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Higher orders

1. Dirac Equation for spin 2 particles

Idea: Avoid negative energy

, o “E=p+m?”
values using a linearized ansatz
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Ey=(@-p+p-my

Coefficients o, and p are determined demanding that the free
particle solution satisfies the relativistic E-p relation: Ezz// = (;32 +m’ W

Cannot be solved by scalar coefficients:

_ (0 o q (10 o, are Pauli
mm) 4x4 martices: & = o 0 and /= 0 —1 matrices
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where yo =/ and ;/i =pa;,i=1,23

Dirac Equation: -
y o y—-my=0
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Solutions y are four-component spinors. v,
They describes the fundamental spin V% particles: V= W,
Vs
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1.2 Fermion current conservation

Construct currents similar to Klein-Godan eq.: here use hermitian
conjugate equation (equation*) instead of complex conjugate:

Dirac eq. : i(y°§w+7ﬁy/)—m-1-y/:0

(Diraceq)” : i(%yfyo +V- 1//+(—;7)]+m~1-1/f =0

Introducing the adjoint spinor 7 = l/f;/o allows to write the
(Dirac-Eq.)* in the covariant form:

w(io, 7" +m)=0 @ Adjoint Eq.

From the Dirac Eq. and its adjoint form you can derive a continuity
equation for a 4-vector current:

Continuity Equation

wy o,w+0,w)y =0
= 3,(wr'y)=0

%/—J
Fermion current here: p= jo >0
i =r'y) = P =ty =vr

=y y>0

Instead of probability current charge current is often used:

Electron current:  j' =(-e)-(yy"w)

Boson current: j* =(-e)-2p"

(for comparison)
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1.3 Free particle solutions for Dirac Eq
w(x)=u(p)-exp(+ipx) for E = J_q/p2 +m®

Ansatz:

4-comp. spinor:  U(p) = E(pizg and ¢,y 2-comp.spinors
V4

Solutions for positive energy: E=+/p"+m’

For the spinorspandy, _ _ &P N NIC
one finds from Diraceq.: * E+m~ & ¢r=N-| )] and ¢, =N-| _

solution spin T 1 solution spin 0
P ;()) P p —1ip
u(p)=N-| 6-p |=N-| ——— u,(p)=N-| 6-p |=N-| =X —*
1 E+m P, E+m
E+m p, +ip, E+m f P,
E+m N=+E+m (norm.) E+m
1.4 Spin and helicity
* u, and u, are both solutions to the same energy value
* operator to distinguish the 2 solutions:
- O-—_.p 0 i 5
Y. ) —
Helicity =P | IP g B H1=0
H-=
P [&-ﬁ m J

X-p
* u, and u, are eigenstates of |T|p with eigenvalues +1
p

* u, and u, in particles rest frame

u, = and u, =

O O O -~
o O -~ O




1.5 Solutions for negative energies £=—/p° +m’

. 1 0
:>¢:G—p;( and using y,=N- and y,=N-
+m 0 1
solution spin T p, solution spin 4 p, —ip,
g E+m = o= E+m
u,(p)=N- EU pl1 =N- P+ 1Py u,(p)=N- O-—.plz =N- P
3 +m E+m 4 E+m E+m
X 1 X2 0
Particles: E <0, p 0 N =+E +m (norm.) 1
| ul,ul
32Uy % Anti - particles: E >0,—p
Lo
v, V, _
p, P, — 1P,
= = E+m = = E+m
G-p ] o-p _
NIt N PP v py=N- Xo|oN.| P
v,(p)=N [E+m 1J_N = () E+m E+m
Zi 1 X2 0
solution spin 4 0 solution spin T 1

In- and out-going (anti)-particles

In-going electron:

Ve (X)= v, (X)= U, (p)- exp(+ip - X) exp(~iEt)

Out-going positron:

Ve (X) =W, (X)=V,,(p)- exp(-ip - X) exp(+iEt)

To describe out-goiong electrons or in-going positrons the adjoint
spinors ¥, =Y,y or ¥, =¥.7 and U,,or V,, are used.




2. Feynman rules

u
Je

e u > eu
Frpasetst v — Gk iey" u(k)- _;g{w -u(p')iey" Ju(p)
%/—/ %/—/

—je-J” —ie-J;

M =—%U(k')y,y(k)-U(p')fum)

There are similar rules for other Feynman diagrams

Feynman Rules for —iTN

Mulriplicarive
Factor

o External Lines / / (//)
Spin 0 beson (or antiboson) = 1
Spin 4 fermion (in. out) / / w,
antifermion (in, out) / / i -
Spin 1 photon (in, out) r’f r(r LR

# Internal Lines — Propagators (need + e prescription)

Spin 0 boson

Spin | fer ¥

Massive spin 1 boson PRt =a \8ur = Pu P )
P M

Massless spin | photon L e )

{Feynman gauge)

e Vertex Factors F \\/ »

Photon—spin 0 (charge —¢) ('

ielp+p'y
Photon—spin 4 (charge —e) v iey”

Halzen, Martin:
Quark&Leptons




3. Fermion-fermion scattering

3.1Process e 4 — e u

Sect. Il.5 =) do __1 -1-|’i-|M|2
dQ 64z’ s |p)

2

Sect. 2 wemp | M =-2_TG(k)y,uk)-T(p')y ulp)
q

_/

Spinors decribe a specific
spin state of the fermions

For non-polarized ingoing particles and for non-observation of final
state spin one observes unpolarized cross sections = need to
average over possible initial spin states and sum over all final
spin states. .
M= 25, + )25 +1) o= = M
e u

2 1
(25, +1)(2s, +1) szs szs MF

4o T T Nk w0

[w(p' )y u(pu(p )y, u(p)l

=2 L

4 —e ‘muon,uv

L
Electron tensor e

SZS[ (K'Y “u(k T (K" )y "ukOr

Muon tensor L

I\)IA |\>|A

[U(p) LENE(p )y, ulp)l

muon,uv




After a lengthy calculation
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Berechnung  yen Ltv:
Bem . [ber Indites pund V bisher nidl Sammen

(J(k')\(’i“u[u})' = Axd  Madrix | Jeswegn )= ¥
b S | p "
(@ w)" = (uinp®yruk)
-« R ¥ ulk) < r-r
= Ul Y )
= k() uk),

Lo = 4 ; G(n) pFugi) - (g k)

- %SF[J{{y}{f'ui}mﬂr"«‘ mr"‘:{;""a mr"m[i]
Spur ungerader 2ehl ven ¥'s = 03 ¢l - '?"E’F!:
=4[ K¥u e+ i)
Sp[ Ray "R P+ ma¥¥]
ki kg Ly 0"t <5 SpLEY']
b4 A
+ L m?. f;’j'w
v z
. ') Ui (&) it + 2 g9 Ty () Y
EZ Wy, (K) Lo (K 54"]3 guﬁ Ef ey (h"‘yku+ hw'?‘u_{_‘k'-'(-mﬂﬁwj

mit Vellsidndigk Relakion 2 ui = W +m
s

&
=

M= N

mit {H-B-CJmp = Any By Uﬂg

47 Gel) Yl up0 T o tr (K)

olse
= L (W emhe Yop (K +7p toon LY« 2[ 1Pk Woer [Rk-n2g"]
= ST (Hom) T = L' 2[ g b s pppp - L~ Hgpv)

Spin averaged matrix element for e 4 > e u

- 4
2 2 e uv
M = . M = — L . L
| | (2s, + 1)(28# +1) S;’S:ﬂ s;.z,s:;, | | q4 S m electron mass|
muon mass

4
- 8%[(k"/0')(k~p)+(k’~p)(k.p')—mzp'-p—Mzk’-k+2m2M2.

L exact 18t order result for e 1 —» e u”

Relativistic limit === neglect masses mand M

- 4 2 2
e 4S8 +UuU
M|" =8———[(k"- p')(k-p)+ (K- p)(k - p)] = 2¢" ~——
M =8l |-2e =
By using the s:(k+p)2 =m’+M’ +2kp ~2kp =~2k'p’
Mandelstam t= (k- k,)z M 4 MP — 2Kk ~ —2kk' ~ _2pp’

variables in the
relativistic limit u=(k-p)Y =m’+M* —2kp' ~—2kp' ~-2k'p




Crossing

k'—-k' p—>-p

e

t=(k-Kky -  s=(k-k)
s=(k+p) - t'=(k-p)
u=kk-py o> u=k-pY

2 ! ! !
| ei;f%e’;f(s,t’u) = |M e:eiﬁ;f/f(s’t’u)
2 £ 84U’ 2 o At
M (stu)=2e > = M . (s\thu)=2e .
e u —»e u t ee >upu ’
Differential cross section for e'e — ;f,u* (CMS)
Reminder: Kinematics for high-relativistic particles
~ CMS G
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+—1/s dependence from flux factor




do a’
== =Z_.(1+cos’6)
dQoys S

470" 86.86nbGeV’

(o
tot 3 s s

The total cross section for e ¢’
TICTEY.

Fig. 6.6
at PETRA versus the center-ol-mass ¢

3.3 Particle spin and angular distribution

Chirality operator: 1
5
u=-1-y)u
Projection of left- and right- 2
handed components spin _ 1 1 5
components of spinor u Up = E( +y)u

In the relativistic limit the eigenstates of the helicity operator Eép

correspond to the chirality states.

Decomposition of the fermion current:

L_’yﬂu (L_IR +L—IL)7ﬂ(uR +UL)

— u —
= Ugy Ug+uy u,




Photon (vector iey*) coupling:
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u, u, Ug Ug
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Angular distribution e'e — 1 1
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3.3 Bhabha scattering
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3.4 Summary

Moller scattering

-l e B

(Crossing 5 «* u)
Bhabha scattering

eetseTe”

(Crossing | 5 += 1)

ce"=pup’

Feynman Diagrams I /2e
Forward Backward Forward Interference Backward
peak peak
sttt 25t 5P
I tu u?
(u + ¢ symmetric)
Forward “* Time-like" Forward Interference Time-like
2u ul 41

T L




