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? What is QCD
• Quantum Chromo Dynamics is the theory describing the interactions of quarks  and 
gluons, the building blocks of the nucleons (proton + neutron).
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? What is QCD
• Quantum Chromo Dynamics is the theory describing the interactions of quarks  and 
gluons, the building blocks of the nucleons (proton + neutron).

• QCD is an example of quantum field theory, where physical quantities are 
represented by functions (‘fields’) of space-time.

• QCD is ‘gauge theory’ whose essential ingredients are associated with the group SU
(3).
                                                                 q    q     q
            quarks carry a color charge         q    q     q  

            quarks  interact among themselves via the exchange of the color filed 
            quanta “gluons”



Major Problem:   Quarks are never observed as free particles, they turn in               
                             hadrons “confinement”  (qq, qqq or  qqq ).

          All known hadron states are colors singlets (“white”)

? What is QCD
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• The quantities one wants to calculate in quantum theory are: probabilities and 
expectation values of a certain combinations  (functionals ) of fields.

• From these numbers one can subsequently extract information about particles 
mass, life time decay amplitudes …etc 

• The quarks and Gluons fields are controlled by the QCD Lagrangian: 



? Why we need Lattice QCD
 

• At high energies  a s is small. In this regime we treat quarks  
  as free particles and observables can be calculated using perturbation 
  theory.
                  
• At low energies a s is high. Perturbation theory fails we need a different 
  approach.
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? Why we need Lattice QCD
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• Since the equilibrium phases and the phase transitions involve quarks and     
  gluons over large distance scale they need to be studied within the 
framework of non-perturbative QCD. 

• Lattice QCD  is non-perturbative treatment of quantum chromodynamics  on 
discrete lattice of space-time coordinates.  

So, what is Lattice simulation/calculation ?

                   - Formulation: Path integral method

                   - Basic quantities: to evaluate the path integral 

                    (numerical treatment of QCD)            (discretization of space-time)   

                   - Lattice recipe              
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Birth of the Lattice QCD 

  Nobel Laureate 1982

“ The Lattice  spacing “



? What is Lattice QCD
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• A single particle take the path  (xa , ta)               (xb , tb)

x

t

(xa,ta)

(xb,tb)

t0= ta

t2

t3

t1

• The action : 

( )∫= b

a

t
tM txtxdtLS )(),( &

• The quantum amplitude :

     
paths all

)( ∑=−− Mab iS
a

ttiH
b exex

kTxexZ
ax

a
H

a 1  ,   == ∑ − ββ

• The partition function Z :

  

Formulation:  Path integral method
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                            ( we will obtain the partition function for gluons and quarks )



The basics calculation
    à  evaluate path integral   

 where : is the path integral distribution

 , S(U) is the theory action. 

• Discretization of space-time is achieved introducing an Euclidean space-time 
lattice with spacing a and volume L3.T  
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Lattice recipe
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• The quark and antiquark fields ? (x), ? (x) leave in the lattice sites x.

•  Gauge fields are represented by the ink variable Uµ(x) which are group 
elements in the  SU(N) associated with line path connecting nearest neighbor 
pairs of lattices sites. 



Lattice recipe
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• The quark and antiquark fields ? (x), ? (x) leave in the lattice sites x.



Lattice recipe
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• The quark and antiquark fields ? (x), ? (x) leave in the lattice sites x.



Lattice recipe
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In order to evaluate  <O> we have to set the continuum extrapolation : a à 0  

However the lattice still infinite. By taking finite volume:   

• Latticize : 

                           

 

So the observable becomes:

finite volume effects



Lattice recipe
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                  à the statistical error decreases as  

•               still with high-dimensional integrals.

• Monte Carlo methods: 

     - generate a gauge configurations Ui .

    

à The generation of configurations ensembles {Ui} is numerically costly and 
needs supercomputers.   



Lattice recipe
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• The Analysis :  

                  - Evaluation of the path integrals.

                 - Take the appropriate limits.

                 - Quantify the errors. 

• The errors :   the errors in this procedure have different origins.

     à   Systematic errors : 

                        the lattice discretization from the lattice spacing a.

                        the number of point in the lattice universe (finite volume)

    à   Statistical  errors :  - the finite number of configurations used to compute 

                                            -  the value of path integrals.

 

To control and quantify these errors:   - simulate in big enough volume.

                                                             -  reduce disretization error. 

                                                             -  different methods gives the same answer 

                             

                                             



The Wilson gauge action 
 

EMMI Seminar  2008            R.Soualah                                                                       17
                                                                                     

• We find the physics in:

          - The construction of the lattice gauge action.

         -  The construction of the observables

        •   The plaquette is

     where U x,µ  are unitary.

  à The trace of the products of gauge fields 

      over closest paths is  the lattice Wilson loop.

                                                                                                                                   
        

    where ß is the lattice version of the coupling.
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The Wilson gauge action 
• The gluon action :

    Using  the smallest closed loop  which connect the sites n and n+µ

Plaquette:

The action:

ß the lattice version of the coupling
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The lattice with  Fermions 

where  Dw is the Wilson’s Dirac operator

  

• The fermion action :

    Following the same steps with the gluon case,
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Lattice QCD at finite T

      -Using hyper-cubic lattice with lattice spacing a   

Ns : # of spatial sites and  Nt : # of temporal sites

the Uµ of quark field satisfy the boundary 
conditions :

à  in the thermodynamics limit V?  >> T             Ns >> Nt  



 

EMMI Seminar  2008            R.Soualah                                                                       21
                                                                                     

Lattice QCD at finite T
Two different ways to vary T:

    à change Nt and keep a and Ns fixed. 

   à change a  with Ns and Nt fixed.

           changing  a  is like changing the lattice coupling g(a)

     small g(a)                  small a               large T

     large g(a)                  large a               small T

  
By from the leading order of the coupling expansion a :  

?LAT is the lattice scale parameter to be determined from the experimental input 
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The Lattice Computing
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The Lattice Computing

  

• Lattice computing requires large amount 

 (Teraflops) of computer time.

•  Improvements in algorithms and a steady increase

    in the capabilities of computers 

• In current lattice QCD problems, the representation of the lattice requires 
around 10 GB of memory and calculation rates of around 1 Tflops (10^12 
floating-point operations per second) to make reasonable progress(a typical 
desktop PC is capable of about 1 Gflops. 

•  Need for parallel Computing (new computer architectures for lattice) 
where the tasks that don’t depend on each other can be done 
simultaneously
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 now … to the QGP part.


