Advanced Patrticle Physics: Il. Pre-requisites

U. Uwer

Il. Pre-requisites

1.

a WD

Relativistic kinematics

Wave description of free particles
Scattering matrix and transition amplitudes
Cross section and phase space

Decay width, lifetimes and Dalitz plots

1. Relativistic kinematics

1.1 Notations
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* Scalar product

ab=a,b"=g,ab"=("b’-4a-b)
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1.2 Lorentz invariants ¢ &
Lorentz transformation: B = v y=(-py"
moving particle with p = (E,p) —
B 7
P=yp) -8 » AP &
—y — . p— p p— a
P, =P, w/r to rest frame: ,B_E r=

Scalar products are invariant under Lorentz transformations: a'b’ = ab

Example 1: invariant mass Example 2: center-of-mass energy of

2 particle collision

p'=p,p =E"-p =m’
5 S:(p1+p2)2 :(E1+E2)2 _(51"’52)2

Lorentz scalars can only by functions of other Lorentz invariants (scalars). |

- 1do Lorentz invariant cr
Examples of Lorentz invariants: g 47, and E-T sgc?io; / deaca?/ \}vﬁjtc;]ss

1.3 Mandelstam variables

A C
A+B—->C+D
What are the Lorentz scalars the
cross section can depend on ? B b

(unpolarized particles)

PiPx With Py = Pas Pes Pes Po

10 combinations
{ pf = mf 4 constraints

4-mom. conservation: 4 constraints
=) 2 independent products

S =(Pp+Ps)
Instead of pp, use 2 out ’ BZ Sti+u=
iPc U u t= —
of the 3 Mandelstam (Pa = Pe) m. +m: +m: +m.
variables u=(p, - pD)2
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2. Wave description of free particles

2.1 Schrodinger Equation for non-relativistic free particles

.0 1 o
i —y=——"2V
8tl// 2m v

2

: p
Solution for ener E=—"-
ay om

Continuity equation:

=y
E p=ly

w(f,t) = T expli(p% — Et)]

T=ﬁ(w*(vw)—(vw*)w)

a—p-l-VTZO
ot

Schrédinger Eq uses classical E-p

. 0 . =
relation E2=p2/2m and the replacement E i ot andp=-V

2.2 Klein-Gordon Equation

Starts from relativistic energy relation 62
E2=p2+m?: 2 2
p s0-Vp+mgp=0
Describes relativistic Spin 0 particles ot

Solutions for energy values:

402 2 > negative E values cannot be
E.=x/p +m 0 ignored as otherwise
solutions are incomplete

#(r,t) =(NJexpli (X — E.t)]

with pz(i¢*§¢—i¢§¢*j and | =[igVp-igvy)

%) =
mm) Continuity equation: 6_{[) +Vj =0
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For the solution:  ¢(r,t) =N exp[i(ﬁ)? - Eit)]
P=(igvp-igvg) = 25Nf

.« O G 2
P:(W E¢—'¢E¢] /@=2E|N|

/

What are negative probabilities
for the E < 0 solutions ?

Normalization schemes:
N =1A~(EV) = 1 particle per unit volume V
N=1hV = Z2E particles per unit volume V

2.3 Anti-particles

Dirac interpretation for fermions: vacuum = sea of occupied neg. E levels

E
For fermions the negative energy levels
are w/o influence as long as they are fully

occupied
oY Lon,
(}J Missing e~ w/ negative energy

corresponds to to a positron w/ E>0

e*e-annihilation: Photon conversion for E,>2m,
Free energy level in the sea. e~ Excitation of e~ from neg. energy
drops into the hole and releases level to pos. level: y — e*e-

energy by photon emission: E, > 2m,

Model predicts anti-particles (Discovery of positron by Anderson in 1933)
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Discovery of positron

The Positive Electron

Feynman Stlickelberg interpretation

1 RO
E,=E: = exp(ipx —IEt
" 9, o p(ip )
Solutions with neg. energy
propagate backwards in time: E=-E:¢ =

1 e
exp(ipx + IEt

Solutions describe anti-particles propagating forward in time:

X 1 X 2
E <O -E >0
2 ﬁ ” 1 - I_j
t t
Neg. ,o=2E|N|2 J°=q '2E|N|2 Charge
probability | X m ., | density/
density j= 2p|N| J=q -2p|N| currents
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Example

Particle T-with g=-e and energy E_. =-E <0
T ) =(-e)- 2(-E)N[* = (+&) - 2(+E)N[ = 3°(T ")
JT) =(-e)-2pN["  =(+e)-2(-PIN[ =3(T")

T  with E(T)>0, p_. =-p,

Description of creation and annihilation:

« Emission of anti-particle T with p* = (E, p) <
absorption of particle T with p* = (-E, -p)

« Absorption of anti-particle T with p* = (E, p) <
emission of T with p* = (-E, -p)

3. Scattering matrix and transition amplitude

Scattering process: Pa Pc
TPp—>7mP
Ps Po
Described through quantum | i > | i ,>
numbers of initial and final state: —>
S\ .
Scattering operator (S matrix): | | > =S | | >

Measurement selects a specific state f. <f
Probability to find f:

iy = (f|s]i)=S;

As there is the probability that |i’) = |i) itis useful to introduce the
transition operator T S=1+T with T, = <f |T| i>
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Instead of T;;, conventionally one uses the transition or scattering amplitude M;

Tfi =i '(2”)4NANBNCND§4(pA +Pg —Pc — pD)

—
s i
normalization: 4-momentum conservation

N, =1V — 2E particles/V
Feynman rules for
calculation

Transition rate per unit volume:

2
i 1 2
Wy = % = W(Z”)B(NANBNCND)2[54(pA +Pg —Pc— pD)]2|Mfi|

54(pA +Pg —Pc — Pp)

VT
[54(pA +Pg—Pc — pD)]2 = 27)°

1
= (2”)4\754(DA +Ps —Pc — pD)|Mfi|2

Unitarity of S-Matrix

S matrix or S operator is unitary: SS+ — S+S =1
-1
S=S
Where the matrix elements of the adjoint Sf’: = i—]:_

operator are defined in the usual way

) =is'sly =)

One finds for the states |i’> <| !

Unitarity:

Conservation of the probability in the scattering process:

What goes in, should also go out !!

U. Uwer



