PHYSICS IN A NUT-SHELL: TWO-STATE SYSTEMS
D. Dubbers, WS 2008/2009
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1. Prologue: Classical coupled vibrations 
Demonstration: 
Double Pendulum: normal modes, beats
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has solution
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From initial cond's
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The total energy in the system is 
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b) normal coordinates and eigenfrequencies
Spring constants 
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shorthand
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These differential equations can be decoupled 
by taking their sum and their difference, i.e. with 
normal coordinates
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The solutions are the normal vibrations
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with the eigen-frequencies of the normal modes:

a low frequency
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    = in-phase frequency = frequency of free pendulum

a high frequency

[image: image21.wmf]m

k

k

ω

/

)

'

2

(

+

=

+

 = opposite-phase frequency, under double stretch of spring.
c) Initial conditions
Recipe: 

1. define initial conditions for x and 
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2. translate to initial conditions for normal modes q and 
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3. write solution for q(t)
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Example "beats":

1. 
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that is
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mean frequency
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The total energy 
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between the two pendula with frequency Δω.
1.2
Asymmetric coupled oscillators  
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Coefficient matrix
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The eigenvalues 
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 of K are derived 
from the secular equation, with unit matrix I :
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The splitting of the eigenvalues  e+ − e−  increases 
with increasing asymmetry Δk of the configuration, 
shown for the example 
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The eigen-values repel each other near Δk = 0.
a) General procedure:
Equation of motion
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K is symmetric (actio = reactio), can be diagonalized such that
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with diagonal matrix D, with the eigenvalues ei on its diagonal, and 
with orthogonal matrix R:
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The rows ri of the transformation matrix R then are the eigenvectors of K: 
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This diagonalization is achieved by a transformation of coordinates
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New equation of motion
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expanded with 
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with oscillatory solutions q(t), which can be back-transformed to give 
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1st Example: Symmetric coupled oscillator
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and the rows of R contain the coefficients of x with respect to the basis q.
2nd Example: Asymmetric coupled oscillator
This corresponds to the general 2-dim case:
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On both sides of 
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The most general orthogonal 2-dim matrix is 
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To obtain the variable φ we need to calculate only one element of the above matrix equation:
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with abbrev.
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The (1,1)-element for instance, gives 
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which, with the asym. parameter  
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CHECK of 
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For a given pendulum, for instance pendulum no. 1 with trajectory 
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the mixing coefficients 
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with frequencies ω±.
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For the symmetric double pendulum, with Δk = 0,  
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b) Motion of the asymmetric coupled oscillator:
Initial conditions, with 
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4. 
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c) Extension to many coupled oscillators: 


[image: image90.wmf]Kx

x

-

=

&

&

m


[image: image110.emf][image: image111.emf][image: image91.wmf]matrixk

=

i

k

-

2

 

k

k

0

0

0

k

-

2

 

k

k

0

0

0

k

-

2

 

k

k

0

0

0

k

-

2

 

k

k

0

0

0

k

-

2

 

k

y

{

;

k

=

1

;

Sort

@

Eigenvalues

@

matrixk

D

,

Greater

D

��

MatrixForm

��

N


c) Various notations
N.B.: The normal modes q± form an orthonormal system: 
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As the q+ and q− form an orthogonal system, so do the x1 and x2. 
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general case
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the same in quantum mechanics:
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Fig. 3.6 Linear chain of identical atoms of lattice constant a. In equilibrium,

lattice obeys translational symmetry. In a state of strain, the ith atom is displaced

a distance u, from its equilibrium position. If the restoring forces are linear, it is

apparent from the figure that only nearest neighbor interactions need to be
considered.
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