Il. Pre-requisites
1. Relativistic kinematics
2. Wave description of free particles

3. Scattering process and transition
amplitudes

4. Cross section and phase space

1. Relativistic kinematics

1.1 Notations
= 4-vector
« contra-variant form X" =(XO,)—()=(L;<) P Z(PO,IS):(Eﬁ)

e covariant form X :( o_)_()

* Metric tensor

0
0
* Derivative operator 0" = L — (ﬁ,_ﬁJ

* Scalar product . - 00 - -
ab=ab =g,ab =(ab -a-b)

uv




1.2 Lorentz invariants t f

Lorentz transformation: _Vv y=(1= gy
moving particle with p = (E,p) —
G0 0
P=\p) -8 r \p E
AR, . B EX
p; =p; w/r to rest frame: S = e

Scalar products are invariant under Lorentz transformations: a'b’ = ab

Example 1: invariant mass Example 2: center-of-mass energy of
2 p 2 =2 2 2 particle collision
p =pp =E -p =m

s=(p, +p2)2 =(E, +E2)2 _(ﬁ1 +ﬁ2)2

Lorentz scalars can only by functions of other Lorentz invariants (scalars).

1do Lorentz invariant cross
Examples of Lorentz invariants: £ 55, and E-T

section / decay width

1.3 Mandelstam variables

C
A+B—>C+D
What are the Lorentz scalars the
cross section can depend on ?
B D
p;p, With p,, = p,, Pg, Pc\ Pp (unpolarized particles)

4 constraints
2 indep. products

2 2 )
P =m; 4 constraints
4-mom. conservation:

Sz(pA+pB)2
t=(p,—p.)
U=(pA _pD)

S+t+u=
Use usually 2 out of the 3

- 2 2 2 2
Mandelstam variables m,+mg+m.+mp,
2




2. Wave description of free particles

2.1 Schrddinger Equation for non-relativistic free particles

P2y Ly
a’ " om ¥
’ Continuit tion:
Solution for energy EZZP; e IHUIyeaqua IOI’L-
" —'0+Vj:0
w(r,t)= L expli(pX — Et)] ot
SN v B 2
W p=l
= 1 .
J 2im(v/( w)—( w)'//)

Schrédinger Eq uses classical E-p .0 - =
relation E2=p2/2m and the replacement £ "5 andp =-V

2.2 Klein-Gordon Equation

Starts from relativistic energy relation
E?=p?+m?:

a2
— p-Vg+m'p=0
Describes relativistic Spin 0 particles ot

Solutions for energy values:

2 2 > negative E values cannot be
E.=xyp +m 0 ignored as otherwise
_ . solutions are incomplete
H(F, 1) :@ expli(px - E.1)]
. , 0 =
Continuity equation: 2 +Vj=0

of(.,0 ., 0 s e o)
E(wﬁ E¢_I¢E¢ j+V(— ig Vo—ipVe )_0




For the solution:  ¢(F,t) = N expli(pX — E, t)]
j=ligvg-igig) 7 = 26N

- 8 g 6 * 2
P=(’¢ §¢_I¢E¢ j /@: 2E|N|

/

What are negative probabilities
for the E < 0 solutions ?

Normalization schemes:
N = 1~2E = 1 particle per unit volume

N=1 = 2E particles per unit volume

2.3 Anti-particles

Dirac interpretation for fermions: Vacuum = sea of occupied neg. E levels

E
For fermions the negative energy levels
are w/o influence as long as they are fully

occupied
of 8 Lam,
% Missing e~ w/ negative energy

corresponds to to a positron w/ E>0

e*e-annihilation: Photon conversion for E > 2m,
Free energy level in the sea. e~ Excitation of e~ from neg. energy
drops into the hole and releases level to pos. level: y — e*e”

energy by photon emission: E, > 2m,€

Model predicts anti-particles (Discovery of positron by Anderson in 1933)




Discovery of positron

The Positive Electron

;;;;;

Feynman Stuckelberg interpretation

1 ST
Solutions with neg. energy E.=E: ¢ = J_ exp(ipx —iEt)
propagate backwards in time: 2E
E =-E: ¢ = \/;_Eexp(iﬁ)?ﬂEt)

Solutions describe anti-particles propagating forward in time:

X 1 X 2
E <0 E >0
2 P ” 1 -pP
t t
Neg. p =2E|N[ J"=q-2EIN" | charge
probability | , X ~ ., | density/
density J =2p|N| J=q-2p|N| currents




Example

Particle T-with g=-eand energy E_=-E <0

0

J'(T7)=(-€)-2(-E)N|" = (+e)-2(+E)N[ = J°(T")
JT7) =(-€)-2pN]"  =(+e)-2(-pIN| =J(T")

T" with E(T")>0, p,. =—p_
Description of creation and annihilation:

« Emission of anti-particle T with p* = (E, p)
absorption of particle T with p* = (-E, -p)

« Absorption of anti-particle T with p* = (E, p) <
emission of T with p* = (-E, -p)

3. Scattering process and transition amplitudes

3.1 Fermi’s “golden rule”

Scattering at potential V/(x)=V/(t,x) ‘I> & ‘f>

Transition from |/ ) to |f )is described o 4
in 1st order perturbation theory by Ty ==i[ ¢ (x)V(x)¢,(x)d "x
the amplitude

For a static potential T, =—i[ ¢, (X)V(X)¢,(X)d’x -[exp(i(E, — E, )t)dt
- NS J

V=V(%) ~ Y
T. =—i M. - 2n0(E, —E,)
. I .
Transition rate W= T = 2”I|Mﬁ| o(E; —E;)p;(E;)dE,
Fermi’s “golden rule” 2 . Final state
g =27|M,[" p,(E;) “ density




3.2 Invariant amplitude (matrix element)

Independent of the interaction the _ . .
amplitude Ty can be written inthe Ty =~ (27) N,N,5"(p, _Pf)@
general form: /V Vl

normalization 4-mom. conservation

M, =

i Lorentz invariant transition

amplitude (matrix element)
* Describes dynamics of interaction

» Determined by Feynman rules

Generalized “transition rate W. = |Tﬂ|2 _
density” per final state T At-V

1
(2r)* 7P, - p)- M,

4. Cross section and phase space

A+B—->C+D
pA pc 4
2r 2
Wfi = (\/—4)54(pA +Pg — Pc _pD)|Mﬂ|
Ps Po
Differential cross section:
do = Mdp, dp; final state density

O, @, incident particle flux of Aand B

1




4.1 Final state density dpy

Number of possible states in ) Vd3p ) Vd3p ) Vd3p

box with volume V for particles dp; 5 - - = it
with momentum € [, 6 + dp) h n(2z)  (2r)
Normalization such that there are vd’p

= state density dp, =

2E particles per unit volume V 2E(2r)

Vd'p,  Vd°p,

dp,(A+B—C+D)=
Al 2E.(27)’ 2E,(2x)

4.2 Incident particle flux @,

Special case:
choose system where particle B is at rest 2F 92E
—|y7 A “tB
@, = (flux density A) x (density B) , _| A| vV V
A —Ya, ® B

4.3 Lorentz invariant phase space factor

27)" Ve vd’p,  vd’
dG:#éA(pA+p5_pc_pD)'|Mﬁ|2 = ’ P 3’ st

Vv Vi[2E.2E, 2E,(27)° 2E,(2r)

2 3 3

| ﬁ| 4 .4 vd P vd Po
= (27) 6 (Pa+Ps ~Pc = Po)- R
(Va]2E . 2E, TR T oF (27) 2E,(27)

Particle flux F Lorentz invariant phase space factor dL

Remark: volume V drops out !




Particle flux F
%

A A ® 5 F=|V,| -2E, 2E, with v, =£—A
- > A
A - Va > B —»VB F:|VA —VB|'2EA 2E, :4((pApB)2 _mjm;)w
Pa, P g F=4p = 4p Vs
=4p|-(E, +E,)=4p Vs
:5A :_:53 :ﬁi
CM System:

Phase space factor dL for two-particles final-state |-~ " _

1 s - d’p. d’p
d. —— [dL = 5 (Pe +P,)0(E,+E,-E, —E,)—=¢—Fb
] 4”21 (Pe +Pp)S(E, +Eg —E, D)ZEC 2,

1 |5f| f)f:ﬁc:*ﬁo

[dL 47[214& df | ey

4.4 Differential cross section ...putting everything together

Pa Pc
A+B—>C+D
Ps Pp
2
dor—Mil gy 12-1.|’3—’|.|Mﬁ|2dg
F 64z° s |p,

do 1 1|6/




5. Decay width, lifetime and Dalit

5.1 Decay width

z plots

Diff. decay width:

! w
2 dF,(A—>1+2+...+n)=n—”dp,
. A
' |Mﬁ|2 4 .4
1 n df ==~ (27) 6 (Pa =Py = Po == Py):
A
T =F r=xr, d3p1 | d3p2 o dspn
2E,(2x) 2E,(2z)’  2E,(2x)
Two-body decay: 2 2 -
ar(A—>1+2)= M| : M 1 Jp] aQ
A—>1+2 / 2E, 2E, 47° 44s
wie oben
Js=E,=m, dr,(A—>1+2)= |p;| > [M,[*do
32
A
Three-body decay:
1 flatin E,and E
[dL = |dE dE 1 2
/? —>1+2+3 3272.3 L
or(E, E,) = —— ——|M, [ dE,dE,
scalar 64r" 2m,

Remark: Instead of variables E, and E,one m.=(p,+p;)
can use variables m., and m., ’ )
= invariant mass of pairs (i,j) dEdE, =C-dm,,dm,,
-
1 1 2 If phase space is
dr,(m,,,my) = F_3|Mﬁ| dm,,dm,, flat in E, then it is
” A also flat in m

Experimental method to explore behavior of M;: Dalitz Analysis




5.2 Dalitz Plots Method:

Put every measured decay into a 2-dim,.
(E,,E,) distribution. A flat distribution over
the allowed region corresponds to a “flat
matrix element”. Structures in the
dirstribution point to a varying matrix elem.

Grenze Kincmet-
erluvbhs Bereich

Ex.: K’ — ﬂi,uxv

r
h_cf'[ v

Dalitz Plot: 7'K'p final state at 3 GeV
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Figure 34.3: Dalitz plot for a three-body final state. In this
example, the state is 77 K% at 3 GeV. Four-momentum
conservation restricts events to the shaded region.
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Dalitz Plot: Example
K +po>rrn A

. pr

= 2 bands at An* inv.
masses of ~1385 MeV

Explanation:

An* form an intermediate
resonance state:

$°(1385) > Az

Mass of Az~ pair (MeV)
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o rEm T
g | et =
Sl 18 2
L2 i
;
5 L g i
] s
igl lg 2
E"‘ - =
i
= x §
.SEL N R 1o SR
150 200 250 300 Number per 10 MeV

Mass squared of A=~ pair (GeV?)

48 Dalitz plot of the Ax "=~ events from reaction (4.36), as measured by Shafer
for 1.22-GeV/¢ incident momentum. The effective An ™ mass spectrum is shown at
ished curve is that expected for a phase-space distribution (ordinate equal to the intes
within the Dalitz-plot boundary), while the full curve corresponds to a Breit-W
nece expression fitted to the An* and Az~ systems.

Experiment: Kaon beam on a liquid H,
bubble chamber




