-like object in the object plane. Ideally the characterisation
of the imaging system is undertaken in situ such that optical properties are not modified by
changing the environment of the optical system. Furthermore, an in situ characterisation could
enable a constant monitoring of the optical properties. In the course of this thesis we investigated
a technique of in situ optical characterisation which only relies on imaging uncorrelated noise of
an object. Noise is imaged equivalently to a point source, such that the point spread function can
be measured by analysing the spatial correlations of the image of a fluctuating object. In the
Fourier domain, the spatial correlations give the exit pupil of the imaging system and additionally
its phase aberrations mapped onto an amplitude modulation. Therefore the noise correlation
analysis allows the direct quantification of imaging errors and the identification of their origin.
From the imaging errors the point spread function of the system can be calculated, to which
typical resolution measures like the Rayleigh criterion and the Strehl ratio can be applied. This
noise correlation approach is almost universally applicable to incoherent [21, 28] and coherent
imaging of arbitrary noisy targets.
In atomic-and-molecular physics often coherent light is imaged. A standard standard technique
used in many setups is for example absorption imaging, where the object of interest casts a
shadow into a coherent imaging beam. Modern quantum matter experiments do not focus only
on studying the gross structure of a large sample of trapped particles and instead aim to resolve
finer features. Be it a single atom or ion [36, 33], particles in lattices with sites of µm or even
sub-µm-spacing [4, 2] or density-density correlations of matter [12][9] etc., high resolution and
low error imaging systems are called for. An astounding variety of specialised imaging systems
has been devised over the years, of which we would like to exemplarily point out [35, 1, 18]. One
particular goal of our Rydberg experiment is to reveal the structure and dynamics introduced by
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exciting 87 Rb atoms to highly excited, strongly interacting states, so-called Rydberg states. An
exemplary possibility for investigation pursued to date with the apparatus is to optically image
individual Rydberg excitations by utilising the effect of the strong interactions on a background
gas to enhance the optical signal [14]. The feature size to be resolved is estimated to be ≈ 2 µm to
5 µm. Without relying on custom-made optics and lenses inside the vacuum chamber, an imaging
system with an ideal, diffraction limited optical resolution of 1.2 µm (standard deviation) was built
and characterised during the work presented in this thesis. Additionally to initial characterisations
in a test environment imaging a pinhole, we applied the noise correlation technique to the newly
built imaging system and its precursor. In cold-atom experiments the noise target is provided by
a typical dilute thermal cloud.
This thesis starts with a review on imaging cold atom clouds in chapter 2, where we address
both the aspect of probe light interacting with the sample and the subsequent light propagation
towards the camera. Thereby we put an emphasis on the density noise inherent in an atom cloud
and how it maps onto the measured intensity distribution. Drawing on these results we introduce
our novel in situ characterisation technique in chapter 3. In chapter 4 we then discuss the design
and construction of the new imaging system. The characterisations in the test environment and in
situ in the Rydberg experiment (presented in chapter 5) give measured resolutions of 1.6 µm and
1.3 µm, respectively, greatly benefiting our experiments and putting single-shot, single Rydberg
atom resolution at reach.
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2. Imaging cold atom clouds
Optical imaging is a well-established, vital tool to inspect an object of interest, well beyond
physics experiments with atoms or molecules. An object is imaged by illumination with a light
source, in cold-atom experiments typically a laser source. The atoms interact with this light field
and emit spherical scattered waves. Different observational techniques exist, depending on the
observed part of the total light field and the laser frequency with respect to the atomic transition1 .
Light is collected by an optical imaging system and focused onto a camera for detection.
A standard technique for imaging an atom cloud is coherent, resonant absorption imaging. Here,
the superposition of the coherent incident light field with the scattered light field is observed. In
propagation direction of the laser, the scattered waves and the incident field are out of phase by
π, resulting in destructive interference. Therefore a shadow is cast by the cloud into the detected
intensity distribution. This reflects the distribution of scatterers. Alternatively only the scattered
light can be observed. This technique is called fluorescence imaging.
Scattered light and incident light can be described in a microscopic picture, taking every emitter
into account. In this ansatz the coherence porperties of the scattered light can be accounted for, as
well as possible interference between incident and scattered light on the detector. We will present
our model in sec. 2.1. The further light propagation through the imaging system can be described
by macroscopic quantities like the pupil of the imaging system and the distribution of imaging
errors across this opening. Therefore a classical approach usually is sufficient to understand how
an imaging system impacts the image obtained of the object. We will introduce a description of
imaging in sec. 2.2 et seqq. This description of light scattering by the object and the following
imaging will enable us in chapter 3 to develop a technique to measure imaging characteristics by
imaging a thermal cloud.

2.1. A microscopic picture of atom light interaction
In a microscopic description we explicitly distinguish between light Esc scattered by the individual
atoms and the incident light field Einc . A scattered wave is created by the interaction between
the electric field of the incident light and the atom, inducing a dipole, which then reradiates a
spherical scattered wave. After the incident light field has passed the atom, the total present
electric field is the coherent superposition
Etot = Einc + Esc .

(2.1)

Above relation is valid in the far field of the scatterer and for quasi-monochromatic light of
wavelength λ. We will first introduce this concept further for a single scatterer. Thereafter we
will introduce an average descritpion for a cloud of atoms. For our description we draw on similar
models developed in [40, 3, 37] for single atoms and [7] for an ensemble of atoms.

2.1.1. A single atom interacting with light
The atoms can be modeled as quantum mechanical two-level systems interacting with the incident
electric field, while we describe light fields classically. To describe the atom-light interaction we
use the usual dipole approximation [32], such that the light radiated by the scatterers is dipolar,
1 Further

techniques additionally manipulate electric fields after their interaction with the imaged object. An
example is phase contrast imaging.
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with the dipole operator
dˆ = −e~r = dˆge + dˆeg = dge (σ̂ge + σ̂eg ) ,

ˆ .
dge = hg|d|ei

(2.2)

Here we also introduced the atomic transition operators
σ̂ij = |iihj| ,

i, j ∈ {e, g} .

(2.3)

The dipole operator is used to express the classical field of a single dipole [8] to
(+)
(−)
Esc (~r) = Esc
(~r) + Esc
(~r)

with
and

(+)
Esc
(~r) = η(~r)e−i(ωt+kr+π/2) dˆge
†

(−)
(+)
(~r) ;
Esc
(~r) = Esc
0
η(~r) = Esc

(r̂ε̂)r̂ − ε̂
,
|r|

(2.4)

where we have introduced positive E (+) and negative E (−) frequency components. The vector
sign of the electric field was dropped for brevity. The spatial phase of the scattered wave is given
by kr, with k = |~k| = 2π/λ and r = |~r|, such that a spherical wave is described. The typical
dipolar radiation pattern is formed by the amplitude prefactor η. For the incident light we assume
a coherent plane wave, describing a collimated beam typical for absorption imaging
(+)

(−)

Einc (~r) = Einc (~r) + Einc (~r)
with

(+)

~

Einc (~r) = E 0 e−i(ωt+k~r) .

(2.5)

The scattered light is phase shifted by π/2 relative to the incident light field. However, the measured
intensity distribution will also depend on the phase of the in general complex expectation value of
the dipole.
The intensity measured on a detector is given by
D
E
I(~r) = E (−) (~r) E (+) (~r) .
(2.6)
Here h. . . i signifies the average over time during one realisation. Applying this definition to the
total field yields the intensity [40]
Itot (~r) = Iinc (~r) + Isc (~r) + Iint (~r) ,

(2.7)

where we have introduced the intensity of the incident light field Iinc , the intensity of the scattered
wave Isc and the intensity due to the interference of the two Iint . We show in Fig. 2.1 that Isc is
small compared to Iinc . In contrast, the total intensity is strongly modified by the interference
intensity. In propagation direction of the incident light it is given by
h
i
Iint = E 0 η< ihdˆge i .
(2.8)
D E
The expectation value dˆge of the transition dipole operator is in general complex, with a positive
imaginary part [8]. Therefore Iint behind the scatterer is in general negative, casting a shadow
into the total intensity (cf. Fig. 2.1)2 .
2 The

phase of the incident light field can be rotated by π/2 after interactingD with
E the scatterer via manipulation
during imaging. Then the interference term arises due to the real part of dˆge . It can be shown that the real
part strongly depends on the detuning of the laser light. The depth of the shadow can therefore be increased by
the detuning. This is the basis of phase contrast imaging.
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The scattered electric light field can be partitioned into a constant and a fluctuating component [8].
ˆ + δ dˆ.
dˆ = hdi

(2.9)

ˆ is well defined with respect to the incident field, allowing a
The phase of the average dipole hdi
coherent superposition of the two. The fluctuating part δ dˆ bears a randomly changing phase, such
that no interference with the incident field is possible. This contribution is therefore incoherent.
The interference intensity only depends on hdˆge i and therefore is fully coherent with respect to
the incident light field. Since this term accounts for the absorption shadow, the absorption
D
E image
ˆ
ˆ
is a coherent image. The scattered intensity depends on the dipole operator via deg dge , which
splits into a coherent and an incoherent part as follows.
D
E D ED E D
E
dˆeg dˆge = dˆeg dˆge + δ dˆeg δ dˆge .
(2.10)
Therefore the scattered intensity has both a coherent and an incoherent contribution. It can be
shown that the ratio of coherent and incoherent scattered light depends on the detuning of the
incident light from the atomic resonance, its line width and the field strengths [8]. In the weak
probe limit the scattered light is mostly coherent, while for strong driving the atomic transition
saturates and the coherent fraction peaks. Then the incoherent contribution saturates as well. In
fluorescence imaging only the scattered intensity Isc light is observed. Hence the signal detected
in fluorescence imaging has a mixed degree of coherence.
The presented microscopic model of light interacting with a single atom shows that an absorption
shadow appears in the total intensity behind the atom. This shadow can be imaged by an optical
system. The interference term only arises for the part of the scattered light which is coherent with
the imaging beam. Irrespective of the parameters of the driving laser field, a coherent contribution
is always present in the light field [8]. Therefore absorption imaging essentially is coherent. In
the next subsection we will extend the single-atom model to describe a cloud of many atoms.
Furthermore we will incorporate optical imaging to model the intensity distribution across the
detector.

2.1.2. A dilute cloud of atoms interacting with light
In the presence of many atoms the electric field distribution far away from the scatterers is given
by the superposition of all scattered waves and the incident light field
X
(j)
Etot = Einc +
Esc
.
(2.11)
j

In principle, all atoms are exposed to the dipole fields of all other atoms. For a dilute loud we
will assume that collective effects can be neglected. In Fig. 2.1 we found that a single dipole does
not notably distort the phase of the incident field in its vicinity. Therefore we can assume that all
dipoles in a dilute sample radiate in phase with one another and with the incident field. This is
illustrated in Fig. 2.2.
The detection of the superposition light field is achieved through an imaging system, which can
be characterised by the complex point spread function psf . Upon imaging, Etot is convolved with
the psf to obtain the electric field on the detector Edet . We assume that the incident field is fully
captured by the optical apparatus. Since Einc varies slowly on length scales comparable to the
psf it only picks up a global phase from the optical phase errors Φ. Of the scattered light only
the fraction f is being imaged. In summary we get
(+)

(−)

Edet = Edet + Edet
with

(+)

(+)

Edet = Einc eiΦ(~a) + f

X

(+)(j)
Esc
⊗ psf

j

and

(−)
Edet

=

(+) †
Edet

.

(2.12)
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(a) <(Einc )

(b) Iinc

(c) <(Esc )

(d) Isc

(e) <(Etot )

(f ) Itot

Figure 2.1.: A single dipole emitter placed in a collimated, coherent beam. On the left side we show
real parts of electric field quantities to illustrate their phases; on the right we give respective intensities to
study interference. The real parts of the electric fields and intensities have the same scale as depicted (a)
and (b), respectively. The amplitude of the dipole emitter was chosen small compared to the incident
0
light field (Eo = 10, Esc
/E 0 = 0.1), such that the scattered intensity Isc is a negligible perturbation to
Iinc in the far field. Due to interference of the fields, Itot shows a significant shadow in forwards direction,
extending far longer than Isc . The phase of the incident light is only minimally perturbed by the scattered
wave, as can be seen in (e).

The derivation of these expressions is carried out in appendix A.1.
The general expression for the detected light (2.12) accounts for every individual scatterer. This
is useful for example in an few body cold-atom experiment where the individual atom can be
detected. In our experiments we instead image an atom cloud with a large number of particles
where the individual scatterer is never resolved. Then the atom cloud can be described by a
number density distribution n(~r) of atoms. The field distribution of the
R total scattered light
outside the cloud is then proportional to the projected 2D density Esc ∝ n dz = n2D along the
line of sight z. The projected density distribution can be further split into fluctuations δn between
realisations and an average contribution n̄ accounting for the gross structure of the atom cloud.
n2D = n̄ + δn .

(2.13)

The density fluctuations are mapped onto the scattered electric field such that
X

(j)
Esc
= Esc + δEsc .

(2.14)

j

In a dilute gas regime the average and fluctuating contribution to the total scattered field outside
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2.1. A microscopic picture of atom light interaction

imaging
light
x

Einc

z

Figure 2.2: Relative phase of two spatially separated scatterers. They are
illuminated by a coherent plane wave
(red) and scatter light in phase with the
incident field (blue). Therefore the scattered waves are also in phase with one
another. The drawn lines represent zero
phase contour lines.

Esc

camera
the cloud can be denoted as

Esc (~r) = εEsc n̄(~r)
and

δEsc (~r) = εEsc δn(~r) ,

(2.15)

with a proportionality factor ε accounting for the attenuation of the field strength. Esc contains
information on the envelope of the cloud, which typically varies over long length scales compared
to the psf . Hence like Einc , Esc only picks up a phase upon imaging. With these approximations,
we arrive at the following expression for the electric field on the detector
(+)

(+)

Edet = Einc eiΦ(~a) + f Esc

(+) iΦ(~
a)

e

(+)
+ f δEsc
⊗ psf ,

(−)

(+) †

Edet = Edet .

(2.16)

The intensity across the detector is given by eq. 2.6. Like in the single atom case, the detected
intensity can be split up into several contributions
Idet (~r) = Iinc (~r) + Isc (~r) + Iint (~r) ,

(2.17)

which we will discuss in the following. Further details of this calculation can be found in
appendix A.1.
• Iinc (~r). This is the imaged intensity distribution of the illuminating laser field.
• The coherent interference term between background light field and the scattered field is
given by
h
D Ei
h 
 D Ei
Iint (~r) = E0 < iξ n̄ dˆge + E0 < iξ δn ⊗ psf eiΦ(~a) dˆge .
(2.18)
Here the new proportionality factor ξ = f ηε was introduced. In above equation we were
further able to split the result into one summand describing the average distribution of
scatterers and one denoting the contribution due to density fluctuations.
The correlation length of the optically imaged density fluctuations is governed by the point
spread function. This enables us to measure the point spread function via imaging a dilute
thermal cloud. Additionally it is important to point out that the interference term is
proportional to the field strength of the imaging beam, i.e. in comparison to the intensity
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of purely scattered light the interference term dominates. This is analogous to homodyne
interferometry. There a scatterer is excited by a laser source and the scattering signal
is again superimposed with the excitation source before detection to enhance coherently
scattered light.
• For the intensity of the collected scattered light field Isc we obtain
h

D
Ei
2
g + < ξ 2 n δn ⊗ psf
g dˆeg dˆge .
Isc (~r) = f 2 Isc (~r) + f 2 δIsc ⊗ psf

(2.19)

This term is proportional to f 2 and is in general positive and therefore reduces the depth of
the absorption shadow in dependence of the collected scattered light. Unlike the interference
term, the scattering term does not couple to the incident electric field. Therefore the
interference term is dominant for absorption imaging and absorption imaging can be treated
fully coherent. To leading order, the recorded intensity distribution in absorption imaging is
h
D Ei
h 
 D Ei
Idet (~r) =Iinc (~r) + f 2 Isc (~r) + E0 < iξ n dˆge + E0 < iξ δn ⊗ psf eiΦ(~a) dˆge . (2.20)
In the next section we will discuss the aspect of optical imaging of an electric light field in
greater detail.

2.2. Optical imaging and the point spread function
Optical imaging collects light falling into the certain solid angle covered by the imaging system
and redirects it onto a suitable detector. Irrespective of the degree of coherence of this light, this
process can be understood as the propagation of electric fields along the optical axis. To describe
optical imaging, we in general desire a relationship h between a field distribution at the object
plane Eo and the detector plane Edet :
h(x,x0 ;y,y 0 )

Eo (x, y) −−−−−−−→ Edet (x0 , y 0 ) .

(2.21)

Here as well as in the following we use z to denote the propagation direction of interest. The
function h summarily describes how each medium and object along z ”responds” to the light
field originating from (x, y) and which field distribution arises from it in the (x0 , y 0 ) plane. h is
therefore also called the system’s response function. Naturally, h is also dependent on the distance
between object and detector plane.
The macroscopic propagation of light can suitably be described by the free-space Helmholtz
equation [30]
(∇2 + k 2 )E(~r) = 0 ,

(2.22)

which follows from the Maxwell equations. Since this is a classical theory, we can drop the
distinction between positive and negative frequency components adopted in the previous section.
~ r), since the
We will furthermore only consider one scalar component of the electric field E(~
Helmholtz eq. describes each individually. The astounding property of the Helmholtz equation is
its linearity. Therefore the superposition principle applies to optical imaging and the individual
responses in eq. (2.21) can be integrated to yield
ZZ
Edet (x0 , y 0 ) =
Eo (x, y)h(x, x0 ; y, y 0 ) dxdy .
(2.23)
R2

A very useful assumption is to take the response function to be shift invariant [30]. This implies
that the response is equal for each source point and thus only depends on the relative distance
between points in the object and image plane, i.e.
h(x, x0 ; y, y 0 ) ≡ h(x − x0 , y − y 0 ) .
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2.2. Optical imaging and the point spread function
Then eq. (2.23) is the convolution
ZZ

Edet (x0 , y 0 ) =

Eo (x, y)h(x − x0 , y − y 0 ) dxdy
S

= (Eo ⊗ h)(x0 , y 0 ) .

(2.25)

This is the well-known convolution law of optics.
The response h in eq. (2.25) is assumed to not change within S ⊆ R2 , irrespective of the origin
of the transmitted wave. This assumption is usually not valid across the whole object plane, but
is for example justified within the transversal field of view 3 of an imaging system.
Due to the convolution law (2.25), the wave Eo can be decomposed into its harmonics. The
convolution with h allows these Fourier components to be propagated independently [30, 11].
Edet (x0 , y 0 ) = (Eo ⊗ h)(x0 , y 0 )

⇐⇒

F T [Edet ] = F T [Eo ] · F T [h] ,

(2.26)

with F T [. . . ] the Fourier transform. Therefore this description is known as Fourier optics.
The great value of eq. (2.25) is given by its immediate consequences for optical imaging. It shows
that the original field distribution is smeared out by h and that the full, unaltered information
can only be recovered in the ideal case h = δ, where δ defines the Dirac-delta distribution4 .
This, however, is usually not attained in a real physical system due to the finite extent of any
optical element. Therefore information about the original emitter is partially lost and the image
reconstruction on the final screen will be incomplete. Effectively, optical elements accept only a
finite range of emitted spatial modes of F T [Eo ]. As is known from Fourier synthesis, a pattern
can only be fully constructed if all modes are present. Hence a point also does not appear as a
point upon imaging, but is spread out over a finite spatial range. By setting Eo = δ in eq. (2.25)
we can show that this pattern actually is the response function5 . Therefore h is often referred
to as point spread function (psf ). In the following we will adopt the latter convention. The psf
contains all essential information on the imaging properties on the screen. From the above said it
is immediately clear that imaging itself imposes a new length scale on the picture. Below it no
features are directly observable. This length is therefore called the resolution limit.
At the detector, Edet is projected onto an intensity amplitude Idet . The resulting intensity
pattern depends on the spatial coherence of the field Eo emitted in the object plane. Adapting
eq. (2.6) to classical electric fields, the detected intensity distribution is
D
E
∗
Idet (x0 , y 0 ) = Edet
(x0 , y 0 ) Edet (x0 , y 0 )
ZZ
D
E
=
psf ∗ (x2 , x0 ; y2 , y 0 )psf (x1 , x0 ; y1 , y 0 ) Eo∗ (x1 , y1 ) Eo (x2 , y2 ) dx1 dy1 dx2 dy2 .
R2

(2.27)
For coherent light E (c) one recovers
(c)

(c)

Idet = Edet

2

.

(2.28)

The propagation of coherent light can hence be described by eq. (2.23) and the absolute square of
the result is the detected signal.
For incoherent light E (i) a different result is found.
Z
2
(i)
0 0
Idet (x , y ) =
|psf (x, x0 ; y, y 0 )| Io(i) (x, y) dxdy .
(2.29)
R2

3 The

transversal field of view is precisely defined as the region within the image plane of an imaging system,
where h produces a sharp image and is to first order invariant. More on this can be found in sec. 4.1. The
constraint of eq. (2.25) to S typically becomes more restrictive with resolving power of an optical setup.
4 Due to the atom light interaction, the resolution in the object plane is limited by the finite wavelength λ of the
imaged light.
5 h is the system’s Green’s function if one sets E = δ.
o
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Thus we conclude that in incoherent imaging it is the intensity field that is propagated. The
(i)
(i)
intensity amplitudes Io and Idet are then related by the incoherent point spread function
2

psf (i) = |psf | ,

(2.30)

compared to the coherent point spread function psf . Intriguingly, the point spread function of an
incoherent system can be calculated immediately from the equivalent but coherent system. In
contrast to coherent imaging, the incoherent case is intrinsically linear in the response as can be
seen from (2.29). However, our experiments rely on coherent absorption imaging. In the next
section we will develop a general expression for the coherent point spread function.

2.3. Beyond diffraction effects - aberration limited imaging
We have seen in the previous section that an imaging system is characterised by its point spread
function h = psf and that the psf ultimately arises from the limited light-gathering capabilities
of any imaging system. However, imaging is in general also affected by additional imaging errors,
which are also called aberrations. These emerge at every optical element, depending on the type
of element and how it reshapes the wavefronts of light. In total three effects need to be considered
here6 :
1. Finite size of optical components. The light accepting region of an optical element is referred
to as the pupil. Only a finite range of harmonics forming a complete image of the object
field are collected. Image detail is therefore limited by resolution7 . Non-optimal positioning
of a lens pupil gives rise to further imaging deficiencies, which we call pupil aberrations.
For example if a lens is tilted its pupil is reduced. Additionally, in a multi element system
the pupil of a lens can be reduced by another lens upstream, or the beam of light is not
fully encompassed by a pupil, such that the beam is clipped. The latter is also known as
vignetting [16]. This effect typically arises for off-axis source points.
A frequently employed measure for the light gathering power of a circular lens is its numerical
aperture (NA), which is defined as
NA = n sin θmax .

(2.31)

Here n is the refractive index of the medium separating the object and the lens and θmax is
the maximum half angle of the light cone captured by the lens.
2. Illumination aberration. The illumination of the pupil influences the throughput of information in addition to the pupil border itself. The illumination can be modulated by
vignetting, the finite acceptance angles of optical coatings or the natural falloff of amplitude
of a spherical scattered light wave seen on the planar pupil surface. These effects are also
called apodisation of the pupil. Furthermore the illumination can be shaped artificially by
introducing a spatially varying filter into a beam. This way the point spread function can be
shaped at will [22]. This concept can even be used to enhance the resolution of an imaging
system, a concept which we follow in appendix B. For the typical imaging system with the
imaged object far away from the first lens, apodisation can be neglected and a uniform pupil
illumination can be assumed [22, 13].
3. Phase aberrations. The optical element within the pupil effects a change of phase curvature.
Though essential for the functionality of e.g. lenses, the wavefront typically incurs unintended
6 Within

the limits of this work we are only concerned with monochromatic light. Hence no chromatic aberrations
are considered here.
7 An additional consequence of diffraction is that propagation reversal symmetry is broken. For this reason one
must not hope to achieve optimal imaging if the imaging apparatus is symmetric with respect to exchanging
object and image plane.
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Figure 2.3.: Simulated propagation of light originating from a single point-like source in the focus of a
lens (focal length 145 mm and aperture radius 10 mm) till twice the focus length after passing the lens.
The lens was assumed to be free of any aberrations. This simulation uses the paraxial approximation
with one transversal direction. Even after a macroscopic propagation distance the envelope cast by the
aperture of the lens is still sharply persisting with unchanged radius. A second aperture installed for
example in the depicted frame would not cause substantial further diffraction if the additional aperture
fully encompasses this beam, i.e. if its radius is larger than 10 mm in this example. Then except for the
low amplitude tails, the beam freely propagates through the aperture without any obstruction in this
classical wave picture. Evidently, this section of the beam propagation is aptly described by geometrical
optics. If however a second lens has a smaller aperture than the beam, this lens is limiting the system.
The circumference of the first lens could be reduced until the output beam fits through the second lens
without clipping. This example illustrates that often a reduction of wave optics to geometrical optics is
viable [30], a concept also employed for sophisticated ray tracing computations.

phase distortions due to an imperfect surface layout and additional surface irregularities.
These effects are known to mitigate optical performance even if phase errors amount to just
a fraction of the wavelength8 [22].
In most cases of interest, the numerical aperture of a multi-element imaging apparatus is fully
governed by one lens aperture - the lens whose aperture constrains the beam propagation most.
The beam this lens shapes downstream then fully fits through all remaining apertures, such that
the beam’s bulk does not diffract further, as is exemplified in Fig. 2.3. The limiting aperture
defines the size of the pupil of the last lens, which can be smaller than the full lens. Through
this pupil the imaged light exits the imaging system and is focused onto the detector plane. This
pupil is therefore also called exit pupil. It limits the optical resolution of the optical system on
the detector. The exit pupil is conjugated to the first lens by the magnification of the imaging
system. This pupil associated to the first lens is termed the entrance pupil and gives the numerical
aperture of the full system.
The exit pupil bears the appropriate summary illumination and summary phase aberrations
of the imaging system [5]. The phase aberrations within the exit pupil are to be understood as
follows: Light exiting the exit pupil is contracting to a single spot blurred by the psf . In the
revers process, light is emitted from this spot and upon reaching the exit pupil has a certain
phase curvature. This curvature is sometimes also referred to as reference sphere. All deviations
in phase from this reference sphere are the summary phase aberrations.
It can be shown that the point spread function is given by the Fourier transform of the exit
pupil and phase [30]. In general it is expressed as:

psf (~r) = P
8 This

~r
λd



h
i
~
= F T~kr p(~kr + ~a)eiΦ(kr +~a) .

(2.32)

astounding sensitivity to phase errors is e.g. revealed by the Strehl ratio, confer appendix C.
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Here Φ describes the phase aberrations and p is the effective exit pupil. ~kr denotes the coordinates
within the plane of the exit pupil; shifts of this exit pupil and the phase aberrations therein away
from the optical axis are denoted by ~a. We denote the Fourier transform of the exit pupil as P ,
whose coordinates are rescaled to the detector plane with coordinates ~r to give the point spread
function. The distance between exit pupil and detector plane is d.
It is clear from above discussion and eq. (2.32) that for a certain assembly of physical apertures,
the best achievable psf arises if no phase and illumination aberrations are present and the pupil
p is maximal. Then the pupil is usually considered to be illuminated uniformly [30] and the wave
front has the correct curvature to contract to a single point if the whole range of spatial modes
were present. In this case the point spread function is governed by the diffraction at the rims of
optical elements and is called diffraction limited [30]. A comparison between a diffraction limited
and an aberration limited imaging system is depicted in Fig. 2.4.

pupil p
source at focus
(r , θ )

optical axis
wavefront

image at focus
2x focal length
distorted image

misaligned
optics

optical axis
focus

focus
effective aberrated
exit pupil p

Figure 2.4.: Fundamental concept of diffraction limited (upper sketch) and aberrated (lower sketch)
imaging using the example of a 4f-imaging system. In the case of the diffraction limit only the finite
extent of the optical elements along the beam path limit the resolution. Aberrations arise if these pupils
are reduced, shifted or tilted from their optimum. Similarly, deviations of the phase curvature away from
optimum result in a mitigated resolution.

It is important to note that the diffraction limit is ultimately not fundamental in its standard
form. If the pupil illumination is specially engineered to attenuate low order harmonics by hosting
appropriate additional diffracting elements, improved point spread functions can be created. We
discuss this idea in greater detail in appendix B.
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3. In situ estimation of the point spread
function by imaging a random source
The light gathering ability of an optical setup, as well as its imaging errors, are described by
the systems point spread function (psf ). It is the convolution kernel blurring the source field
distribution. As a consequence, a single point-like object in the object plane can be used to
measure the psf . Ideally this would be done in situ, e.g. by imaging a single atom [34, 36, 6],
ion [33, 23] or even a small Bose-Einstein condensate (BEC) [31].
We here propose an alternative approach which calls for much less demanding constraints on
the performance of an experimental apparatus. Our approach does not require the capability of
an experiment to either insert or create a point-like object at the position of the to-be-imaged
atom cloud. Rather the noise properties of a thermal cloud itself will be utilised to facilitate the
extraction of the psf . Therefore this method is intrinsically in-situ.
An in situ method for measuring the point spread function of an optical detection system is of
great appeal, since it allows to monitor the performance of an imaging system and to conduct
appropriate readjustments should imaging be found deficient. In principle, even a live adjustment
protocol attaining optical imaging automatically is imaginable if a microscopically adaptable
element like a spatial light modulator is introduced in the beam path.
We will start our discussion in section 3.1 by reviewing the noise properties of an atom cloud
and elucidating why a thermal cloud presents a perfect carrier for the point spread function.
In the subsequent section we then turn our attention towards our method and the underlying
model for measuring the point spread function. This chapter concludes with a discussion of this
knowledge can be used to benchmark imaging performance and to identify the dominant sources
of imaging errors and subsequently eliminate such.

3.1. Imaging noise
The founding idea of our approach is to image the random noise of a thermal atom cloud and to
employ a correlation-analysis technique to extract the psf . In this work we focus on coherent
imaging, as is the case for weak probe absorption imaging (cf. sec. 2.1). Similar concepts have
already been developed for incoherent imaging, using for example computer generated 1-bit
noise patterns on a screen for a source [21, 28]. While these experiments greatly benefited from
incoherent imaging being linear in the psf , the coherent case is substantially more complicated.
Coherent imaging of noise has also been studied in [19] to deconvolve the psf from images of a
BEC and thus reveal quantum correlations in the BEC. However, we are in this work the first to
develop a comprehensive model for coherent imaging incorporating all necessary aberrations and
using this technique to identify and correct the respective origin of aberrations.
In our case we wish to employ a dilute thermal atom cloud as a noisy source. If a light field
passes through such a cloud for e.g. absorption imaging, the illuminating light is scattered on the
random distribution of atoms, producing a column-integrated, 2D density image as is illustrated on
the left side of Fig. 3.1 (cf. sec. 2.1). Hence the clouds’ density-density fluctuations are imprinted
on the light field. The density correlations in a dilute thermal cloud are mostly uncorrelated,
with a typical correlation length given by the thermal de Broglie wavelength, which measures the
localisation uncertainty of particles with average thermal momentum [20].
Λ= √

h
.
2πmkB T

(3.1)
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⊗ psf

Figure 3.1.: Illustration of the convolution law of optics for a noisy object field distribution. On the left
hand side we show the electric field distribution at the source. This one would see for a delta function-like
point spread function. After propagation through the optical apparatus, the resulting image is instead
washed out and the original graining is not perceptible anymore. The latter image was computed by
convolving the initial field distribution with a sample point spread function as depicted in Fig. 3.5.

As a typical temperature for our experiments we take T ∼ 80 µK. For 87 Rb we hence arrive at
Λ ∼ 1 nm, which is well below typical particle separations1 what can be resolved optically. Thus a
dilute thermal cloud has a vanishing correlation length. In total three different length scales are
encountered in imaging a dilute thermal cloud:
• The cloud envelope n̄. For a thermal cloud released from a trap, this varies between 10 µm
to 100 µm. To ensure focused imaging of the entire cloud, its size should not exceed in
longitudinal direction the depth of field and transversally the transversal field of view.
• The point spread function psf . The resolution length in our experiments is typically 1 µm to
10 µm. Measured and simulated resolution lengths are presented in both following chapters,
cf. e.g. sec. 4.6.
• The density fluctuations δn with a typical correlation length of ∼ 1 nm.
These length scales are well-separated and the density fluctuations are point-like compared to all
other length scales. By imaging the atom cloud the much larger resolution length is imprinted on
the noise correlations, allowing the resolution scale to be extracted by an autocorrelation analysis.
In the previous chapter we found an expression for the measured intensity distribution Idet of a
dilute thermal cloud in absorption imaging.
h
D Ei
h 
 D Ei
Idet =Iinc + f 2 Isc + E0 < iξ n̄ dˆge + E0 < iξ δn ⊗ psf eiΦ(~a) dˆge .

(3.2)

In the above relation Iinc + f 2 Isc gives the intensity of the incident light and the imaged scattered
light, with f the fraction of the spherically scattered light captured by the imaging system. The
last two terms give the interference of the scattered light from the average cloud n̄ and the
fluctuations δn with the incident light. The average cloud can be subtracted from each image. In
the following we will focus on the noise component δn ⊗ psf to measure the correlations introduced
by imaging the atom cloud. These can be extracted by an autocorrelation analysis. In the next
section we will introduce an appropriate formalism of this procedure and its theoretical result
for an intensity distribution of the type described by eq. (3.2). The resulting model function can
then be used to evaluate imaging performance.
1 For

comparison, the BEC transition in ultracold
magnitude larger.
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is situated at ∼ 100 nK. λ is then almost two orders of

3.2. Measuring the point spread function via autocorrelation analysis

Figure 3.2: Power spectrum of 200 simulated images of a random source. For each
shot a random atom number distribution was
computer generated. Imaging was assigned
to have 0.4 defocus, spherical aberration, vertical coma and horizontal astigmatism each.
Additional a shift ~a of the pupil amounting to
0.075 times the pupil radius was introduced.
It is immediately apparent that the phase
aberrations are only arising in the intersection of both images of the pupil as is predicted
by our model.

3.2. Measuring the point spread function via autocorrelation
analysis
An auto-correlation analysis is well suited for gaining insight into the different length scales present
in an image. Instead of directly analysing the the correlation function, we chose to compute
the power spectrum M , which is defined as the Fourier transform of the autocorrelation and is
equivalent to
D
h
 
iE
M (~kr ) = F T~r Idet (~r) − hIdet (~r)i ? Idet (~r) − hIdet (~r)i

h
i 2
= F T~r Idet (~r) − hIdet (~r)i
.
(3.3)
Here we use h. . . i to denote the average over many realisations. The average detected intensity
hIdet i is subtracted from every realisation to obtain only the noise intensity contribution in
eq. (3.2). Since the Fourier transform F T~r [. . . ] with respect to ~r reverses the Fourier transform
appearing in the definition of the point spread function (2.32), the power spectrum allows direct
access to the aberration contributions. In general, the resulting power spectrum has the form


h 
i 2
2
M (~kr ) ∝ F T~r [δn(~r)]
F T~r < psf (~r)e−iΦ(~a)
∝


i
1h
p(~a + ~kr )2 + p(~a − ~kr )2 + 2p(~a + ~kr )p(~a − ~kr ) cos Φ(~a + ~kr ) + Φ(~a − ~kr ) − 2Φ(~a) .
4
(3.4)

In the first line we find that the power spectrum of absorption images of an atom cloud is directly
proportional to the power spectrum of the real of the point spread function. This power spectrum
is equivalent to the interference of the exit pupil with itself. The second line gives this power
spectrum in terms of aberration contributions. p(~kr ) denotes the exit pupil of the imaging system,
with a potential shift away from the optical axis denoted by ~a. The phase aberrations Φ(~kr ) across
the exit pupil are mapped onto additional amplitude modulations of the power spectrum. A full
derivation can be found in appendix A.2. A simulated illustration of M is given in Fig. 3.2.
The expression for the power spectrum eq. (3.4) can be used to infer all the aberration parameters
governing our imaging system. Once the aberration parameters are known it is possible to compute
the point spread function and conclude on the resolution limit or to attempt to improve the
imaging system.
Eq. (3.4) shows that the pupil function appears twice, one being the π-rotated image of the
other. Only at their intersection can phase aberrations be detected. This suggests that pupil and
phase aberrations can be extracted in two separate steps from a power spectrum. To analyse
aberrations using eq. (3.4) we have to assign both the phase Φ and the pupil p a functional form.
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Figure 3.3.: First 15 Zernike polynomials Znm = Z (j) . These are used as an orthogonal basis set into
which the phase aberration Φ can be decomposed.

The latter is rather straight forward since one typically uses optical elements with a circular or
rectangular border. The measured power spectrum itself informs about the exact pupil shape as
can be seen from Fig. 3.2. For the phase aberrations we draw on a 2D power series expansion
which can be cut off at sufficiently high order. If the measured pupil is elliptical, a well-suited
choice for a function basis set are Zernike polynomials Znm (~kr + ~a) = Z (j) (~kr + ~a) [22], which
form an orthogonal basis set. Here we introduced two established ways for ordering the Zernike
polynomials. The order n of a Zernike polynomial gives its leading power and parity. Up to
4th order the Zernike polynomials are reproduced in Fig. 3.3, together with their denomination
in both conventions. It can be shown that elementary combinations of these low order Zernike
polynomials correspond to certain fundamental phase aberrations. These are defocus, spherical
aberration, coma and astigmatism, which all arise due to global phase curvature errors. In the
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Z (j) representation they are given by:
defocus: Ad
astigmatism: Aa
coma: Ac
1st order spherical: As
2nd order spherical: As2

Z (5) + Z (1)
2
2Z (6) + Z (5) + 9Z (1)
2
2
(kr /kR ) cos (θ) =
4
(9)
(3)
Z
+
2Z
(kr /kR )3 cos(θ) =
3
(13)
(5)
Z
+
3Z
+ 2Z (1)
(kr /kR )4 =
6
(25)
Z
+ 5Z (13) + 9Z (5) + 5Z (1)
(kr /kR )6 =
,
20
(kr /kR )2 =

(3.5)

where the A will be used to signify respective aberration parameters in this thesis. We used
spherical coordinates ~kr /R = (kr /kR , θ) and gave the radial coordinate r in units of the pupil
radius kR . Coma as well as astigmatism break the spherical symmetry of a circular pupil and can
be oriented by chosing an appropriate offset angle θ0 . Exemplary phase, power spectrum and
through focus point spread functions are shown in Fig. 3.4. The magnitude A of phase aberrations
have no unit, but can be related to respective wave aberrations with unit length by multiplication
of λ/2π.
In a power spectrum
the phase aberrations Φ(~kr+ ~a) are projected onto amplitude modulations

of the form cos Φ(~a + k~r ) + Φ(~a − k~r ) − 2Φ(~a) . In this term odd powers of ~kr cancel for a
n
n−1
phase term Φ(~kr ) ∝ ~kr with n being odd and the leading power is reduced to ~kr
. On the
n
~
other hand, even phase terms Φ ∝ kr maintain their leading power. Therefore odd and even
phase terms can not be distinguished by this method. In the special case ~a = 0, where the pupil
is centred, odd phase terms completely vanish. Hence we conclude that odd phase aberrations
can not be extracted in general by the noise correlation method. In essence only half the phase
of the point spread function can be determined by computing M . This lack of information is a
problem inherent to directly measuring amplitude and phase. Therefore, only the real part of the
point spread function is accounted for in Idet (eq. (3.2)). As a result from a power spectrum only
even phase terms can be gained. Nonetheless, the model eq. (3.4) can be used to determine the
dominant aberrations of the optical system as odd and even phase terms usually arise together in
an optical apparatus. In the next two subsections we will present our procedure to estimate the
point spread function and apply it to the simulated power spectrum in Fig. 3.2 to demonstrate its
practicability.

3.2.1. Procedure of the analysis
In the following we will discuss the individual steps leading to measure the point spread function.
We additionally present a summary in Fig. 3.5.
1. Coherent imaging of a dilute, thermal cloud. In our experiments we have implemented
absorption imaging. To reduce the noise background and improve the correlation signal,
this measurement should be run a sufficient number of times.
2. Computation of the power spectrum. In this step the spatial correlations imprinted on the
images of the atom cloud by the finite optical resolution are extracted.
3. Qualitative assessment of the power spectrum and numerical estimation of its aberration
parameters. If the phase aberration of a physical system has very prominent components,
they can often be directly identified just by visual inspection of the power spectrum. This
especially holds true for the fundamental phase aberrations. Example power spectra for
these are displayed in in Fig. 3.4, together with the associated phase Φ and the respective
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Figure 3.4.: Fundamental phase aberrations and their Zernike representation. For each type of aberration,
from left to right, the phase Φ, the power spectrum M and a sequence of through-focus point spread
functions are given. Through-focus point spread functions are computed by varying the ”defocusing
aberration” and thereby effectively shifting the position of the image plane along the optical axis. It
is noteworthy that, while aberrations are present, the optimal focus is not given at Ad = 0, i.e. at the
paraxial focus. Instead best focusing is achieved where defocus and the other aberrations balance.

through focus point spread function. Similarly also the size and position of the exit pupil
function can be directly compared to design specifications since they directly reflect the
geometrical constraints of the imaging apparatus. Together this allows already without an
in-depth analysis to check the accurate positioning of lenses and to estimate whether the
quality of lens alignment is sufficient. If substantial deviations are apparent the measured
power spectrum alone suffices to justify further improvement of the positioning of the optics
or even the overall optical design.
4. Reconstruction of the point spread function. The point spread function of the system is
obtained after fitting our model eq. (3.4) to the measured power spectrum. As already
pointed out, the special functional form of M allows pupil and phase contributions to be
fitted separately. For fitting the pupil one can apply a threshold to the power spectrum,
delimiting the contour of the pupil. After fitting the pupil, the region to which the Zernike
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Figure 3.5.: Illustration of the analysis method. For image acquisition the cloud is illuminated from
the back by a light field Einc , creating the field distribution Eo around the object plane. During imaging
this field is convolved by an unknown point spread function psf , which can be described by a set of
aberration parameters. The aim of this method is to gain a sufficient subset of these parameters to
calculate the optical resolution and evaluate the proximity to diffraction limited imaging. Our algorithm
is founded on analysing a finite number of images of an extended thermal cloud by computing their
averaged autocorrelation. A theoretical model taking all necessary aberrations into account shows that
this autocorrelation image sports pupil and phase aberrations independently. It can subsequently be
used in a fitting procedure to extract relevant aberration parameters. Finally, these serve as input for
constructing the optical system’s point spread function. Once the aberration parameters are known,
potential causes can be identified and corrected.
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polynomials Z (j) are fitted is well-defined.
The fit of the phase aberrations has to be truncated at a Z (j) . A typical value employed
during this thesis is j = 45, such that all polynomials up to order n = 8 are included. The
quality of this fit strongly depends on its starting parameters. It is advantageous to to
choose the initial guess to roughly mirror the shape of the amplitude modulations within
the analysed power spectrum. A guide can be Fig. 3.4. Furthermore we found that the fit
converges better if it is divided into a first step including less polynomials (e.g. j ≤ 28, i.e.
n ≤ 6) and a second one with all parameters and the result of the previous estimation as
initial parameterisation2 .
If after both steps the measured power spectrum is found to be reproduced with reasonably
low error, the fitted aberration parameters can be used to compute the coherent point spread
function from eq. (2.32). The aberration parameters themselves inform about the attained
quality of imaging. Like the power spectrum, they allow direct conclusions on the necessity
of further corrections to the imaging apparatus.
5. Based on the measured point spread function quantification of the optical resolution of the
imaging system and Strehl ratio. The latter allows to determine whether an imaging system
is diffraction limited. Respective criteria are introduced in sec. 3.3.
6. Implementation of modifications to the imaging apparatus if found necessary. The power
spectrum, the aberration parameters and the point spread function form three layers of
information on imaging characteristics, which can all be combined to formulate a well-founded
course of action.

3.2.2. Simulation of the procedure
To validate our method we simulated the coherent imaging of a noisy source using a self-defined
point spread function. Here we show an example with Ad = 0.4, As = 0.4, Aa = 0.4. The
astigmatism is aligned horizontally (i.e. no offset angle). An additional shift of the exit pupil of
0.075 times the pupil radius was introduced. The resulting power spectrum of 200 simulated images
of random noise is presented in Fig. 3.2. We fitted expression (3.4) to this power spectrumwith
randomised starting parameters and found that the aberration parameters could be reproduced
within an error of 3 %. A fit is presented in Fig. 3.6 alongside the measured phase distribution.
The phase is extrapolated outside the pupil intersection and the results of the fit have to be
interpreted with caution for larger pupil shifts. Finally, the point spread function obtained via
our algorithm is shown in Fig. 3.7. Analysis of the psf allows direct, quantitative conclusions
on the resolution length of the optical setup and the quality of the system in comparison to the
diffraction limit.

(a) Fitted power spectrum

(b) Phase

Figure 3.6.: Power spectrum fitted to Fig. 3.2 (a) as well as the measured phase aberrations therein (b).
The colour scale of (a) is the same as in Fig 3.2.
2A
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typical number of iterations until convergence is 1 × 104 to 4 × 104

3.3. Quantifying the quality of an imaging system based on its point spread function

(a) =(psf )

(b) <(psf )

(c) |psf |

Figure 3.7.: The reconstructed point spread function for the power spectrum fit shown in Fig. 3.6.

3.3. Quantifying the quality of an imaging system based on its
point spread function
After power spectrum and aberration parameters, the point spread function forms a third layer of
understanding imaging properties. The point spread function allows a more quantitative analysis,
since the following measures can be applied:
• Resolution length.
• Strehl ratio, which is used for a direct comparison to diffraction limit.
The resolution length seeks to quantify the transversal extend of the point spread function. The
wider the point spread function, the more detail is washed out in the final image. Therefore the
numerical value of the resolution length quantifies down to which size structures can be identified
in the image. However, the exact formulation of resolution is not uniquely defined and can vary
depending on context and applicability. Here we wish to introduce three different resolution
measures which find application throughout this work.
1. Rayleigh criterion for coherent and incoherent imaging
The well-known Rayleigh criterion is based on the observation that the images of two
- originally distinct - points become inseparable by blurring if placed too close together
within the object plane. The transition point is - somewhat arbitrarily - set at the first side
minimum of the point spread function. This basic Rayleigh criterion is visualised in Fig. 3.8
for unaberrated imaging. It is apparent from these plots that the coherent point spread
function is wider and consequently imposes a larger resolution length in comparison to
incoherent imaging. For unaberrated point spread functions the Rayleigh resolution length
can be calculated analytically via eq. (2.32). For circular apertures and coherent (xC ) and
incoherent (xI ) imaging, respectively, this diffraction limited resolution is given by
5.14λd
Dπ
3.83λd
xI =
,
Dπ
xC =

(3.6)
(3.7)

where D denotes the diameter of the exit pupil and d its distance to the detector plane3 .
The Rayleigh criterion was originally designed for incoherent imaging. Its coherent counterpart is problematic because phase differences between different emitters contribute to
comparison, the respective line spread functions have a diffraction limited resolution of xC = 4.49λd
and
Dπ
xI = λd
.
Hence
a
linear
object
has
a
smaller
resolution
length
than
a
point.
It
can
be
shown
that
the
line
D
spread function is equivalent to a point spread function in reduced dimensions with one transversal and one
longitudinal dimension.
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Figure 3.8.: Comparison of Rayleigh resolution criterion for coherent and incoherent imaging. Light
blue was used to show the individual point spread functions, dark blue their coherent superposition. For
coherent imaging the modulus squared of the superposition, which is proportional to the intensity on
the detector was additionally plotted in red. The Rayleigh criterion postulates that two point sources
are separable in an image if they are at least separated by the distance between principal maximum and
first minimum of the respective incoherent or coherent point spread function. Graphs (a) and (b) show
that two source points are then indeed separable for incoherent as well as coherent illumination. The
minimum separation is wider in the coherent case (xC ) as compared to the incoherent one (xI ). Graph
(c) shows that a separation of only xI for coherent imaging is not sufficient.

the final image. The extra phase primarily alters the contrast between two emitters in an
image, as is illustrated in Fig. 3.9. Hence the coherent Rayleigh criterion can be understood
as the separation in the object plane for which two emitters are distinguishable, irrespective
of their phases4 .
2. Standard deviation of a Gaußian fit
The above approach requires low levels of background noise to discern the position of the
first minima and maxima. While this is no problem for a point spread function reconstructed
from noise correlations, it often is intractable for a psf measurement via a pinhole. A second
approach is possible, which uses a Gaußian fit on the psf to obtain the Gaußian standard
deviation σpsf as a measure of the width of the psf . This measure relates well to many
ultracold-atom experiments, where standardly cloud sizes are estimated by Gaußian fits.
Thus small, though finite sized clouds can be used to provide a quick measure of the optical
4 Figure

3.8 illustrates that a coherent psf in principle appears wider at imaging, which is contrasted by the
observation in Fig. 3.9 of the dependency of the coherent image of two sources on their relative phase. This led
to unabating discussions about the superior imaging approach originating from applying the classical Rayleigh
criterion to coherent sources. Nonetheless we will use the coherent Ryleigh criterion as introduced above. Yet
we would like to point out the interesting contribution to this problem presented by [39].
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Figure 3.9.: Image of two coherent point sources with a well defined phase difference between 0 and
π (denoted in the plots). We show absolute squares of the complex psf s here, since usually intensities
are recorded in an experiment. (a) Transversal separation is half the coherent Rayleigh range (xC /2).
If there is no phase difference the two sources are indistinguishable in their image due to constructive
interference. In contrast, at a phase difference of π the two sources are perfectly distinguishable, whatever
their transversal separation. At a phase difference of π/2 no interference occurs and the incoherent
superposition is reproduced. (b) Two sources separated by one full coherent Rayleigh range. Here the
contrast can not be completely removed by varying the relative phase and the two scatterers are always
distinguishable in an image. The phase steps in (b) are the same as in (a).

performance5 .
It is evident from Fig. 3.8 that the incoherent point spread function resembles much more
closely a Gaußian function than the coherent psf does. Hence we will restrict this criterion
to the absolute square of the coherent psf or its incoherent version respectively.
In general, a conversion between the Rayleigh criterion and the Gaußian one is not possible,
since aberrations affect them differently. In the absence of aberrations they are converted by
xC = 4 σpsf . It should be pointed out that the Rayleigh criterion gives a more conservative
estimate for resolution. Neither gives an absolute threshold for optical resolution. Often
additional effects further limit the minimum feature size. As examples may serve blurring
due to atom motion while imaging or photon shot noise.
3. Strehl ratio
An advantage of the decomposition into aberration parameters is that a direct and conclusive
comparison to an optimal version of the investigated imaging system is possible. Then a
final verdict on whether an imaging system is operating at its full capacity is possible.
The aberration parameters were measured by a fit to the power spectrum and subsequently
used to compute the system’s psf (cf. Fig 3.5). Since aberration parameters can easily be
modified or turned off, it is possible to investigate for example whether an imaging system
is mainly limited by phase or pupil aberrations. Furthermore parameters corresponding to
the diffraction limited case can be chosen. The point spread functions corresponding to all
these cases are immediately comparable as they can be equally normalised.
Hence the blurring introduced by the point spread function can be studied. The less blurring,
the more light is concentrated in the point spread function and the higher the central peak.
The maximum height is realised by the diffraction limited point spread function, to which
aberrated psf s can be compared. This ratio of peak intensities is called the Strehl ratio
and is defined for the incoherent point spread function [22]. Usually a Strehl ratio of 0.8 is
deemed a benchmark for diffraction limit. Further details on the origin and implications of
the Strehl ratio can be found in appendix C.
5 Such

atom clouds typically are too large to be considered point-like and hence to facilitate a point spread function
measurement. But an upper limit to resolution can be found hereby.
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With the measures introduced in this section at hand one is well-posed for evaluating the
capabilities of an imaging system in comparison to the specifications and experimental requirements.
Based on this knowledge the further course of action can be decided. So far we have applied the
noise correlation tool to characterise a system in as much depth as possible. This is appropriate
for a static system. If instead the optical system comprises an actively adaptable element like a
spatial light modulator [10], an instant characterisation is desired. To this end all factors impacting
optical imaging can be summarised in a single observable, which is maximised by a routine. In the
following section we will introduce such an observable obtained from a measured power spectrum.

3.4. New resolution measure for live optimisation
The Strehl ratio is a measure for the closeness of an incoherent point spread function relative
to the ideal diffraction limited one. In this section we will introduced an alternative measure S̃
more suitable for the coherent point spread function derived directly from the power spectrum
M . The appeal of an instantly assessable observable summarising all imaging characteristics is
its applicability for automatised feedback in an a live optimisation routine. A suitable measure
should have a global optimum at the diffraction limit. The measure we propose here is the integral
over the power spectrum.
Z
S̃ = M d~kr .
(3.8)
Phase
R aberrations lead to an amplitude modulation of the power spectrum decreasing the amplitude
of M d~r with respect to the diffraction limited power spectrum M DL since
cos(Φ(~a − ~kr ) + Φ(~a + ~kr ) − 2Φ(~a)) ≤ cos(0) = 1

∀~kr .
(3.9)
R
Similarly,
pupil aberrations decrease the circumference of M and thus M d~r with respect to
R DL
M d~r. Thus
Z
Z
~
M dkr ≤ M DL d~kr .
(3.10)
Based on this conclusion, one route towards automatised optimisation of imaging systems is to
maximise S̃.
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4. Realisation of a nearly diffraction limited
imaging system
The illustrious variety of applications in which optical components play a crucial role is only
rivaled by the number of components available as constituents. For the pure purpose of imaging,
two types of optical elements come into consideration: curved mirrors and lenses.
Mirrors have the outstanding advantage that reflection is independent of wavelength. Thus in
contrast to lenses mirrors are not subject to chromatic aberrations, allowing advantageous designs
if several wavelengths shall be imaged [18]. Another application lies in cases where the amount
of collectible light is very little, for example in a single atom or ion experiment. Then concave
mirrors are often used to reflect light emitted away from the detector towards it and thus increase
the light collection efficiency (cf. e.g. [23]).
Lenses are complementary to mirrors in the sense that they can achieve almost unity transmission,
allowing optical access from both sides. For a quantum optics experiment this often is very desirable
because the vacuum setup heavily restricts the pathways towards the object of interest. Therefore
the bulk of the imaging system is usually assembled from lenses. In the design of our imaging
system the light amount is not critical, and it is a monochromatic system. Therefore we restricted
ourselves to a lens-only design.
Irrespective of the specific optical design, an imaging system is always limited by its numerical
aperture (NA), giving an ultimate limit to the maximum accomplishable optical resolution, called
diffraction limit. The finite pupil of the imaging system alongside imaging errors (aberrations)
results in inevitable blurring of an image in comparison to the object, described by the point
spread function (psf ), which is characteristic for an imaging system. The width of the psf
essentially determines the resolution of the system. In sec. 2.3 and Fig. 3.4 we saw that already
small aberrations lead to a significant spreading of the psf . Therefore an imaging apparatus will,
without careful design and construction, hardly reach design specifications and optimal imaging.
Critical for the resolution are for example the surface characteristics of all the elements and
the exact placement of all optical elements relative to each another. The new imaging system
introduced in this chapter aims at minimising aberrations and reaching the diffraction limit. It
replaces a precursor setup used e.g. in [17, 15] with insufficient optical resolution between 9 µm
to 12 µm (Rayleigh criterion). In part, measured values for key optical characteristics, such as
magnification, were also not existent.
The general considerations impacting an imaging design for a cold-atoms experiment are
outlined in the sec. 4.1. Building on this we will thereafter (sec. 4.3) introduce the system
implemented during this thesis and now employed in our Rydberg experiment. Our approach
for attaining highest experimentally achievable resolution is presented in sec. 4.4, followed by an
initial characterisation in the subsequent sections. The alignment of the imaging system as well
as its characterisation were undertaken in a dedicated test environment. An additional in situ
characterisation in the framework of our cold-atom experiment will be discussed in chapter 5.

4.1. Optical design
Three important characteristics of an imaging system need to be considered and matched for the
design:
1. Resolution. Two typical criteria are the Rayleigh criterion and the Gaußian standard
deviation σpsf . The first measure sets the resolution length to the transversal distance
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between the central peak and the first minimum of the psf , while the second compares the
psf to a two dimensional Gaußian function and gives its standard deviation σpsf as the size
of the point spread function. The σpsf -value can be measured even if the wings of the psf
are covered in noise. A more detailed discussion of the resolution criteria can be found in
sec. 3.3.
2. Longitudinal and transversal field of view. An optimal image is only created in one plane.
Outside this plane the point spread function incurs a defocus aberration. In direct proximity
to the image plane this aberration is however minimal and imaging remains sharp, giving
rise to the longitudinal field of view1 . The depth of the imaged object should not exceed
this size for optimal imaging. Similarly, the detector has to be placed in the corresponding
range on the image side.
The image plane of a real imaging system, where a sharp image is created, is in almost
all cases not a true plane, but curved, reflecting the aberrations of the imaging system.
If a plane detector surface is used (like a CCD chip), an effective defocus is introduced
where it deviates from the curved image plane. It remains an area of sharp focus, called
the transversal field of view. Especially for research telescopes this effect is sometimes
counteracted by installing a fitting curved detector surface [16].
A well established criterion for the longitudinal and transversal field of view is the Rayleigh
range.√It corresponds to the separation within which the width of the defocussed psf is less
than 2 times larger than the optimal psf .
3. Magnification m. It compares the transversal size of the object ho against its image hdet as
m=

hdet
.
ho

(4.1)

The magnification of an imaging system should be chosen such that it magnifies the smallest
structure of interest to at least one pixel of the camera.
The value of m crucially depends on the focal lengths f of the lenses used in the imaging
system and their positions. The true optimal focus of a lens, with all its aberrations, often
deviates from the ideal focus position. For an ideal lens, all incoming parallel rays are
bent towards the focus. The ray picture illustrated in Fig. 4.1 shows that due to the lens’
aberrations, rays originating from different sections of the lens surface are crossing the
optical axis at different points, forming a caustic. The minimum of this caustic is the
optimal focus of an aberrated lens. This effect is further illustrated for different fundamental
phase aberrations in Fig. 3.4. Due to this change in the position of the optimal focus the
magnification of a physical imaging system can deviate from the specification of an ideal
lens.
In many cases it is important to know the magnification of the imaging apparatus to be
able to scale spatial quantities measured on the camera back to the object. In general, the
magnification depends on the longitudinal position of the source point with respect to the
imaging system. Hence the optical system should be especially robust against changes in
magnification arising from shifts in the source position and the resulting shift of the sharp
image position. Naturally, a variety of source positions is presented by an extended physical
object, for us an atom cloud. Likewise the trap centre and therefore the position of the atom
cloud can move if the trapping lasers are reconfigured, which should not entail a complete
reconfiguration and anew characterisation of the imaging system.
Simple approaches to predict imaging properties invoke e.g. the lens law or the Ray transfer
matrix approach. To include diffraction of finite sized pupils and thus finite optical resolution, a
paraxial Fourier optics ansatz is suitable [5, 30, 11]. It uses a thin lens approximation, so the
1 Another
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name for the transversal field of view is depth of field

4.1. Optical design

aberrated focus

ideal focus/
paraxial focus

Figure 4.1: Position of best focus for ideal and
aberrated optics, visualised by rays, where rays
are understood as normals to the phase front.
The paraxial focus is the position along the
optical axis where paraxial rays cross if they
originate from infinity. In this case paraxial
rays are rays close to the optical axis, which are
only slightly bent by the lens (light red). In an
ideal imaging setting no aberrations are present
and all rays intersect at the very same spot, the
paraxial, ideal focus. Aberrations distort the
focus point to a line. The optimal aberrated
focus position is then given by the minimal waist
of the resulting beam, away from the paraxial
focus.

transversal field of view can not be adequately simulated. Additionally only phase aberrations up
to defocus are accounted for. We implemented it numerically for two dimensions (one longitudinal
and one transversal direction). We restricted the simulations to 2D because an extension to 3D
requires a power of two more memory space. In 2D we required ∼ 106 grid points to gain a
sufficient spatial resolution. For highly sophisticated optical designs, professional design software
like ZEMAXis appropriate to get full insight into the imaging properties and position tolerances.
To enable a good optical design and choice of optical components thereto one has to consider
which application each lens specifically is designed for. Their configuration of surface curvatures
is only designed for one specific working distance. At a dissimilar working distance the wavefront
curvature of the light field entering the lens is significantly different than intended; in consequence
the wavefront exiting the lens shows enhanced phase aberrations. Additionally, the numerical
aperture of the lens changes similarly with the working distance (cf. sec. 2.3), as well as the
achievable spatial resolution. The highest resolution at fixed lens size, while the lens still produces
a real image, is achieved in the limiting case of a source at focus. Then the lens is said to operate
at infinite conjugate ratio.
In imaging design, a second line of thought has to be the correction and avoidance of phase
aberrations. Phase aberrations are introduced by any optical element along the beam path. A
standard issue in cold-atom experiments is the viewport through which the to-be-imaged light
inevitably has to pass. Often the first lens is placed outside the vacuum, such that the light
originating from the atoms passes the viewport as a divergent beam. This is known to possibly
impose additional aberrations, especially for high numerical aperture systems [22]. Predominant
aberrations of a glass plate in a non-collimated beam are spherical aberration and in case of a
tilt with respect to the optical axis also astigmatism. Phase aberrations originating from any
optical element can be compensated by an adequate array of lenses, where positive and negative
phase aberrations are made to cancel. However, such a lens design requires a high degree of
sophistication and careful modeling. Furthermore the number of lenses involved in the system
increases as well, complicating positioning and relative alignment of each. These issues can be
sidestepped by using an as small as possible number of lenses which - individually - are well
corrected for aberrations, thus minimising phase aberrations in the first place. The restriction
to only essential lenses is vital, for also here phase aberrations of each element add up, but in
a fashion mitigating performance. To attain (near) diffraction limit without correction lenses
is, however, highly nontrivial as well, since each individual optical element has to show low
aberrations and consequentially be accurately positioned within the full assembly. In the following
section we will introduce an imaging concept based on lenses working at infinite conjugate ratio.
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4.2. 4f-optical relay
If two lenses designed for infinite conjugate ratio are arrayed in linear succession, an image at
finite distance can be created. Usually the distance between the two lenses is set to the sum of
each of the lens’ focal lengths; such an optical apparatus is then referred to as a 4f-system. Fig. 4.2
shows an array of two 4f-telescopes. This assembly bears a number of special properties. First
and foremost its magnification is robust towards balanced defocus of object and image across a
wide range of object positions, in contrast to a single lens imaging system. The magnification of
an ideal 4f-telescope is given by
m=

f2
,
f1

(4.2)

where f1 and f2 are the focal lengths of the object side and image side lenses, respectively.
Additionally, a 4f-system accomplishes a Fourier transform of the object in the intermediate focus
plane [30]. The second lens reverses this Fourier transform. Therefore the produced image is (up
to diffraction on the lens pupils) equal in amplitude and phase to the original field distribution.
This is true for both the background light and the absorption shadow therein. Furthermore, the
Fourier image at the intermediate focus allows adept manipulation of the image in the Fourier
domain, which can for example be used for spatial filtering of the image or could be used to
compensate aberrations2 . However, this intriguing property is in general not required for our
experiments. Additionally advantageous is the collimated beam created between the two lenses in
a 4f-telescope. In this space plane optical elements like filters or dichroic mirrors can be placed
without contributing significant phase aberrations.
In this work a 4f-design concept was implemented. The setup was conceived without correction
lenses to keep the number of optical elements at minimum. Instead high-quality optical elements
were chosen, such that the pickup of phase aberrations is highly reduced. The constraints which
impacted our design are considered in the next section.

4.3. Layout of the new imaging setup
First and foremost any optical design is constrained by space requirements. In our case these are
presented by the vacuum chamber and the periphery breadboard onto which the optics can be
mounted. Since no lenses are present inside the vacuum chamber, the viewport limits the minimum
working distance by way of the atmosphere side. The relative position of the viewport to the trap
centre is depicted in Fig. 4.2. The imaging system was designed to operate at absolute exhaustion
of the space constraints3 . Additionally, a high numerical aperture had to be maintained. The solid
angle of light gathered by the optics also is in the first place restricted by the vacuum chamber
and its viewport allowing optical access to the cloud.
Based on the design idea of 4f-telescopes and the additional space limitations we chose to
implement an array of two 4f-telescopes. The setup was conceived without correction lenses
to keep the number of optical elements at minimum. Instead professionally corrected optical
elements were chosen, such that the pickup of phase aberrations is highly reduced. The complete
setup is depicted in Fig. 4.2. The first telescope severs to image out of the vacuum chamber and
does not magnify since the focal length of the first lens has already to be very large. The second
telescope serves to magnify the image of the first stage. Here this is possible covering only a short
propagation length if one utilises a lens with very short focal lens for light gathering. In total the
following lenses presented in Tab. 4.1 were used.
To deduce from Table 4.1 which lens limits the total numerical aperture of the system, one has
to inspect the image cast by the aperture of every individual optical element towards the image
2 It

is also one avenue towards holography [16], which can for example be used to create arbitrary trapping
potentials [10]
3 In fact the centre of gravity of the camera is suspended just above the edge of the breadboard.
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Lens

Part number

L1
L2
L3
L4

06
06
06
06

LAI
LAI
LAI
LAI

015
015
001
009

f [mm]

R [mm]

NA

Coherent Rayleigh resolution [mm]

145
145
10
80

20
20
2.5
12.5

0.136
0.136
0.24
0.15

4.6
4.6
2.5
4.1

Table 4.1.: Lenses used in the optical assembly. The lenses are ordered in succession as traversed by a
beam of light. Lenses L1 and L2 form one telescope and lenses L3 and L4 a second one. All lenses are
achromat doublets, which are well corrected for phase aberrations. All were obtained from CVI [26], to
whose catalog the part numbers refer.
L1

object position

viewport

L2

intermediate focus

L3

L4

image of first 4f relay

camera position

Figure 4.2.: Schematic of the imaging system designed and realised in this work and as such employed
in our Rydberg experiment. The scetch is to scale. The light red rays delimit the imaging beam used to
back-illuminate the object, dark red ones the light scattered by the atoms. The collected cone of scattered
light is limited by the first two lenses. The first 4f-telescopes serves as an optical relay, while the second
one magnifies the image by a factor of eight.

plane (cf. section 2.3). The limiting pupil is not necessarily the one with the smallest NA. For
our optical setup the lenses were chosen such that the first two lenses limit the optical resolution.
In the following we will numerically compute the point spread function of the imaging system to
attest this assertion.
To verify important features of the imaging system we computed the setup in numerical
simulations based on a 2D Fourier optics approach. The magnification is calculated from the
simulated propagation of the field emitted by two separated points. Their separation serves as the
object size ho and their image is a coherent superposition of two point spread functions, whose
central peaks indicate the image size hdet . We confirmed that the ideal magnification indeed
is eightfold. Additionally we computed the through focus point spread function. Since in any
later measurement the detector is at a fixed position but the object may vary in position, we
scanned the source position through the optimal focus and recorded the amplitude distribution.
The amplitude squared of the through focus psf is shown in Fig. 4.3. It further enabled us to
compute in Fig. 4.4 the ideal resolution of the imaging system and the transversal field of view.
The simulation predicts a Rayleigh resolution length of 4.6 µm in the object plane. This value is
in perfect agreement with the corresponding resolution of the first two lenses as expected. Thus
we can confirm that the resolution of the system is solely constrained by the first two lenses. The
longitudinal field of view of the imaging system is found to be 52.3 µm on the object side.
It is our greatest goal in this chapter to obtain a real life resolution as close as possible to the
diffraction limited value of 4.6 µm. It should be noted again that the Rayleigh resolution stated
here poses a comparably conservative measure. For comparison, the Gaußian standard deviation
yields only 1.16 µm.4

4.4. Assembly and alignment of the optical elements
As discussed in the introduction of this chapter, each and every lens of the imaging system needs
to be carefully positioned relative to the imaging beam, the other lenses, the camera and the
imaged object. Only then we can hope to attain a diffraction limited imaging system. To realise
4 Note

that the latter value revers to the modulus squared of the coherent point spread function, cf. sec. 3.3.
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Figure 4.3.: Through focus point spread function of the imaging system computed in paraxial approximation. We plot the modulus squared here as this reflects an intensity measurement.

40

-20

0

20

40

0.025

2.0
1.8

0.020
Σpsf m @ΜmD

1.6

ÈE-fieldÈ

0.015

1.4

0.010

1.2
0.005

1.0

0.000
40

-20

0

Position x @ΜmD

20

(a) |psf | in paraxial approximation

40

0.8
-0.03

-0.02

-0.01

0.00

0.01

Source position @mmD

0.02

0.03

(b) Gaußian standard deviation of through focus psf

Figure 4.4.: 2D paraxial approximation simulations of the coherent through focus point spread function
of our imaging system. The source position was varied. (a) The psf at optimal focus; since the simulation
bears a complex phase we show the absolute and determine the coherent Rayleigh resolution from the
first side-maximum. The 2D point spread function yields a theoretical resolution limit of 32.4/8 µm in the
object plane according to the Rayleigh criterion. This is consistent with an eightfold magnified, diffraction
limited point spread function limited by the first two lenses. Their predicted 2D resolution is 4.0 µm. The
analogous 3D resolution of the diffraction limited system is 4.6 µm; the corresponding Gaußian standard
deviation σpsf is 1.16 µm (cf. sec. 3.3). (b) σpsf conjugated to the object plane as a function of defocus
around the optimal focus . The plateau-like longitudinal field of view is visible in the centre, bordered
by regimes of linear increase to the left and right, where the heavily defocused psf is badly reproduced
by a Gaußian. The resulting Rayleigh range of the system is 52.3 µm, limited by a defocused psf with
σp sf = 1.44 µm (light red horizontal line). This curve is not scaled to 3D, therefore the minimum waist is
only σpsf = 1.02 µm.
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such precise alignment, an experimentally easily accessible criterion has to be found by which
every lens can be positioned individually with a high degree of accuracy, repeatability and stability.
Mere solid positioning does not yield the precision needed.
Such a measure is conveniently implementable if the position of the system’s optical axis can be
defined by the experimental setup. If this overall symmetry axis is known, every lens can be placed
relative to it. Best alignment is reached if both the optical axis of the system and of each optical
element coincide. Then the cylindrical symmetry of the ideal imaging system is reproduced. This
can be tested by placing approximately point-like source fields onto the designated overall optical
axis and observing the position of their sharp images. They appear shifted away from collinearity
for both angular and transversal displacement of the lens, as is shown in Fig. 4.5. For a single
source position lens tilt and translation can compensate such that the image point is located on
the optical axis anyway. Hence several source positions along the optical axis need to be taken
into consideration. For two source positions the optimisation procedure can be conveniently cast
into the form of walking tilt and translation in one go. There is a global optimum for the position
of a lens relative to the optical axis, to which the discussed procedure converges with repeatability.
We will be able to verify with the in situ imaging characterisation introduced in the previous
chapter whether this approach was successful, cf. sec. 5.3.

Figure 4.5.: Influence of transversal and angular displacement of a lens on its images of points along a
reference axis. The top image shows a lens which is perfectly centred at the reference axis. All source
points on this axis are then imaged back onto the same line. For a tilted lens (bottom left) and a
transversally displaced lens (bottom right) these images are shifted from the optical axis. If a central
optical axis can be defined experimentally for the entire imaging system and point-like emitters be placed
onto it, the position of a lens relative to this line is revealed by the position of the image points. If several
object distances are tested, both tilt and translation of a lens can be corrected. Please note that these
illustrations only show first order aberrations of light rays. The image position is further complicated by
phase aberrations introduced by tilt and translation.

The key to our alignment approach is to define the optical axis of the imaging apparatus using a
well-collimated reference laser beam, into which all lenses are subsequently placed. Establishing a
collimated beam is therefore the first step of our procedure. The source points required thereafter
can for example be created by placing small apertures into the reference beam or by adapting the
conjugate ratio of the reference beam.

Realising a well-collimated reference beam
Basing the alignment of the optical system on a reference beam with flexible conjugate ratio shows
several advantages. The sources on the optical axis required for setting up the imaging system
can be created by the outcoupler itself if one changes the object distance away from focal length,
thus creating an image at finite distance. Additionally, the solitary 4f-imaging system has regions
where light is collimated. In our setup collimated regions appear between L1 and L2 as well as L3
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and L4 (for denominations see Tab. 4.1). These regions can easily be mimicked by our reference
beam, such that the remainder of the light propagation can be reproduced correctly without a
complete imaging system. Thus at these intermediate stages the quality of the alignment can
additionally be optically ascertained.
To create a beam with a suitable central axis requires the same amount of careful consideration
and alignment as is needed for the imaging lenses themselves. A beam can only be considered
collimated, if it shows plane, undistorted wavefronts; hence the reference beam itself should show
as few aberrations as possible. We used an optical fibre to establish a clean mode of the laser
beam. The bare end of a fibre has an irradiation region on the order of a few µm2 and can
be considered point-like for our system. It is placed in the focus of a lens, which serves as an
outcoupler and collimates the beam. To reach the requisite high degree of aberration correction,
the same type of lens was used as for the imaging apparatus5 . Its position can be adjusted via
the same procedure as introduced for the imaging lenses above, cf. Fig. 4.5. To that end tilt and
translation have to be adjusted at finite conjugate ratio, while the fibre end can be used as a
source point. Therefore the lens mount has to be designed such that all translation degrees of
freedom and tilt of the lens can independently be adjusted. Our setup, which has all the required
degrees of freedom, is depicted in Fig. 4.6.

Figure 4.6.: Realisation of a collimated beam with well-defined central axis. A bare fibre end is placed
in the focus of a lens (top left). The lens used is designed for infinite conjugate ratio and has to show good
correction for aberrations. A cemented lens doublet from CVI [26] with 40 mm focal length was used.
The lens is mounted on a five axis translation stage, allowing to independently modify all its degrees of
freedom. Independent transversal displacement and tilt are required to optimise the position of the lens
relative to the predefined axis. The longitudinal degree of freedom is needed to separately adjust the
conjugate ratio of the lens.

The reference beam has to be aligned such that its central axis matches a predefined optical
axis. The fibre end naturally gives one point along the to-be-established optical axis. A required
second and third collinear point can be chosen as is convenient. The course of the optical axis
needs to be marked, such that the marker can be removed and reinstated at will at any time.
This should be done with great care and consideration, since all alignment steps found on this
designation.
At the end of adjusting the outcoupler lens, one has to set its longitudinal position for collimation
and test the latter. A shear plate suits this purpose very well. It is an interferometric device
5 The

lens was obtained from CVI [26]. Part number: 06 LAI 005, f = 40 mm, R = 7.5 mm. A later comparison of
the planarity of the beam wavefronts realised with a comparable Thorlabs lens gave substantially worse reults.
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Figure 4.7: Interference pattern produced by a shear plate to test the collimation of the reference beam (top left of
the image). The solid dark line crossing
the image marks the orientation of the
stripes at which the plane wavefronts are
not tilted. A tilted or focused/defocused
wavefront results in angled stripes, while
higher aberrations give rise to more complicated, often wave-shaped interference
patterns.

based on a thin glass plate with linear shear, superimposing the wavefront of the light field
with its spatially shifted self. The shear additionally gives rise to a continuous change in the
phase relation along the shear direction an thus interference curves. A sample interference image
obtained from the shear plate is shown in Fig. 4.7, where the collimation of the reference beam
was tested. Additional photos of shear plate interference patterns are displayed in Fig. D.2.
Further information on the working principles of shear plates can be found in [38, 29]. From these
interference patterns conclusions on the shape of the wavefront in the direction of the shear can
be drawn. If collimation is measured in three distinct directions, astigmatism of the reference
beam can be investigated and if necessary corrected. Once the reference beam is prepared, the
lenses can be inserted into the beam.

Design considerations of the lens support structure
The base support of the optical assembly is a cage system acquired from Thorlabs [38], whose bulk
can be seen in Fig. 4.8. Optical elements are mounted in cage plates or adjustable cage mounts,
which are connected by four steel rods. The longitudinal position of any part can be adjusted by
sliding along these rods. This carries sufficient precision given the nuerical aperture of our system.
It is advisable to place cubes (cf. [38]) into the cage if space limitations allow so to increase
the rigidity of the construction. In the present setup this was possible between L1, L2 and L3.
Furthermore we recommend allowing the rods to be parted at beneficial intervals. We employed
rods which can be screwed together between L2 and L3 for this purpose. This step is beneficial if
the cage shall be aligned first without hosting lenses relative to an outer axis specification. Then
lenses L2 and L3 can be inserted with their cage plates via the partitioning. Otherwise large
sections of the cage would have to remain without mechanical support at the beginning, if one
were to start with the last lens (L4 here) and to proceed in sequence with the optical elements
towards the light source.
The cage plates host the optical components in circular apertures of 1 ” or 2 ” diameter. Since
no lens has a fitting diameter (compare with Tab. 4.1), appropriate adapter mounts need to
be machined. To ensure approximate initial centering of the lenses all adapter mounts were
manufactured to micrometer precision and without play. It needs to be ensured that the adapter
mount does not reduce the numerical aperture of a lens. In our case critical are L1 and L2 since
these give the overall numerical aperture of the imaging system. The adapter mounts we employed
reduce the pupil radius of a lens by ≈ 0.25 mm.
The large lenses L1 and l2 are less affected by transversal positioning errors than the smaller
lenses L3 and L4, since a small transversal error relative to a small lens radius can give a
comparably large relative error. Hence greatest attention has to be attributed to the small
lenses. Consequentially they were placed in cage mounts which allowed both transversal shift
and tilt degrees of freedom. Then the alignment procedure summarised in Fig. 4.5 can be fully
implemented. With the used cage system this was possible up to an aperture diameter of 1 ” of
the optical element. For larger optics, we were restricted to tilt-only degrees of freedom. It will
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become clear in the following part that this is sufficient, if the mechanical centering of the lenses
is precise by virtue of the adapter mounts.

Alignment procedure for attaining optimal imaging with repeatability

Figure 4.8.: Photo of the apparatus used for imaging. Clearly visible are the optomechanical cage into
which all optical elements were mounted on precision translatable and/or tiltable cage plates. The CCD
camera can be seen at the front left edge of the image; the window towards the vacuum chamber is visible
to the right back. The cage plate closest to the viewport holds the first lens; viewport and lens are
typically only ≈ 1 cm appart, depending on the exact position of the cloud. The two cubes between L1
and L2 as well as L2 and L3 are currently empty, but can be used to host further optical elements. A
sketch of the imaging system is presented in Fig. 4.2. The entire setup including the camera is mounted
onto a breadboard, which is freely translatable along two rails (at the front of the image). The optical
breadboard connects to the rails via four ball bearing wagons.

We start our alignment of the imaging apparatus by inserting the cage system without lenses
and corresponding cage mounts into the beam. The cage can easily be aligned to be centred
at the central axis of the reference beam by way of cage alignment tools [38]. This step also
simplifies the subsequent alignment of the lenses. Next lenses can be inserted. If one constructs
the optical assembly backwards, i.e. starting with L4, each lens can be adjusted independently
right at its designated place. The alignment of each lens starts with adjusting its optical axis to
match the defined system optical axis, described in sec. 4.4. Afterwards the separations between
subsequent lenses were adjusted by imaging the collimated reference. In our setup, any pair of
subsequent lenses forms a 4f-system, reproducing a collimated imaging beam as output. The
output collimation can be controlled by a shear plate and thus the optimal lens separation be
found. The exact sequence used by us can be found in appendix D. We would like to point
out that this procedure ensures a convergence towards the optimum alignment and therefore is
repeatable.
The point spread function of the completed imaging system can be measured in this test
environment by back-illuminating a sufficiently small pinhole. It can happen that despite cautious
alignment the psf does show notable aberrations. These may arise almost solely from lenses
where a complete alignment was not possible as not all necessary degrees of freedom could be
accommodated in one cage plate (this is true for L1 an L2 in our case). Then it can happen
that a slight transversal shift is compensated by tilt. Hence the tilt of such lenses better is finely
adjusted by inspection of the image of the point spread function itself. The ideal psf is radially
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Figure 4.9.: CCD image of the line target (blue) used for determining the magnification. It has 10 line
pairs per mm. The superimposed orange lines show the detected edges between dark and bright stripes.
The image was recorded on a camera with (9 µm)2 pixels.

symmetric, which can be checked by a fitting a two dimensional Gaußian. Especially residual
astigmatism can be well reduced in this manner.
Finally, the transversal positioning of the camera should be controlled. Typically the camera is
best positioned if the transversal field of view in the camera plane fills the CCD chip centrally
and completely. This ensures that highest optical quality is indeed reached throughout the
detector. This can be verified by transversally shifting the imaged pinhole through the full
detector area. The recorded psf becomes visibly astigmatic (cf. Fig. 3.4b) towards the boarder of
the transversal field of view, since for a real optical assembly the focus plane is distorted away
from planarity and to lowest order forms a parabola. After the final alignment steps the system
can be characterised. The three major reference quantities we are interested in are magnification,
resolution and transversal and longitudinal field of view.

4.5. Benchmarking magnification
Magnification is an important measure since it defines the relationship between object and image
plane and can be used to conjugate all quantities measured in the image plane back to the object
plane. Even the resolution we will measure in the next subsection is measured in the image plane
and has to be scaled back to the object plane (cf. sec. 2.3).
A system’s magnification can be measured in a test setup by imaging a line target. Such an
object comprises a set of dark-bright line pairs in horizontal and vertical direction and varying
line spacing. Upon measuring the spacing between edges of the same type (dark to bright only
or vice versa) one circumvents all blurring influences of the point spread function on the edge6 .
Comparison to the line-pair spacing of the target yields the magnification value.
We used a line target with 10 line pairs per mm (part number NBS 1963A obtained from CVI),
the image of which is shown in Fig. 4.9. Analysis of this image7 , which was taken by a (9 µm)2
pixel camera, gave an average line-pair spacing of 768.3(68) µm (774(14) µm) in the horizontal
(vertical) direction. The larger error for the horizontal direction originates from the lower recorded
number of stripes. The thereof calculated magnification is
7.7(1),

7.7(2)

(4.3)

6 Mathematically

this can be described by an edge spread function.
Wolfram Mathematica 8 [24] onwards, built-in functions for detecting edges and lines are available for
image post-processing. We relied on these for our analysis.

7 From
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horizontally and vertically, respectively. Within errors the horizontal and vertical magnification
are identical. From relation (4.2) and the specified focal lengths we expect eightfold magnification.
The slight, but yet significant deviations between our measurement result and the theoretical
expectation can be understood by considering the differences between perfect, unaberrated otpics
and aberrated optics. The expression for the magnification of a 4f-system (4.2) originates from
simple, unaberrated ray optics. It also agrees well with our Fourier optics simulations, because no
phase aberrations higher than defocus are accounted for. However, the position of best focus can
be modified by phase aberrations. Since we optimised the system for best focus, the final lens
positions may deviate slightly from their nominal positions, thereby modifying the magnification.
This notion is illustrated in Fig. 4.1.

4.6. Benchmarking resolution and field of view
Finally, we wish to measure the resolution of our imaging system and record its point spread
function in the test setup. This can easily be achieved by utilising a pinhole, as was mentioned
already for the final alignment step of the imaging system. However, since a pinhole only
approximates a true point source, its size has to be chosen carefully to not influence the psf
improperly. It is evident from the convolution law of optics (2.25) that only a true point source
allows the unobstructed measurement of a point spread function.
R→0

Idet = |circ(R) ⊗ psf |2 −−−→ |psf |2 ,

(4.4)

where circ is the circle function of radius R. However, if the pinhole radius is well below the
resolution length, i.e. the characteristic size of a point spread function, then its image is the point
spread function to very good approximation.
To determine a suitable choice pinhole, we simulated the image of a circular aperture for our
system assuming diffraction limited performance via eq. 4.4. As a measure for the image size we
took the Gaußian standard deviation introduced in sec. 3.3. Although this only gives the size of
the incoherent point spread function, it correctly resembles our later measurements. For R → 0
the standard deviation is 1.16 µm. The results for finite pinhole radii are given in Fig. 4.10.

Width of psf after imaging @ΜmD

1.40
1.35
1.30
1.25
1.20
1.15
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1.5
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Pinhole radius @ΜmD

2.5
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Figure 4.10.: Simulation for imaging a nearly point-like, circular object. Since real point sources are
not realisable in nature, pinholes are utilised as an approximation. They have to be sufficiently small
to allow the point spread function to wholly dominate the image. The resolution length defined as
standard deviation of a Gaußian fit to the incoherent point spread function was employed here. It allows
to distinguish the different regimes where the point spread function and where the pinhole dominate the
image structure size. The resolution for an ideal point source is represented by the horizontal line at
1.16 µm. We find that an object with 1 µm radius is sufficient at our measurement accuracy.
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Figure 4.11.: Size of the through focus point spread function for different pinhole positions. For each
position 6 to 8 images were taken. The recorded point spread functions were fitted by a freely rotatable
2D Gaußian, of which the long and short axis standard deviations are given, averaged over all shots per
setting. As error bars the respective standard deviations are given. The red lines were obtained without a
viewport, the blue ones with. Further data was taken beyond the depicted domain of pinhole positions.
They are not shown here as the respective point spread functions are comparably large and structured,
such that they are only badly approximated by a Gaußian function. Relative pinhole positions of the
measurement with viewport compared to without viewport are arbitrary.

Based on these calculations a pinhole with 1 µm radius is found to create an image which is
just 2 % larger than images of a single point. We will see later that also our measurement error is
within this range if we use such a target. Larger pinholes rapidly become dominated by the size
of the pinhole itself8 .
Using a 1 µm pinhole9 we then measured the through focus point spread function of the system.
To emulate the future setting of our imaging system as closely as possible, we additionally place a
viewport into the light beam, which is identical to the ones of the vacuum chamber. By repeating
the same measurement cycle without viewport we can quantify its effect on the imaging properties.
We measure the through-focus psf by tuning the longitudinal position through the optimal
focus position. This corresponds to atoms at different longitudinal positions in a cold-atom
experiment. Light propagation through the optical setup is different for different object positions,
therefore we have to expect variations in the measured point spread functions before as compared
to behind optimal focus. Our paraxial simulations in Figs. 4.3 & 4.4 for the idealised imaging
system showed no such effect, but they did not include any aberrations beyond defocus.
A quantitative analysis was undertaken by fitting a two dimensional Gaußian to each of these
images and extracting the standard deviation along the long and short axes. To account for
statistical uncertainties in e.g. laser intensity illuminating the pinhole, noise on the camera
readout, fluctuating binning of the recorded image by the camera etc., several images were taken
per pinhole position. From every set of images we computed the average σpsf and its standard
deviation. The results of this analysis are shown in Fig. 4.11. The Gaußian standard deviations
along the long and short axes show almost no diffrences for the measurement without viewport,
allowing the conclusion that only very little astigmatism is present. A typical behaviour of an
astigmatic system would be that the psf is substantially stretched along one axis before focus
and stretched orthogonally after focus. This is also evident in the respective plot in Fig. 3.4b.
8 The

image of the pinhole is then additionally only badly approximated by a Gaußian function.
pinhole from Edmund optics, stock number #39-878

9 Precision
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(A) Test camera
min
σpsf

long axis
short axis

w viewport [µm]

min
σpsf

(B) Scientific camera

w/o viewport [µm]

1.532(4)
1.554(2)

1.495(3)
1.571(3)

min
σpsf
w viewport [µm]

1.639(4)
1.670(5)

Table 4.2.: Measured minimal resolutions of the measurement depicted (A) in Fig. 4.11 and (B) in
Fig. 4.12.

Slight astigmatism was reintroduced by the viewport, which was not optimally aligned here with
respect to the imaging axis. However, almost no deterioration of the resolution minimum was
found upon insertion of the viewport. The values for minimal resolution are presented in Tab. 4.2.
This suggests that spherical aberrations caused by the viewport are small but significant, for
our system. This is surprising since explicitly no correction for the aberrations arising from the
viewport were implemented in the setup.
The achieved best resolution length is σpsf = 1.55 µm (including viewport), significantly
below the theoretical expectation for diffraction limit, which is 1.16 µm. A detailed comparison to
diffraction limit will only become possible once we applied our new in-situ technique to it (compare
sec. 3.3 for an introductory discussion of this aspect), which will be done in the next chapter. We
will only note here that to reach diffraction limit is strongly complicated with a system such as
ours, because no aberrations are corrected and possibilities to compensate aberrations within the
present lens system are limited.
A on first sight peculiar feature of the measured through-focus point spread function is its
skewness, i.e. its lack of symmetry around the best focus. But as we varied the object distance,
this asymmetry was expected from the beginning, as was discussed already in sec. 4.4.
So far all measurements have been undertaken with a test camera10 , which has the advantage
of small pixels - (9 µm)2 - and thus allows to discern more features in the image. The final setup
comprises a high-quantum efficiency camera11 with (16 µm)2 sized pixels. In the last step of our
characterisation we introduced this camera into the optical assembly. To avoid establishing defocus
aberrations in this last step, the camera’s longitudinal position was adjusted to the previously
sharp image of a pinhole. Additionally we ensured that the transversal field of view is centred
on the camera chip, where later the images of the atom clouds will reside most likely. Sample
images of point spread functions across the transversal plane are given in Fig. 4.13. They were
obtained by moving the pinhole across the object plane. We did not succeed in fully centering the
camera on the transversal field of view. Prominent coma is visible in three corners of the CCD
chip, delimiting the transversal field of view. The centre image shows a symmetric psf . We find
that about the outer 40 pixels towards the bottom and right edge of the detector are excluded
from the transversal field of view.
Finally, we again measured the through-focus point spread function of the finalised optical
setup. The results are shown in Fig. 4.12, where we again included the viewport before the first
lens. Also here we were not fully able to suppress the astigmatism introduced by the viewport.
The minimal resolution length is given in Tab. 4.2. These numbers are again slightly higher than
was measured with the former camera. This can be attributed to the slightly larger astigmatism
encountered this time. As is eminent from Fig. 3.4b, astigmatism does widen a psf , even at
optimal focus.
Our measurements also allow for the longitudinal field of view to be obtained from Figs. 4.11 &
4.12. Our results for both sets of measurements are presented in Tab. 4.3. In general, the results
are consistently larger than the value we derived from the simulated point spread function in two
dimensions in sec. 4.3. Here a limitation of performing the Fourier analysis in two dimensions only
becomes manifest. We expect the depth of field to be flattened if the extra transversal dimension
10 U

Series Digital Camera from Apogee Instruments Inc
iXon Ultra from Andor Technologies

11 Andor
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Figure 4.12.: Size of the through focus point spread function for different pinhole positions. Compared
to Fig. 4.11 a high-quantum-efficiency camera was introduced in the setup. This camera has larger pixels
of (16 µm)2 size. This measurement was taken with a viewport.

(A) Test camera
long axis
short axis
overlap

(B) Scientific camera

RR w viewport [µm]

RR w/o viewport [µm]

RR w viewport [µm]

95.7(15)
98.8(13)
89.7(16)

79.4(56)
83.9(37)
79.4(56)

77.6(46)
84.4(46)
68.9(48)

Table 4.3.: Rayleigh range RR for the longitudinal field of view of the measurements depicted (A) in
Fig. 4.12 and (B) in Fig. 4.11. Given are both the Rayleigh ranges for the long and short axes of the
through focus psf independently as well as the range, where the two overlap and thus the Rayleigh range
is fulfilled for the entire psf .

were included.
Finally, the completed imaging system has to be installed in the experiment. In the next section
we will introduce the final setup in the experimental environment and discuss focusing of the
entire system onto an atom cloud.

4.7. Installation and focusing of the complete imaging system
To ensure the stability of the alignment of the optical system relative to the camera, especially the
transversal field of view, the entire setup was mounted onto a breadboard. The entire system was
then transferred to the Rydberg experiment. To focus the apparatus, it was not directly placed
onto the optical table, but instead rests on a pair of linear ball bearing guide rails12 . In this setup
a rail wagons holds the imaging breadboard on each corner and the wagons smoothly slide along
the rail. This ensures that the whole imaging system is translatable along the optical axis with low
friction13 . The construction can also be seen in Fig. 4.8. This design has the additional advantage
12 A

small size and high load capacities are essential. We obtained rails and wagons from Schneeberger, part
numbers MN 15-470-G1-V1 (rail) and MNNL 15-G1 (waggons).
13 As an alternative we tested low friction slick tape, e.g. PTFE or UHMW tape. However we could not achieve
the desired reduction of friction in this way.
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Figure 4.13.: Point spread functions throughout the transversal plane. The psf s around the centre were
taken at positions ≈ 40 pixels from the edge of the detector chip.

that the elevation of the imaging system can be adjusted in a controlled way by adapting the
mechanical connection between the imaging breadboard and the rail wagons. Additionally the
breadboard with the imaging system was connected to a translation stage14 , which allows us
to finely tune the position of the imaging system relative to an atom cloud. The rail is visible
in Fig. 4.8. To focus the system towards the trap centre, we image a very thin atom cloud of
standard deviation 3 µm to 4 µm at optimal focus.
After the support structure was implemented, the imaging system can be aligned to the vacuum
chamber. This step is important because the optical axis of the imaging system has to be
rectangular to the viewport separating the atoms from the imaging system. Else the viewport is
tilted with respect to the imaging system, introducing aberrations like astigmatism as was seen
above. The alignment can again be facilitated via a reference beam, here the imaging beam for
absorption imaging (cf. sec. 4.4). First the imaging beam is adjusted to be perpendicular to the
viewport. That can be achieved by placing small apertures in front of the viewport through which
the laser beam enters the vacuum chamber and the opposite one through which we image, and
aligning the imaging beam to symmetrically go through both. Afterwards the imaging system is
again placed concentrically onto the imaging beam, as was done before in the test environment.
After this rough alignment the image of an atom cloud needs to be moved into the centre of the
transversal field of view observed in Fig. 4.13. This can be realised horizontally by minimally
moving the imaging breadboard across the optical table. Vertically we utilised the adaptability of
the connection between imaging breadboard and the rail wagons described above. In this way the
optical axis of the imaging system remains parallel to the imaging beam illuminating the atom
cloud. The position of the image of the atom cloud on the detector is visible in Fig. 5.1. Finally,
the imaging system is ready to use in the experiment. As a first application we performed a
complementary in situ characterisation of the imaging properties, presented in the next chapter.

14 Obtained

from OWIS, part number MT 60S-50-X-MS. We chose this particular translation stage because of its
strong reset spring. The reset force is declared as 11.5 N to 48 N.
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5. In situ characterisation of imaging
performance via density-density
correlations
The precursor of the imaging system introduced in this thesis was not dedicatedly aligned and
even had partially unknown characteristics. The optical resolution of this setup was between 9 µm
and 12 µm [15, 17] (Rayleigh criterion). It was based on a similar design to the one adopted in
chapter 4 for the new imaging system and had the same optimal numerical aperture. After the
new imaging system was set up and characterised in a test environment, it was installed into the
Rydberg experiment (cf. sec. 4.7). Here it was characterised again using our noise correlation
technique introduced in chapter 3. To illustrate the potential of this method we applied it to
the precursor imaging system and to the new imaging system. By comparing the results of each
analysis, we will be able to evaluate the improvements of the imaging characteristics. Furthermore
we will be able to measure in situ the resolution length and the Strehl ratio. Thereby we will
demonstrate that our method yields detailed imaging characteristics and readily points towards
improvement capabilities of the imaging setup.
The procedure of the noise-correlation analysis is detailed in sec. 3.2.1, through which the
present chapter will guide. We will briefly discuss the data acquisition of absorption imaging
in sec. 5.1. Before the power spectrum can be calculated, the correlated background of every
image has to be removed. We will introduce our background removal strategy in sec. 5.2 and
qualitatively and quantitatively analyse the obtained power spectra in sec. 5.3. From the hereby
estimated aberration parameters we calculate the point spread function of the imaging systems
and assess its resolution in sec. 5.4 .

5.1. Data acquisition and post-processing
During a single run of absorption image acquisition, usually three different images are recorded.
These are the absorption image Ai of the object of interest itself, a reference image Ri , which is
taken with the same light sources but deliberately no object, and a dark image Di where also the
imaging light is switched off. The latter shot contains for example information about stray light.
The dark image can immediately be subtracted to give A0i = Ai − Di and Ri0 = Ri − Di .
A0

Fig. 5.1 shows an average of absorption image over reference image h Ri0 i obtained by absorption
i
imaging a dilute, thermal atom cloud with the new imaging system. The shadow of the cloud
is clearly visible and its position lies within the transversal field of view of the imaging system
dicussed in Fig. 4.13. The clouds were trapped and cooled in a tight dipole trap to ≈ 80 µK and
subsequently released form the trap for a short time-of-flight before imaging. The time-of-flight
sequence was chosen such that the radial extend of the cloud, measured to be ≈ 80 µm, remained
within the Rayleigh range of the imaging system. The images were obtained with a CCD camera
with pixels of (16 µm)2 size. We took 200 images for our analysis.
We measure the spatial correlations of the absorption images in the Fourier domain via the
power spectrum, which is the Fourier transform of the autocorrelation. It is defined by:
M (~kr ) =



h
i 2
F T~r Idet (~r) − hIdet (~r)i
.

(5.1)
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Figure 5.1: Average of absorption image over reverA0
ence image h Ri0 i of a dilute atom cloud. The envelope
i
of the cloud is clearly visible as a decrease in optical
transmittance. The black square marks the region
later used for computing the power spectrum. The
new imaging system was used for imaging here.

Here h. . . i denotes the average over many realisations. For our discretised experimental data, the
Fourier transform F T [. . . ] is a discrete Fourier transform. If one pixel in the data domain has size
(∆x, ∆y), it has the size (∆kx , ∆ky ) = (1/(∆xNx ), 1/(∆yNy )) in the discrete Fourier domain,
with (Nx , Ny ) the number of pixels in each direction. Thus the amount of detail in M increases by
increasing the region of interest. The mean hIdet i in M contains all imaged structures which are
correlated between realisations, like the background intensity distribution and the gross envelope
structure of the imaged cloud. We discuss our implementation of the background subtraction in
the following section.

5.2. Background removal
The key to an accurate, detailed correlation analysis of the intensity distribution originating from
the uncorrelated density noise of the cloud is to artificially remove the background and thereby
all contributions which are correlated from realisation to realisation. If the background is not
removed from the images, the resulting power spectrum shows additional structures. This is
illustrated in Fig. 5.3 for the power spectrum of the absorption images A0i . A background removal
by mere subtraction of hIdet i is not sufficient, because also the gross structures in an absorption
image fluctuate between realisations. Instead, we compute a tailored reference image for each
image taken. Such methods are already available. We applied the algorithm described in [25],
with which a good correction can be achieved. The algorithm requires a set of images {Bi }, of
which the background in each Bi shall be removed. For each BiPan optimal reference image is
computed by the weighted average of all other images, Biref = j6=i Bj cj . The weights cj are
efficiently determined by a least squares analysis.
The background removal can be performed on A0i and Ri0 independently. We show exemplary
corrected absorption images in Fig.5.2. In the background region these images mostly show the
detection noise of the CCD, which has a correlation length of 1 pixel. Within the cloud region
(marked by black rectangles) an additional contribution is the imaged density noise of the cloud.
The visible correlation length of the imaged density noise is much larger in the old setup as
compared to the new one. This is partially due to a reduced gross atomic density of the clouds
imaged by the new setup, but also suggests a significant improvement of the resolution length of
the new setup compared to its precursor.
Despite background subtraction, both A0i and Ri0 show remnant peaks. To achieve best
compensation of the background, we first perform the background removal on the sets A0i and
Ri0 independently. Thereafter we compute the power spectrum MA of the corrected absorption
images and additionally the power spectrum MR of the corrected reference images and subtract
the two. To reduce the influence of technical noise we only calculate the power spectra from the
cloud region marked in Fig. 5.1. In this way both power spectra are calculated from the same
image region1 . MA − MR shows almost no artifacts and can be used in our further analysis. These
power spectra measured with the old and the new setup are be presented in the following section.
1 If
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different spatial domains are chosen, the remnant correlations do not necessarily match in both power spectra.
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(d) Inherent noise absorption image, old setup

Figure 5.2.: Exemplary absorption and reference images after background removal. The respective cloud
positions are marked by a black rectangle. The cloud position changed between the characterisations
of the new ((a) & (b)) and the old setup ((c) & (d)), as well as the cloud size. Within the cloud region
short-ranged spatial correlations are visible in the absorption images, in contrast to the (to the eye)
uncorrelated background. The reference images (a)&(c) show no correlations in the cloud region. This is
a first confirmation that the imaging length scale is imprinted into the absorption image as discussed in
sec. 3.1. (c) shows a much longer correlation length than (b), indicating a notably improved resolution
length in the new setup.

With the power spectrum we will be able to draw qualitative and quantitative conclusions on the
respective imaging characteristics.

5.3. Assessment of aberrations
In the previous section we introduced a procedure to correct the measured power spectrum for
artifacts inherent to absorption and reference images. With it we are able to obtain the power
spectrum of the real of the point spread function as discussed in sec. 3.2. The power spectrum of
coherently imaged uncorrelated fluctuations has the form

i
1h
M (~kr ) ∝
p(~a + k~r )2 + p(~a − k~r )2 + 2p(~a + k~r )p(~a − k~r ) cos Φ(~a + k~r ) + Φ(~a − k~r ) − 2Φ(~a) .
4
(5.2)
p(~kr ) denotes the exit pupil and its illumination amplitude of the imaging system, which can have
a shift ~a with respect to the optical axis. Phase aberrations are denoted as Φ(~kr ). The above
relation shows that the power spectrum has two images of the pupil, one being a rotation by π of
the other. The phase aberrations are mapped onto additional amplitude modulations of the power
spectrum. This interference term is superimposed to the intersection of the two pupil images.
Power spectra were measured for both the new and the old imaging system. In both cases 200
absorption and reference images each were recorded. The power spectra were calculated from the
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Figure 5.3: Power spectrum of the absorption
images, if no background removal is undertaken.
A comparison to Fig. 5.4 reveals that without appropriate correction the exit pupil is indiscernible.
The evaluated detector region spanned 61 × 401
pixels of size (16 µm)2 in the detector plane.

area occupied by the cloud (cf. Fig. 5.2). We present the measured power spectra in Fig. 5.4.
Their shape is well described by the model eq. (5.2). A comparison between the two figures reveals
a significant improvement of the imaging characteristics.
• The new imaging system has a well defined optical axis and the exit pupil is perfectly centred
on it. In the precursor experiment a notable shift of the exit pupil away from the central
position is observed. This shows that the light propagation is bent away from the optimum.
A shift of the exit pupil is one type of pupil aberration introduced in sec. 2.3. This can
be caused by tilt or transversal displacement of lenses. The alignment procedure of these
degrees of freedom of the lenses introduced in sec. 4.4 aimed at ensuring that all optical axes
of each lens are collinear, thus forming one overall symmetry axis of the imaging system. In
this way tilt and transversal displacement of the lenses were successfully suppressed.
• The second pupil aberration introduced in sec. 2.3 is the size of the exit pupil. We can
directly compare the experimental pupil size with the diffraction limit, which is given by
the numerical aperture of the imaging system. We find that the size of the exit pupil of the
new setup almost matches the diffraction limit. In horizontal direction the measured radius
of the pupil is 4 % smaller, in vertical direction 3 %. One cause are the adapter lens mounts
introduced in sec. 4.4 to host the lenses in the imaging system. They reduce the pupil radius
by ≈ 2.5 mm. Thereby the radius of the exit pupil is reduced by 1 %. An additional effect
may be the longitudinal placement of the lenses relative to one another and to the object.
One possibility is that a spherical aberration of the imaging system is balanced by defocus.
This would reduce the numerical aperture of the system (cf. Fig. 3.4).
The exit pupil of the old imaging system is substantially smaller. In the horizontal direction
we measure a decrease of the radius by 46 % and vertically by 44 %. This large deviation
to the diffraction limit is improved in our setup. We can therefore conclude that also the
alignment of longitudinal degrees of freedom was significantly improved.
• The amplitude modulations within the measured exit pupils of both systems can not directly
be ascribed to phase or illumination aberrations. We will start with considering the new
setup. Because the exit pupil of the new setup is well centred we can assume that the system
has negligible vignetting. This effect describes an illumination falloff if a misplaced aperture
clips light rays or if light from off-axis image points is shaded by an aperture [16]. Within the
transversal field of view, where the atom cloud was placed, also the latter can be neglected
for the new imaging system. Additional amplitude modulations across the exit pupil can
arise by a transversally varying transmittance of optical elements (apodisation), for example
caused by finite acceptance angles of optical coatings. For an imaging system like ours,
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Figure 5.4.: Measured power spectra for the precursor imaging system (a) and for the new setup (b).
In both images the contour of the exit pupil expected for ideal, diffraction limited imaging is shown in
green. The measured exit pupils of both setups are denoted in red. The phase aberrations are visible
as amplitude modulations inside the intersection of the two exit pupil images. These attributes are
all well described by our model, see eq. (3.4) and accompanying discussion. A central peak appears
as the correlation signal of the background plane, which will be neglected in the course of the further
analysis. The circular plateau of high amplitude in the centre of the power spectrum is a key signature
for aberrations with a circular symmetry. Of the fundamental phase aberrations candidates are defocus
and spherical aberration (compare Fig. 3.4).
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with a large separation between the first lens and the object, such an illumination falloff is
negligible [22, 13]. Therefore the varying amplitude of the power spectrum of the new setup
is fully caused by the interference of phase aberrations. We will assume furthermore that
also the old setup is not affected by apodisation. However, we find a decreased amplitude of
its pupil outside the intersection region, which we attribute to vignetting.
• Both imaging systems show phase aberrations with a circular central plateau and a falloff
towards the pupil border2 . Such symmetric phase aberrations can be caused by defocus
and spherical aberrations, as is shown in Fig. 3.4. There we also show that in the presence
of aberrations, the position of the optimal focus is shifted and the defocus aberration
counterbalances higher order aberrations. We expect a contribution of spherical aberration
originating from the viewport. In our design the viewport resides in a diverging beam,
which is known to cause spherical aberrations [22]. The aberrations introduced by the
viewport were not corrected for (cf. sec. 4.3). Additional small spherical phase aberrations
are in general also contributed by every lens. Furthermore, we can qualitatively infer from
the power spectra the possible presence of astigmatism by comparison with Fig. 3.4. The
signatory linear stripes of astigmatism are not present in the power spectrum of the new
setup, but seen at the left and the right side of the exit pupil of the old setup. However, it
must be cautioned that potentially these features can also arise as an interference pattern of
other aberrations if the exit pupil is shifted with respect to the central axis. The exact origin
will only become clear after a quantitative analysis in the following. The apparent absence
of astigmatism in the new setup shows that we succeeded in aligning all lenses parallel to
one another and additionally the whole system parallel to the viewport as described in
sec. 4.4 and sec. 4.7, respectively.
In summary we find that the power spectrum reveals qualitative information about imaging
characteristics and its alignment. For a quantitative analysis of the phase aberrations we will
fit the model expression 5.2 to our data. In the following we will focus our discussion on the
new setup. A brief further characterisation of the old setup is presented in appendix A.3. The
numerical fit is separated in two steps, first the estimation of the border of the exit pupil and
second of the phase aberrations. The first step was already undertaken
in Fig. 5.4. For the second
P
step we decompose the phase into Zernike polynomials Φ = j Aj Z (j) and truncate the sum
at sufficiently high order. The phase aberrations fit for the new setup is presented in Fig. 5.5,
alongside the inferred aberration parameters Aj in Fig. 5.6. We repeated the fit several times with
randomised starting parameters. From the converged fits (13) we calculate the standard deviation
as the error of the aberration parameters. It was pointed out in sec. 3.2 that odd phase aberrations
do not contribute to M , these are shown with Aj = 0 in Fig. 5.6. The independent measurements
of the point spread functions in the test environment showed that the psf is spherically symmetric
in the image region analysed here. Therefore we can expect that odd phase aberrations contribute
only very little to the point spread function of the new setup. The centred, symmetric exit pupil
of this system suggests the same.
The only dominant contributions in Fig. 5.6 are for j = 5, 13, 25. These are the leading orders
of defocus and first and second order spherical aberration, cf. sec. 3.2. The magnitudes of these
phase aberrations and of the corresponding wave aberrations (marked by 0 )3 are
2nd spherical

As2 = −3.54(4) ,

1st spherical

As = 6.76(6) ,

defocus

Ad = −4.50(2) ,

A0s2 = −0.564(6)λ
A0s2 = 1.075(9)λ
A0s2 = −0.717(4)λ .

(5.3)

The alternating sign of these parameters shows that they are counterbalancing one another.
The magnitude of the aberration coefficients is large compared to a typical diffraction limited
system [22]. This suggests that the new imaging setup is not diffraction limited and can be
2 We

point out a striking similarity to the ”Lidless Eye” of Sauron in The Lord of the Rings by J.R.R. Tolkien
aberrations convert into wave aberrations by a scaling factor of λ/2π.

3 Phase
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5.4. The measured point spread function
further improved by introducing a corrector lens. The likely origin of the greatest part of these
aberrations is the viewport, through which the imaged light passes as a divergent beam.
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Figure 5.5.: Quantitative analysis of the new setup. (a) power spectrum fitted to Fig. 5.4b and the
residual of the fit (b), alongside the deduced phase aberrations Φ (c).
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Figure 5.6.: Phase aberration parameters Aj , with j the cardinal number of the Zernike polynomials
Z (j) , governing the power spectrum in Fig. 5.4b as identified in the fit displayed in Fig. 5.5. Odd phase
aberrations, which do not contribute to the power spectrum, are marked in light red. Vertical blue lines
mark the leading order Zernike polynomial of defocus (j = 5), spherical (j = 13) and second order spherical
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5.4. The measured point spread function
From the measured aberration parameters, the point spread function can be calculated via
h
i
~
psf (~r) = F T p(~kr + ~a)eiΦ(kr +~a) .
(5.4)
In Fig. 5.7 we present the point spread function measured for the new setup. The measured
psf is symmetric, consistent with observations in the test environment in Tab. 4.2 and Fig. 4.13.
Aberrations are evident in the meaasured psf . The peak intensity is reduced compared to the
diffraction limit, while the outer minima stand further apart. Additionally, the contrast between
the primary maximum and the first side maximum is reduced. As appropriate quantitative
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Figure 5.7.: Horizontal and vertical cuts through the reconstructed coherent psf of the new imaging
system, alongside equivalent plots for the ideal, diffraction limited imaging system. We show the absolute
of the complex psf , since it allows to measure the coherent Rayleigh resolution length (xC ).

measures for the quality of a point spread function we use the coherent Rayleigh criterion,
Gaußian standard deviation and the Strehl ratio in sec. 3.3. In contrast to a pinhole measurement,
all three can be studied here. Our findings are presented in Tab. 5.1.

xC [µm]
σpsf [µm]
Strehl

old setup

new setup

diffraction limit

8.5
2.17
0.063

4.8
1.28
0.67

4.6
1.16
≈ 0.8 to 1

Table 5.1.: Resolution criteria for the measured point spread functions. xC is the coherent Rayleigh
criterion and σpsf the Gaußian standard deviation. The errors estimated for the aberration parameters
influence these results only in the third and fourth digit.

Significant improvements in all resolution parameters are apparent between the old and the
new setup from Tab. 5.1. An improvement in optical resolution by almost a factor of two was
achieved. In contrast to the new setup, odd phase aberrations like coma are likely to have affected
the precursor imaging system, additionally decreasing its performance. The new setup performs
close to the diffraction limit. Typically an imaging system is assumed to be diffraction limited if
its Strehl ratio is larger than 0.8 [22]. This is not quite achieved by our new setup. σpsf was also
measured in the test environment by imaging a pinhole, where we found a resolution of 1.64 µm
to 1.67 µm for the final setup. This result is significantly larger than our findings with the noise
measurements. One possible cause is that the noise measurements lack information about the odd
phase aberrations like coma. However, the centred, symmetric exit pupil of this system and our
parallel characterisation in the test environment suggests that these had only small contributions.
A second possible cause is an overestimation of the size of the point spread function in the test
measurements due to the finite pixel size of the camera. The unknown distribution of the small
image of the pinhole over few pixels can cause substantial deviations in the fitted Gaußian [27].
Finally, the reconstructed point spread function allows one to validate the correctness of the
numerical analysis. A random noise pattern can be simulated, with which the psf is convolved.
The power spectrum of the thus simulated optical image has to match the original power spectrum.
We perform this control test in Fig. 5.8 and find good agreement.
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show the same structure as the measured one.
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6. Conclusion and Outlook
In the course of this thesis a new imaging system was developed and implemented in our Rydberg
experiment. A thorough characterisation of the performance of the new imaging system was carried
out both outside and within (in situ) the experiment. The optical apparatus consists of an array
of two 4f-optical relays with an overall nominal magnification of eight and a resolution of 1.16 µm
(standard deviation) of the diffraction limited spot. The layout consists of four commercially
available cemented lens doublets with a high degree of aberration correction. To obtain the best
resolution it is essential that each element is precisely aligned perpendicular to the optical axis.
Hence in assembling the system we put particular emphasis on the ability to freely position every
individual lens, such that we were able to accurately place them relative to one another and
enforce a well-defined overall optical axis of the system.
The complete system was first characterised outside the main experiment in a test environment
with free access to the object plane. By imaging a line target we measured a magnification of
7.7. The optical resolution was measured to be 1.6 µm to 1.7 µm by imaging a small pinhole. By
changing the longitudinal and transversal position of the pinhole relative to the imaging system,
we also investigated the longitudinal and transversal field of view. We obtained 70 µm to 80 µm
for the longitudinal field of view (object side). The camera chip was aligned optically to match the
transversal field of view of the system. Approximately the outer 40 pixels to the bottom and right
edge of the detector (512 × 512 pixels with size (16 µm)2 ) lie outside the transversal field of view.
Measuring the imaging characteristics of the imaging system after its integration into the
Rydberg experiment was complicated by the inaccessibility of the object plane due to the vacuum
system. Hence we developed a characterisation technique only relying on imaging a cloud of
trapped, cold atoms. Optical imaging of the microscopic density fluctuations within an atom
cloud is comparable to imaging a coherent random source; optical characteristics are therefore
measurable by a power spectrum analysis of images of atom clouds. In comparison to imaging a
single point-like object, this technique has the advantage that the position and size of the exit
pupil as well as phase aberrations can be studied independently. Therefore it allows great insight
into aberration characteristics, the alignment quality of the imaging system and its proximity to
ideal, diffraction limited imaging. We subsequently applied this technique to our new imaging
system as well as the precursor setup and compared the performance of the two. The precursor
system showed a reduced, off-centred exit pupil. In contrast, the new setup has a optimally centred
and sized exit pupil, confirmed the successful alignment of all lenses. Via the noise correlations
we measured an optical resolution of 1.3 µm, halving the resolution length previously attained
with the precursor setup. The Strehl ratio was found to be 0.67, close to 0.8 which is typically
taken to delimit diffraction limited performance. The only substantial aberrations still mitigating
the optical performance are spherical aberrations, most likely originating from the viewport. The
effect of the viewport can be minimised in the future by either placing a lens in the vacuum or by
designing a dedicated correction lens. Both are highly involved measures.
The noise correlation method has ample potential for further extension and implementation in
different contexts. As one example we would like to point out the investigation of the transversal
field of view with a large atom cloud in the object plane, whose extend in longitudinal direction is
within the depth of field. Power spectra can then be derived and compared for adjacent subsets
of the detector plane, revealing distortions of the image plane. Alternatively a cigar-shaped atom
cloud could be moved across the object plane to map out the transversal field of view. Beyond
atomic physics experiments, this tool is vastly applicable wherever objects are studied by imaging
coherent light and an object with uncorrelated fluctuations is readily available. E.g. in microscopy,
cells could be utilised. Furthermore, we proposed in this thesis the use of power spectra of imaged
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noise patterns for live-adaption applications. From the power spectrum simple global resolution
measures can be derived and maximised for an imaging system to tune its optical performance.

Figure 6.1: Single shot image of approximately
6 Rydberg atoms (n = 50S) by interaction enhanced imaging. [14]. With the new optical imaging apparatus we will be able to reduce the minimum number of Rydberg atoms substantially.

While we have not yet had the opportunity to test the new imaging system on spatially correlated
atomic samples, this is now well within reach. Using the precursor imaging system we studied the
state and dynamics of Rydberg atoms immersed in an atom cloud using a fundamentally new
imaging technique [15]. The spot size associated to a single Rydberg atom by this technique is
2 µm to 5 µm. Thus far we were able to resolve a minimum number 5 to 6 Rydberg impurities; a
sample image of approximately 6 Rydberg atoms is given in Fig. 6.1. The improvements of imaging
quality and optical resolution presented in this thesis, together with adapting other experimental
parameters like cloud density and Rydberg states, allow for the resolution of individual Rydberg
atom impurities interacting with an atom bath.
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A. Appendix: Imaging noise
To model imaging and the in situ analysis proposed in this work, cross-correlations and convolution
are two vital tools. These are for example discussed in [30] and any suitable math textbook.

A.1. The absorption image of an atom cloud
In section 2.1 we described the total electric field after light scattering off an atom cloud in the
far field limit as a superposition of the illuminating, incident light field Einc and the sum of all
scattered waves Esc . For simplicity for only keep track of the negative frequency components
E (+) of the electric field here. Their harmonic conjugate gives the respective positive frequency
component.
X
(+)
(+)
(+)(j)
Etot = Einc +
Esc
.
(A.1)
j

Additionally, we decomposed the total scattered wave into an envelope Esc , which is constant
between different realisations, and the shot-to-shot fluctuations in the position of the scatterers
δEsc
X

(+)(j)
Esc
= Esc

(+)

(+)
+ δEsc
.

(A.2)

j

The subsequent imaging of this light field was described by


(+)
(+)
(+)
(+)
Edet = Einc + f Esc
+ f δEsc
⊗ psf ,

(A.3)

which gives the electric field across the detector plane. Here psf is the point spread function of
the imaging system and the factor f denotes the fraction of the spherical scattered wave collected
by the imaging system. The point spread function was defined in (2.32) to be
h
i
~
psf (~r) = F T~kr p(~kr − ~a)eiΦ(kr −~a) .
(A.4)
In eq. (A.3), a separation of different length scales can be exploited (cf. sec. 3.1). The spatial
extend and the amplitude of the first summand is given by the imaging beam, while the second
summand is governed by the cloud envelope. Both vary only slowly across the typical length
scale associated to the size of a psf (e.g. the resolution length). Therefore their shape is
unaffected by imaging and they only retain an extra phase therm stemming from the in general
complex-valued point spread function. To evaluate the first two summands we will apply the
Convolution-Fourier theorem and insert the definition for the psf . For brevity, we introduce the
(+)
(+)
(+)
field Ec = Einc + f Esc .
h
h
i
i
~
Ec(+) ⊗ psf = F T~kr F T~r Ec(+) (~r) · p(k~r + ~a)eiΦ(kr +~a)
h
i
~
= F T~kr Ec(+) δ(~kr ) · p(k~r + ~a)eiΦ(kr +~a)
= Ec(+) eiΦ(~a) .

(A.5)
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The expression for the electric field on the detector now reads
(+)

(+)
Edet = Ec(+) eiΦ(~a) + f δEsc
⊗ psf .

(A.6)

The intensity detected on the CCD chip is given by the cross correlation of positive and negative
frequency components of the respective electric field:
E
D
(−)
(+)
Idet (~r) = G(~r; ~r) = Edet (~r) Edet (~r) .
(A.7)
Here h. . . i signifies the ensemble average, i.e. the average over time during one realisation. This
description is appropriate for an arbitrary degree of coherence of Edet . Substituting eq. (A.6)
yields
D
E
D
E
(+)
(+)
Idet (~r) = Ec(−) (~r)Ec(+) (~r) + f 2 (δEsc
(~r) ⊗ psf )† (δEsc
(~r) ⊗ psf )
D
E
D
E
(+)
(+)
+ f (δEsc
(~r) ⊗ psf )† Ec(+) (~r)eiΦ(~a) + f Ec(−) (~r)e−iΦ(~a) δEsc
(~r) ⊗ psf
g |2
=Ic (~r) + f 2 δIsc ⊗ |psf
D
E
D
E
(+)
g )† E (+) (~r) + f E (−) (~r)δE (+) (~r) ⊗ psf
g ,
+ f (δEsc
(~r) ⊗ psf
c
c
sc

(A.8)

g = psf e−iΦ(~a) for convenience. To simplify this term further we need to
where we introduced psf
introduce relations for the the incident and scattered fields. In sec. 2.1 these were introduced as

with
and

(+)
(−)
Esc (~r) = Esc
(~r) + Esc
(~r)
(+)
−i(ωt+kr+π/2) ˆ
E (~r) = ηe
dge
sc

†

(−)
(+)
Esc
(~r) = Esc
(~r) ,

(A.9)

with the proportionality factor η carring both the amplitude and the angular dependence of the
dipole field; and
(+)

(−)

Einc (~r) = Einc (~r) + Einc (~r)
with

(+)

~

Einc (~r) = E0 e−i(ωt+k~r) .

(A.10)

Eq. (A.9) describes a single scattering wave. Following the distinction between average and
fluctuating parts of the total scattered wave in eq. (A.2), one can denote these components as
Esc (~r) = εEsc n̄(~r)
and

δEsc (~r) = εEsc δn(~r) ,

(A.11)

with a proportionality factor ε. With these relations, eq. (A.8) becomes
2

g
Idet (~r) =Ic (~r) + f 2 δIsc ⊗ psf

∗ D

E

D

E
g
g
− f iηε δn ⊗ psf
dˆ†ge E0 + if ηεndˆge
+ f iηε δn ⊗ psf
E0 − if ηεndˆ†ge dˆge
2

with

g
=Ic (~r) + f 2 δIsc ⊗ psf
h 
 D Ei
h

D
Ei
g dˆge + < ξ 2 n δn ⊗ psf
g dˆeg dˆge ,
+ E0 < iξ δn ⊗ psf
h
D Ei
Ic (~r) =Iinc (~r) + Isc (~r) + E0 < iξ n dˆge .

(A.12)

Here we assumed that the light in forwards direction is observed, such that ~k~r = kz z in the
incident light field. We additionally introduced the abbreviation ξ = f ηε.
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A.2. Extracting the psf from noise
The expectation value of the dipole operator dˆge = dge σge with the excitation operator
σge = |gihe| is dˆge = dge ρge . The steady state solution of the density matrix ρ̂ is governed by
the optical Bloch equations [8].
The following terms are dominant for absorption imaging
h
D Ei
h 
 D Ei
Idet (~r) =Iinc (~r) + f 2 Isc (~r) + E0 < iξ n dˆge + E0 < iξ δn ⊗ psf eiΦ(~a) dˆge .
(A.13)
To capture the noise contributions which we focus on, this equation can be recast into the
simple expression
h 
i
Idet (~r) =A(~r) − < B δn ⊗ psf eiΦ(~a)
(A.14)
with the real function A and a complex number B = beiβ . On resonance, B is real, which we will
assume in the following. In the following section we will derive the power spectrum of an intensity
distribution of this form.

A.2. Extracting the psf from noise
Finally we wish to compute the power spectrum of the images of the thermal cloud, which is in
general defined as

h
i 2
M (~kr ) = F T~r Idet (~r) − hIdet (~r)i
.
(A.15)
In above relation h. . . i is the average over many realisations. First hIdet i has to be computed
from eq. (A.14):
D

E
gB
hIdet i = A − δn ⊗ < psf
D E


gB
= A − δn ⊗ < psf
= A.

(A.16)

Here we exploited that the only quantity changing from image to image is δn, which by definition
has a zero mean. Substituting the final equations for Idet and hIdet i into the general power
spectrum expression yields

h

i 2 
g
M = F T δn ⊗ < psf B
D
h

i
h

i∗ E
g · F T δn ⊗ < psf
g
∝ F T δn ⊗ < psf
D
h 


iE
g ? < psf
g
∝ F T [δn ? δn] · F T < psf
h 


i
g ? < psf
g
∝ hF T [δn ? δn]i F T < psf
h 
i
g
∝ F T < psf

2

.

(A.17)

In the course of this derivation we again utilised the Convolution-Fourier theorem and the closely
related Cross-correlation (?) Fourier theorem. The result above implies that the power spectrum
of images is directly proportional to the power spectrum of the point spread function and the
power spectrum of the noise. The noise term could be dropped because the power spectrum of
an uncorrelated signal essentially is constant. In the last step we are now ready to insert the
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expression for the psf , eq. (A.4).
i 2
h 
M (~kr ) ∝ F T~r < psf (~r)e−iΦ(~a)
h
h
i
h
i∗ i 2
1
~
~
∝
F T~r F T~kr eiΦ(~a+kr )−iΦ(~a) p(~a + k~r ) + F T~kr eiΦ(~a+kr )−iΦ(~a) p(~a + k~r )
4
2
1 iΦ(~a−k~r )−iΦ(~a)
~
∝
e
p(~a − k~r ) + eiΦ(~a+kr )−iΦ(~a) p(~a + k~r )
4

i
1h
∝
p(~a + k~r )2 + p(~a − k~r )2 + 2p(~a + k~r )p(~a − k~r ) cos Φ(~a + k~r ) + Φ(~a + k~r ) − 2Φ(~a) .
4
(A.18)

A.3. Noise analysis of the precursor imaging system
Here we present the steps of the quanitative analysis of the old imaging system, which was not
carefully aligned. The analysis steps are analogous to chapter 5. The fit presented in Fig. A.1
reveals a shadowing of the pupil function outside the intersection region. This is possibly due
to vignetting. The measured phase aberration coefficients show that the old system was heavily
aberrated. We furthermore remark that the leading aberration contributions of astigmatism Z (6)
is indeed found as was expected from the qualitative analysis of the power spectrum. However,
the system can not be described in terms of fundamental phase aberrations alone. The measured
point spread function is presented in Fig. A.3 and A.4.
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Figure A.1.: Power spectrum fitted to Fig. 5.4a (a), alongside the residual of the fit (b), the deduced
~
phase Φ (c) as well as the pupil function and the phase therein (p(~a + ~kr )eiΦ(~a+kr ) ) (d).
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Figure A.2.: Phase aberration parameters governing the power spectrum in Fig. 5.4a as identified in the
fit displayed in Fig. A.1.
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Figure A.3.: Reconstructed point spread function for the low quality imaging system based on the fit
presented in Figs. A.1 & A.2.
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Figure A.4.: Horizontal and vertical cuts through the reconstructed coherent psf of the old imaging
system, alongside equivalent plots for the ideal, diffraction limited imaging system.
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B. Breaking the standard diffraction limit
In deriving above formulae of standard diffraction limited point spread functions, a uniform pupil
illumination was assumed. This assumption is typically adopted in the literature as the case which
yields narrowest possible point spread functions [30]. Indeed typical illumination aberrations of
an imaging system show an outwardly falling illumination of the pupil, such that, in a Fourier
optics picture, higher spatial modes are contributing less. Thus resolution is lost. Unaided, then,
best illumination is achieved if all spatial modes contribute equally.
Intensity distributions across the exit pupil can be engineered which give even slimmer point
spread functions and higher resolutions than in the standard case. This is achieved if high
frequency components are enhanced. This could for example be put into practice by placing
a foil into the beam path which bears a degree of opacity at the centre. A simple amplitude
modulation introduced by this foil could for example be of parabolic type, which we simulated for
a single 4f-telescope in paraxial approximation. In Fig. B.1 we show both the computed intensity
distribution across the aperture of the first lens, where the filter was placed, and the resulting
psf . The loss of light due to the reduced overall light transmittance of the optical system with
filter clearly reduces the peak intensity of the psf . The central peak is narrower as expected, and
the remnant field amplitude is added to the outer maxima. On first sight the resolution appears
increased, but this needs to be validated by the Rayleigh criterion. For simplicity we take the
incoherent version. Fig. B.2 shows that the Rayleigh criterion is valid for the psf with pupil filter.
The resolution is notably below the standard diffraction limited resolution. Therefore sub-tandard
resolution was achieved. We would like to emphasise, that in fact also this resolution is limited
by diffraction and the general diffraction limit is upheld. We simply adapted the shape light is
diffracted off to our advantage.
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Figure B.1.: Light propagation of a f4-system (lens parameters f = 145 mm, R = 10 cm) without
modulation of pupil amplitude (red) and with a parabolic one (blue). The modulation was introduced at
the first aperture.
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Figure B.2.: Rayleigh criterion applied to the incoherent psf computed in Fig. B.1. The separation of
both the standard (red) and the sub-standard diffraction limited (blue) psf s were set at the first minimum
of the latter one. The standard diffraction limited psf s are not resolved, while the engineered illumination
is shown to result in an improved resolution.
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C. Strehl ratio
The blurring of an image arising from the point spread function can be quantified by measuring
its central peak height. The less light is concentrated at the centre, the wider the point spread
function. However, such a measure is only meaningful in comparison, usually to the unaberrated
case. For incoherent imaging such a ratio is defined by
S=

psfI (0)
.
psfIDL (0)

(C.1)

Here the subscript I was incorporated to denote the incoherent point spread function and the
superscript DL for the diffraction limited case. S is called the Strehl ratio. Utilising eq. (2.32) for
the coherent point spread function psfC and the relation between psfC and psfI , above equation
can be transformed into
S=
=

psfI (0)
psfIDL (0)
|psfC (0)|

2
2

psfCDL (0)
R
2
p(x)eiΦ(x) e−i0x dx
= R
2
pDL (x)e−i0x dx
R
2
p(x)eiΦ(x) dx
= R
2 .
pDL (x) dx

(C.2)

We used p to denote the exit pupil function.
Z
Z
p(x) dx ≤ pDL (x) dx

(C.3)

by definition. Using the triangle inequality
ka + bk ≤ kak + kbk ,

(C.4)

with k · k signifying a norm, and eq. (C.3) one can show that the Strehl ratio is less or equal than
unity:
Z

2

p(x)eiΦ(x) dx

⇒ S ≤ 1.

2

Z
≤

p(x) dx

Z
≤

2

pDL (x) dx
(C.5)

Assuming uniform illumination across the pupil, an approximate relationship between phase
curvature errors and the Strehl ratio can be found. This relationshipR only addresses wavefront
errors and not pupil errors, hence pDL ≡ p. We furthermore assume pDL (x) dx = A. The the
Strehl ratio becomes
Z
2
1
S= 2
eiΦ(x) dx .
(C.6)
A
p
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The exponential function will be expanded in a Taylor series in the next step:
S=

1
A2

Z
p

Z
Z
2
1
i
Φ(x) dx −
Φ2 (x) dx −
Φ3 (x) dx +O(Φ4 ) .
2! p
3! p
p
| {z }
|
{z
}
|
{z
}

Z
dx + i

Φ̄(2) A

Φ̄A

(C.7)

Φ̄(3) A

Above, term-wise integration yielded the mean phase aberration Φ̄, mean square phase aberration
Φ̄(2) , etc. Truncation at second order gives
S = 1 + iΦ̄ − 1/2Φ̄(2) + O(Φ3 )

2

= 1 − Φ̄(2) + Φ̄2
= 1 − Var[Φ] .

(C.8)

This result establishes a relationship between the Strehl ratio and the curvature of the phase
aberrations in terms of the variance of the latter. The less phase aberrations, the less curved they
are and the closer the Strehl ratio gets to unity. From (C.8) the following table can be calculated:
Var[Φ]

Var[Φ] [2π/λ]

Strehl ratio

0
0.31
0.45

0
λ/20
λ/14

1
0.9
0.8

Table C.1.: Strehl ratios for different degrees of phase aberrations. The second column gives waves
aberrations, which are related to phase aberrations by a conversion factor of 2π/λ. Note that below a
wavefron error of λ/14 the approximations become notable.
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D. Appendix: Alignment of the imaging
setup
In the course of this thesis an optical imaging system was designed and implemented. Its layout
and the underlying considerations were already presented in sec. 4.1, alongside initial characterising
measurements in the remainder of chapter 4. In this appendix we wish to give a more detailed
overview of the technical aspects of aligning this optical system, preceded by introductory remarks
concerning the mounting of the optical system.
The spirit of our approach to tuning an imaging system to optimum is to adjust all degrees
of freedom of each optical element independently. A most easily accessible criterion for optimal
alignment of both transversal position as well as tilt of an individual lens was found in the position
of the optical axis of the lens. If the optical axes coincide for every lens, and additionally the
distances between the lenses are set correctly, optimal operation of the overall setup is achieved.
How this criterion can be cast into an alignment technique was explained in sec. 4.4 already. The
lenses can be adjusted independently of one another, if the imaging system is aligned backwards
starting from the last optical element along the direction of light propagation. This way the
alignment process of a lens is not influenced by imaging errors of preceding optical elements,
which helps reducing pickup of imaging errors in the final system.

Steps of lens adjustment
Precursor steps for aligning the lenses are to gain an optically defined central axis, around which
the imaging apparatus is to be set up, and to position to cage relative to it. Both steps were
described already in sec. 4.4, such that we will only repeat the relevant key result here.
The overall symmetry axis can be established by an aberration free background imaging beam.
This beam of laser light was established collinear to a predefined and therefore known and
reproducible axis. The conjugate ratio of the imaging beam can be modified as is necessary by
reproducible translation of a collimation lens relative to a bare fibre end. The image of the fibre
end can be used as a source object imaged by the to-be-aligned lens. Thus approximate point
sources on the central axis at any longitudinal distance are available on demand. With this tool
at hand we can advance directly to the alignment of the imaging lenses.
1. All lenses are only inserted and adjusted at their intended position. Therefore the alignment
performed for each lens can compensate mechanical deviations within the cage.
2. Place the cage plate and lens L4 at the back of the cage and align its positioning. No camera
is installed yet to give access to a long beam axis after L4 for its alignment.
3. Continue with L3. As the space between L3 and L4 is limited to a degree not allowing the
alignment of L3 if L4 is at its place already, we need to temporarily remove L4 to align L3
in tilt and transversal degrees of freedom.
4. Equally, this space restriction necessitates to optically determine the distance between L2
and L3 in the next step. Distances between two consecutive lenses in a 4f-system can be set
by optical means by imaging a collimated beam. A 4f-telescope underlies the requirement
that, except for magnification and neglecting blurring, the light distribution at source
and image plane are identical (cf sec. 4.1 and Fig. D.1 therein). This also has to hold
for a collimated beam. Thus a collimated beam is imaged onto a collimated beam. The
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collimation of both initial and final beam can be studied by a shear plate. A shear plate
neither can be accommodated between L3 and L4 as well as L4 and the camera.

Figure D.1.: A 4f-system for absorption imaging. Shown are both the propagation of the imaging beam
(light red) and of the scattered light (dark red) originating from the object of interest. The imaging beam
is collimated at the beginning and also after exiting the system, which is a special property of 4f-systems.

The distance between L2 and L3 is well suited for this approach, as it reproduces the light
propagation in the final imaging apparatus. Then L1 will form a collimated beam.
At the end the position of the cage plates carrying L2 and L3 has to be marked on the cage
rods. Mechanical clips can be obtained for this purpose [38].
5. Remove cage plate holding L2, to facilitate an independent determination of the distance
between L3 and L4. If L2 were still in place, its residual aberrations would influence images
obtained through L3 and L4 and subsequently the alignment. The distance between L3 and
L4 is again chosen by imaging a collimated beam and evaluating the collimation properties
of the output beam on a shear plate. It should be noted that collimation at the back side of
a 4f-telescope can not be perfect, though. Both lenses are oriented to minimise aberrations
of the image of a point source. The image of a collimated beam is known to bear significant
imaging errors [30]. To illustrate this issue we took a series of shear plate interference images
for different separations between the two lenses, which are displayed in Fig. D.2.
The position of L4 along the cage rods can be locked now. For the next step L3 needs to be
set aside again.
6. Introduce camera, its optimal position is determined by L4. In the optical design, a
collimated beam between L3 and L4 is bent towards the focus at passing L4 , at this
distance the camera has to be placed. This behaviour of the light can be reproduced by the
background imaging beam with conjugate ratio at infinity. The collimation of this beam
throughout the transversal plane is again easily tested by a shear plate. If the image of such
a collimated beam is observed by the camera, the spot size of the image can be measured.
The camera should then be placed at the minimum spot size, which represents the optimal
focus. In our setup this step could not be exchanged with the previous one because there
was not sufficient space to place the shear plate between camera and L4.
7. If the camera has translation capability in beam direction, the through-focus point spread
function should now be inspected. The Gaußian variance of the psf reveals astigmatism
at the earliest stage here. The alignment may be considered good if no preferred long and
short axes can be distinguished before or after focus. Astigmatism is present if long and
short axes swap upon crossing the focus. No such inversion of a stretched psf is a sign for a
tilted camera. Detected variations must be corrected.
8. If both the imaging beam and L4 are void of aberrations, the position of the focus on the
CCD chip gives the central axis, where it hits the CCD plane. These coordinates have to be
marked. All future focus points occuring during this alignment have to coincide with this
point. This serves as an additional cross check of alignment quality.
9. Reintroduce L3 at its marked position; this cage plate can now be permanently locked in
place. Control the CCD coordinates of an image of a point source on the central axis imaged
through L3 and L4.

74

Figure D.2.: Interference patterns of a shear plate for different distances between L3 and L4, increasing
from left to right. A collimated beam was shone on L3 to optically determine the best separation of the
two lenses. As the two lenses are oriented to image a point source and not a collimated beam, large
aberrations are expected for the imaging configuration of this substep. The displayed interference patterns
clearly show such aberrations and reveal that the detected wave front is slanted towards the edge of the
beam. Only the central region shows a flat wavefront, giving rise to the horizontal interference stripes in
the top right image. We conclude from this series of images that this central region of the wave front
is not exposed to lens aberrations. Therefore the top right image corresponds to the optimal distance
between L3 and L4.

T

Lens

T

T

Figure D.3: Tiltable lens mount as
employed for L1 and L2. The tilt
can be set by three micrometer screws
(marked by T), whose heads additionally function as resting points of the
plate holding the lens. If a tilt is applied only on one side, also the longitudinal centre position of the lens
changes. If instead the reverse tilt is
applied on the opposite side, the centre of the lens approximately does not
move.

10. Proceed with L2. Due to space restrictions, the lens is mounted tiltable only. The long
focal length of L2 and the restricted number of free parameters allow the adjustment of this
lens to be completed without being hindered by the other present lenses. We recommend to
image the collimated imaging beam through L2 and to check both the transversal position
of the image point directly after L2 as well as on the camera. An astigmatic point spread
function recorded on the camera can be corrected by adapting the tilt of L2.
The separation of L2 to L3 was set already in a previous interim stage. Hence L2 has to be
tilted in a manner which does not affect the distance between L2 and L3. One possibility
for achieving this is illustrated in Fig. D.3.
11. The last lens to be inserted is the front lens L1. We fixed the separation to L2 first employing
a shear plate. The tilt of L1 is best adapted by imaging a small pinhole. In this way also
residual tilts of the other lenses can be approximately corrected for.
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