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Chapter 1

Introduction

The development of methods for cooling atoms to temperatures in the microkelvin

range during the last decade has led to an entirely new field of experimental physics.

Many fascinating new phenomena have been explored, e.g. Bose-Einstein conden-

sation [2][14], atomic fountain clocks or photoassociation [44][3][47]. One logical

consequence was the effort to study ultracold molecules which were first observed in

1997 [24] and have created great interest in many research groups around the world

since then. A variety of methods have been developed to form ultracold ensembles

of molecules. Pulsed inhomogeneous electric fields can prepare translationally cold

molecules in a supersonic expansion beam due to the stark effect [4] to about 10

millikelvin, and the method of buffergas cooling [15] has been developed. Lately, a

similar method for magnetic fields was proposed, Zeeman deceleration [63].

Laser cooling relies on simple systems of electronic transitions that are not available

in the case of molecules. They can, however, be formed starting from a sample of

ultracold atoms. In this way, two ways for reaching sub-millikelvin temperatures

have been employed. One possibility is exploiting the magnetic tuning of Feshbach

resonances [18][36]. Pairs of atoms can be coupled to very loosely bound molecu-

lar states. The technique of photoassociation on the other hand, exploits the fact

that collision times in this regime of kinetic energy are far longer than the lifetime

of excited electronic states. Hence, the dynamics in the system can be influenced

by near resonant laser light, exciting pairs of colliding atoms to bound molecular

states that can relax to metastable states by radiative decay. A great advantage

of this method is the control over the final quantum states of the produced excited
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6 Chapter 1. Introduction

molecules [1][68]. Control of the quantum states of the formed stable molecules is

more involved, since the radiative decay takes place into a distribution of final states

with favorable Franck-Condon overlaps. Great efforts have been made to develop

theoretical models able to predict this distribution [52][21][25].

For a state selective detection of these ultracold dimers, the technique of photoion-

ization and ion detection is employed. The two-photon ionization process can be

enhanced, if the first transition is resonant with an intermediate molecular state.

This so called method of resonance-enhanced multiphoton ionization has proven to

be well suited for destructive detection of the ultracold molecules. In the case of ce-

sium, these intermediate excited states belong to potentials associated to the atomic

6S+5D asymptote. Probing of these potentials has been performed previously and

was compared to absorption spectra of the corresponding ”diffuse bands” [38] in a

thermal gas at 630K [17], including a theoretical treatment of the process. The mul-

tiphoton ionization has shown to be a powerful spectroscopic tool for the probing of

molecular potentials.

The exact determination of populated quantum states of ultracold molecules is a

crucial step towards future quantum chemistry experiments where dependencies of

the final and initial quantum states are investigated. This has successfully been

performed on photoassociated rubidium dimers [37]. The presented thesis deals

with the investigation of ultracold cesium dimers formed via photoassociation in a

magneto-optical trap with the goal of gaining information on the quantum states

of the molecules. Based on previous work on photoassociative spectroscopy in the

group [43][40], the 0−g potential of fine structure component associated to the atomic

6S+6P asymptote was chosen for photoassociation measurements. Cs2 molecules

were created through a transition line close to the v=79 vibrational state of the

outer well in the 0−g potential.

Chapter 2 of this thesis gives a short introduction to the technique of photoassocia-

tion from a cold sample of atoms. The basic principles are briefly described and the

notations of molecular states are introduced. Chapter 3 deals with the experimen-

tal realization of cesium dimer formation via photoassociation. It starts with the

introduction of the lithium cesium double magneto-optical trap. For this purpose,

the principles of the magneto-optical trap are discussed. Next, the implementation

of a frequency control for the Titanium:Sapphire photoassociation laser is docu-

mented. The latter is required to attain the long term frequency stability required
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to assure resonance conditions with photoassociation transitions of roughly 10 MHz

linewidth. Last, the experimental procedure of the photoassociation measurements

is described in detail. Chapter 4 contains the REMPI measurements. The principles

of the multiphoton ionization process of the molecules is recalled, and subsequently

the experimental procedure is described. Then, the recorded spectra are presented

and analyzed. Chapter 5 contains the work concerning the implementation of a new

setup for absorption images. In a first part, the method of absorption imaging is ex-

plained. Then, the new absorption laser setup and the imaging system are depicted.

Measurements of the optical resolution on a test setup are presented and further

characteristics like the depth of focus and the imaging ratio are discussed. Next,

another implemented method for atom number measurements via a photodiode is

described and the in a last part, the performed changes to the existing program for

the camera control and data acquisition is briefly summed up.





Chapter 2

Photoassociation of ultracold

atoms

The availability of cold and dense atomic clouds has triggered the development of

many new experimental methods. One of the most interesting is the photoassociation

(PA) reaction that was proposed in 1987 by Thorsheim et al. [62]. The process was

investigated for the alkali metals beginning with sodium [44], followed by rubidium

[47], lithium [1] and potassium [68]. First, this method allows for the investigation

of the long range potentials of excited molecules. Second, the formation of cold

ground state molecules is possible. This was first performed in 1998 in a magneto-

optical trap (MOT) [24] for Cs2 which was followed by K2 [50] and Rb2 [27]. During

previous studies at the presented experiment, homonuclear Cs2 [43] has been formed

in its electronic ground state via PA in an optical dipole trap. Rate coefficients and

Franck-Condon factors were measured1 and lately the saturation of the process has

been observed [40]. Spontaneous formation of heteronuclear LiCs via MOT light

was observed recently for the first time [42] and active PA of the latter is central

part of the current experimental work.

2.1 From atoms to molecules

In the temperature and density regime of a magneto-optical trap the atoms con-

stitute a dilute gas. Kinetic energy is so low that the weak coulomb interactions

1Project in collaboration with the ”laboratoire Aimé Cotton”/Orsay,France [70]
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10 Chapter 2. Photoassociation of ultracold atoms

between the neutral atoms can dominate the dynamics of the system. Due to this

interaction, the atoms have to be described in molecular coordinates and quantum

numbers for very small internuclear distances. A detailed treatment of these so

called quasi molecules can be found in [Weidemüller,2000][69].

The molecular ground state for all alkali dimers is the situation where the two atoms

are in their electronic ground state, and it consists of a singlet and a triplet state.

For cesium, this is the (6 2S1/2+6 2S1/2) state. The notation of molecular states is

not as simple as for atoms since the coupling between the atoms changes with their

distance. Different coupling schemes between the atomic angular momenta have to

be considered, the so called ”Hunds cases”. In the Hunds case (a), the total orbital

angular momentum L and the total Spin S couple independently to the molecu-

lar axis. The corresponding notation is 2S+1|Λ|+,−
g,u where Λ is the projection of L

onto the molecular axis. The +/- represents the mirror symmetry in reference to

any plane containing the two nuclei whereas g/u is the parity with respect to point

reflections of the molecule about its center2. This coupling case is valid for small

internuclear distances where the electronic interaction energy dominates other cou-

plings such as fine and hyperfine structure or rotational energy [34]. The alkali dimer

molecular ground states are denoted X 1Σg
+ and a 3Σu

+.

At larger distances (10-50Å) L and and S couple first, resulting in the total angular

momentum J . Here, Λ and Σ, the projection of S, are no good quantum numbers

anymore. Ω, the projection of J onto the molecular axis becomes the relevant quan-

tity in the notation Ω+,−
g,u . This situation is called Hunds case (c), and it describes the

excited molecular states at the relatively large internuclear distances where photoas-

sociation takes place. The states corresponding to the atomic 6S+6P3/2 asymptote

for Cs2 are 1g, 1u, 0+
u and 0−g . For this molecule, the 1u and 0−g potentials exhibit a

shallow, second well at intermediate distances (20-30 a.u.).

At large internuclear separations the molecular potentials are well described via a

multipole expansion of the coulomb interaction.

V (R →∞) = D −
∞∑
i=1

Ci

Ri
(2.1.1)

For the case of alkali dimers and considering only states associated with the atomic

6S+6P3/2 asymptote, this expansion can be restricted to a couple of dominant terms

2This symmetry exists for homonuclear molecules only
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[45].

V (R →∞) = D − C3

R3
− C6

R6
− C8

R8
− C10

R10
− . . . (2.1.2)

where D is the dissociation energy, R the internuclear distance and Ci are the dis-

persion coefficients. The X 1Σg
+ and a 3Σu

+ ground states have a R−6 dependence

which corresponds to the Van-der-Waals interaction of induced dipoles. To explain

the resonant dipole-dipole interaction associated to the C3 coefficient one considers

a pair of atoms |1, 2〉. The permanent dipoles arise from the exchange interaction

between |1∗, 2〉 and |1, 2∗〉 of an excited atom with a ground state partner. There-

fore C3 is zero for the ground state. Furthermore, an exchange interaction is only

possible when the two states are degenerate which applies solely for homonuclear

dimers. Hence, the Cs2 first excited molecular potential is dominated by the long

range R−3 dependence.

2.2 Principles of photoassociation

The basic principles of PA are illustrated in Fig. 2.1 for the case of Cs2. Two free,

ultracold atoms are accelerated towards each other via their Van-der-Waals inter-

action. During this process the pair absorbs a photon from the PA laser and is

excited to a bound molecular state. This is illustrated for the case of the 0−g poten-

tial associated to the D2-asymptote (6S+6P3/2). For reasons of energy preservation

the absorbed energy equals the photon energy. Since the photon energy is tunable

with the PA laser frequency, this presents a high precision spectroscopic method for

probing the long range excited molecular potentials that has been investigated in

the mentioned PA experiments including our group [60]. The high spectroscopic res-

olution results from the narrow energy distribution of the free ultracold atoms in the

trap (≈ 1 MHz for a 100 µK sample)[52]. Following the Franck-Condon principle the

maximum overlap of the free atomic pair ground state wave function and the excited

molecular state wave function determines the distance at which the absorbtion takes

place. This is most likely at the classical outer turning point of the excited potential,

also called Franck-Condon point. After a few nanoseconds of lifetime the excited

molecule undergoes spontaneous radiative decay into two available channels. Either

the final state is a pair of free atoms or a bound molecular state of the triplet ground

state. This yields a promising possibility to form cold ground state molecules start-
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Figure 2.1: Schematic display of the photoassociation process for 133Cs : The ground-
state and first excited state potentials for Cs2 are shown. Two colliding free atoms
absorb a photon and can then undergo spontaneous emission back to a continuum
state or the molecule ground state
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Figure 2.2: Examples of electronic wavefunctions relevant for the photoassociation of
cesium. The initial free pair state close to the molecular a3Σ+

g ground state potential is
shown together with the final bound molecular state in the 0−g fine structure component
associated to the atomic 6S+5P asymptote. The pictures was taken from [20].

ing from cold atoms. Other methods like buffer gas cooling[15] or stark deceleration

have been developed [19] but sub millikelvin temperatures are reached exclusively

via PA or molecule association through magnetic Feshbach resonances[36]. A prob-

lem for homonuclear dimer production is the fact that excited state potentials have

a long range 1/R3, as was mentioned above. Since the ground state has a 1/R6 dom-

inated Van-der-Waals potential, the overlap between the vibrational wavefunctions

of excited and ground states is small which leads to reduced transition probabilities.

In the case of Cs2 however, the 0−g potential has a shallow outer potential well which

allows for high excitation rates from the continuum and reasonable overlap with the

ground state wave function at the inner turning point (Fig. 2.2). Furthermore, the

electron can tunnel trough the low potential barrier and then decay to deeply bound

vibrational states from the inner potential well as was calculated and investigated

in Orsay[64][65].





Chapter 3

Formation of Cs2 in a

Magneto-Optical Trap

In this chapter the principles of a magneto-optical trap (MOT) are explained and

the experiment with its two species MOT of 7Li and 133Cs is introduced. The imple-

mentation of a frequency stabilization setup for the PA laser and the experimental

procedure of photoassociation of Cs2 are presented.

3.1 An introduction of the mixtures experiment

3.1.1 Magneto-Optical Trap

Basically there are two main kinds of forces on atoms induced by light. The first one

is the dispersive part of the atom-light interaction. This is the dipole force which is

used to trap atoms in the nodes of a standing light wave or the focus of an intensive

laser beam. In the experiment this force is used for long term storage of the cooled

atoms and the formed molecules with the aid of a CO2 laser with 120W power at a

wavelength of 10.6 µm [23].

The second force is due to the absorptive part of the interaction and is called the

radiation pressure force. For a traveling plane light wave (i.e. a laser light field close

to its waist) it is [9]

Frp =
~kγ

2

s0

1 + s0 + (2(δ + ∆ωD)/γ)2
(3.1.1)
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16 Chapter 3. Formation of Cs2 in a Magneto-Optical Trap

with the natural linewidth γ, the on-resonance saturation parameter

s0 = 2|Ω|2/γ2 (3.1.2)

and the Doppler shift

∆ωD = −kv (3.1.3)

where k stands for the wave vector and v is the relative velocity between the atom

and the light source.

The mechanism that is used for cooling the atoms in a MOT is called optical molasses

and can be explained as follows. The photons of the laser beam are absorbed by

the atom and transfer their momentum p = ~k. Considering an atom with 2 states,

the atom will be excited into the energetically higher lying, excited state. Since

the atoms are moving due to their thermal energy, the doppler shift needs to be

compensated for, in to fulfil the resonance condition. Considering a laser detuned

towards smaller frequencies. This is also referred to as ”red” detuning. Atoms that

move towards the laser see the wavelength jolted to smaller values and therefore

closer to resonance. Therefore, these atoms will absorb more photons than atoms at

rest. After the lifetime of the excited state, the atom undergoes spontaneous emission

and the momentum is carried away by the photon. Since the coil of the atoms’ dipole

moment is symmetric, the spacial distribution of spontaneously emitted photons is

as well. Hence, the average momentum transfer to the atom by the emitted photons

is zero. Absorbed photons on the other hand always have a fixed direction of motion

in space so that multiple processes lead to a momentum change of the atom. Even

if this momentum is rather small for a photon the deceleration of the atom is on

the order of 106 − 107g since scattering rates are very high (107s−1). Considering

one dimension, two counter propagating, red detuned laser beams will decelerate

the atoms traveling in either directions.

Therefore, the described velocity dependent dissipative optical force can be used to

effectively cool atoms [32]. The resulting force on the atoms is[46]

FOM ≈ 8~k2δs0v

γ(1 + s0(2δ/γ)2)2
≡ −βv (3.1.4)

with the damping coefficient β.

In a Magneto-optical trap 6 counter propagating beams are needed to cool in all

directions. However, this does not yet represent an atom trap since there is no
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]

(a) (b)

hω
σ+

σ+

σ-σ+

σ-

σ-

mg= 0

F = 0g

eF = 1

σ-σ+

m

me

e =+1

=-1

me = 0

I

B

I
position

energy

Figure 3.1: principle of the Magneto-Optical Trap

restoring force to spatially confine the particles. This can be achieved by combining

a magnetic quadrupole field with the optical molasses and choosing an appropriate

polarization for the beams. The principle is depicted in Fig. 3.1(a).

Due to the Zeeman effect the different magnetic sublevels undergo a position depen-

dent energy shift(3.1b)

∆EmF
= −µmF

·B(r) (3.1.5)

On the right side the energetic difference of the atomic transition with a magnetic

quantum number change of δmF = −1 is tuned closer to the laser frequency which

means, that more photons from the σ−-beam will be absorbed making the atom

move left. For the same reason the transition with δmF = +1 which is driven by

the σ+-beam will be preferred. Minimal scattering happens at the zero crossing of

the magnetic field which therefore is the center of the trap. The combined forces

can be expanded for low velocities [46]

F = −βv − κr (3.1.6)

where κ stands for an effective spring constant

κ =
µ′A
~k

β

with the magnetic field gradient A and the effective magnetic moment µ′.

This is the well known equation for damped harmonic oscillations. All atoms with
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Figure 3.2: Energy level scheme of the D-lines for 7Li and 133Cs

sufficiently low speed (≈ 50m/s for Cs) undergo an overdamped oscillation and are

decelerated into the trap center.

Other than the simplified two level system of a ground and an excited state real

atoms have many energetic levels. This means that excited states have more than one

possible decay channel. The multiple possible transitions have different probabilities

and this will be discussed in more detail in (5.1). The challenge for atom cooling is

to find levels that form closed transitions, meaning that they are effective two level

systems. This is particularly easy for alkalis because of their simple level scheme

due to the single electron in the valence shell. Because their is no perfect two level

system, atoms will eventually be offresonantly excited into other nearby excited

states and by this be lost out of the cooling cycle. Therefore so called repumper

lasers are needed to ”recycle” those atoms for cooling. In the case of 7Li and 133Cs

one repumper is sufficient.

Lithium

Lithium is the lightest of the alkalis, and the bosonic isotope 7Li is used for the

experiments. Its electronic ground state is 22S1/2 and the energetic level scheme of
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the D-lines is represented in fig. 3.2. The first excited state forms a fine structure

duplet 22P3/2, 22P1/2. The corresponding spectroscopic lines are named the D2- and

the D1-line. In the experiment only the D2-line is investigated because of its greater

transition strength. The fine structure states split up due to hyperfine interaction,

and the corresponding final hyperfine states (HFS) are shown on the right side of

the level scheme.

To effectively cool atoms, a closed transition is needed. In the case of 7Li, the

natural linewidth of the exited state γ ≈ 6Mhz is on the same order as the energetic

separation of the different HFS which means that they can not be spectroscopically

resolved, and a really closed transition does not exist.

Cesium

133Cs is the only stable isotope of the element. It also shows the simple level scheme

of the alkali metals. The first excited state consists of the fine-structure doublet

62P1/2 and 62P3/2 corresponding to the D1- and D2-line. As for lithium, only the D2-

line is used. Other than in the latter case, closed transitions are available because of

the larger HF-splitting (150-250 MHz). The transition 62S1/2(F = 4)−62P3/2(F = 5)

at 852,356 nm is used for cooling in the trap.

Zeeman slower

Since the atoms are produced in an oven, they have velocities of some hundred meters

per second which exceeds the maximum trapping speed of the magneto-optical trap.

Therefore a counter propagation laser beam is used to decelerate the atoms via

radiation pressure. The doppler shift of frequencies depends linearly to the atomic

velocity which is a problem in this case. While the particles are decelerated, the

velocity changes and in the reference frame of the atom the laser frequency is shifted

away from resonance. This mechanism keeps it from absorbing additional photons.

To avoid this, one can either tune the laser frequency or the atomic energy level to

keep the absolute energy shift constant. The technique of Zeeman slowing uses the

energetic shift of the magnetic sublevels in a magnetic field [51] to do this as the

atoms decelerate. An inhomogeneous magnetic field is applied by several coils with

changing diameter and winding numbers.
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Zeeman slower beam

Dye laser beam

compensation

coils

atomic Li and Cs

beams

Ti:Sa beam

Li-MOT beams

Cs-MOT beams

Li Cs double

MOT

Figure 3.3: Experimental setup of the Magneto-Optical Trap. The beam geometry
in the main chamber is shown, including the MOT lasers, the Ti:Sa photoassociation
laser and the dye laser beam for ionization. A cage of coils for magnetic stray field
compensation was lately implemented around the chamber, and the quadrupole coils
are situated on the large flanges on top and bottom of the chamber. Most of the optics
and Wiley-McLaren mass spectrometer are left out for clear view.

3.1.2 Setup of the Experiment

The chamber is shown on figure (3.3). A double species oven is used as atom source

[59]. It consists of two independently heated reservoirs connected by a thin capillary.

Typically, the operating temperatures of the lithium and cesium oven compartments

are 365◦C and 130◦C respectively. A single Zeeman-slower magnet is employed to

decelerate the two atomic effusive beams, but one counter propagating laser beam

is needed for each species [23]. Coil currents used were 3-4 Amperes. Since cesium

atoms in the atomic beam have velocities of roughly 150 m/s, it can be captured

into the MOT directly from the low velocity tail of the effusive beam. Hence, the

Zeeman-slower is optimized for Lithium (≈ 700m/s). The magnetic quadrupole field

for the MOT is created by two coils in anti-Helmholtz configuration operated at 22

Amperes.
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To obtain a three-dimensional optical molasses, 3 pairs of counter-propagating laser

beams are required. The laser system for cesium cooling is set up on a separated

optical table and consists of four semiconductor laser diodes that provide the cool-

ing and repumping light. A bragg grating is included in the diodes as a wavelength

selective mirror that enables simple frequency tuning of the laser resonator via tem-

perature (Direct-Bragg-Reflected Diode). One master laser serves as frequency ref-

erence for all others. This master laser and the cesium repumper are stabilized

by means of a dichroic-atomic-vapor laser lock (DAVLL) [13]. The Zeeman effect

is used to shift the atomic transitions of cesium in glass cell, by applying weak

magnetic field. Subtracting the transmission signal of different magnetic sublevels

yields a signal containing a zero crossing that can be used as an error signal for

frequency stabilization. The Zeeman and cooling slave lasers are frequency offset

locked [55] to the reference oscillator. The light beam of the repumper laser on the

transition 62S1/2(F = 3)− 62P3/2(F = 4) is superimposed with the the cooling light

for the MOT and the Zeeman-slower and the beams are coupled into optical fibers

for transfer to the MOT table. The light field of the cesium MOT is formed by 4

counter-propagating beams in the horizontal axis and one retro-reflected beam in

the vertical direction (z-axis).

The laser system of the lithium MOT is situated directly on the MOT table since

the optical power is not sufficient for using fibers for the transfer. It consists of three

grating stabilized diode lasers in Littrow configuration. The master laser is stabilized

via frequency modulation locking [55] and the two slave diodes are stabilized via a

master-slave injection locking scheme [56]. Three orthogonal retro-reflected beams

form the light field of the MOT. The experiment timing is controlled by a digital

and analog I/O card for PC (ADwin-light, Jäger Messtechnik [29]) with an individ-

ual timing processor TL400. A graphical user interface for the timing sequence was

developed in our group [71]. The software was programmed with LabView ([49]).

The device has a relative time resolution of x ns.
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3.2 Absolute frequency control of the photoasso-

ciation laser

The PA laser is consists of a commercial Titan-Sapphire (Ti:Sa) resonator (MBR110,

Coherent [16]) pumped by a frequency doubled Nd:YAG solid state laser (Verdi10,

Coherent [16]).

The frequency stability of the Ti:Sa laser has to meet the high requirements for pho-

toassociation. PA resonances have line widths on the order of 10 MHz which means

that the optical laser frequency of 350 THz must not vary more than this during the

period of an experiment. If the laser does not stay on resonance, quantitative mea-

surements are difficult. Typical measurements take several hours, and during the

last experimental work on Cs-Cs2 atom-molecule collisions performed in our group

[57], the laser frequency turned out to be insufficiently stable. Frequent manual

readjustments of the laser frequency and normalization measurements were neces-

sary. In the prospect of the resonance enhanced multi photon ionization (REMPI)

spectroscopy on Cs2 presented in this thesis and for all future PA experiments, an

appropriate additional frequency control for the Ti:Sa was implemented during this

work.

The internal frequency stabilization mechanism for the Ti:Sa uses a temperature

controlled reference cavity. Any closed control loop needs a feedback signal from

the system that is proportional to the deviation of the controlled parameter from its

set value. This enables a proportional-integral-derivative (PID) controller to correct

for this deviation. One shoulder of the transmission mode of the reference cavity,

recorded by a photodiode, acts as such an ”error signal”. With the aid of an elec-

tronic offset, the signal is lowered to form a zero crossing.

In consequence, the absolute frequency stability of the laser is determined by the

thermal stability of the cavity length. Knowing that the FSR of the cavity is in-

versely proportional to its length, the change in length corresponding to an FSR

change can be obtained. With the linear expansion coefficient of the cavity material

(Invar 36 metal alloy), this can be translated to a temperature change. The mea-

sured frequency drifts are on the order of MHz/min, which means a temperature

change of 1.2 mK/min. This result corresponds fairly well to the typical stability of

a temperature controller. The variation in room temperature was monitored dur-

ing several days, and differences of 3-4 degrees Celsius within hours were observed.
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Figure 3.4: Locking scheme for the Ti:Sa PA laser. A slave laser is locked to the
stable reference laser via frequency offset locking. This enables shifting the locking
point for 500MHz. Next, the length of a cavity (FSR=500MHz) is stabilized to the
slave laser via a Pound-Drever-Hall lock. The Ti:Sa frequency can now be stabilized
to the cavity length by the same method. Because the locking point can be shifted
over the FSR, arbitrary locking frequencies are possible.

Readjusting the climate control units did not improve this situation significantly.

There are several possible solutions for this problem, one of which is to improve the

temperature control. Since the frequency must not change more than a couple of

MHz within hours the temperature would have to be controlled to the µK. This

is not trivial and would imply putting the cavity into vacuum for sufficient thermal

decoupling from the environment.

For this experiment another method was chosen. The cavity length is controlled

by locking its transmission modes to an absolute frequency reference. Atomic tran-

sitions are perfect candidates for this purpose, and the absorbtion lines of a laser

traveling trough cesium glass cell were used.

Another fact has to be considered for implementing a lock. One major feature of the

Ti:Sa laser is the width of its gain profile that extends over hundreds of nanometers.

The frequency control therefore needs to be applicable over the range of the whole

profile.

3.2.1 Stabilization scheme

Several steps are necessary to translate the absolute frequency stability of the atomic

transition to the mode of a cavity and they will be shortly explained here. For tech-

nical details the reader is referred to previous work [28]. The principle is shown in

Fig. 3.4. The master laser of the 133Cs MOT is locked to the crossover of transition

lines
∣∣62S1/2, F = 4

〉
=⇒

∣∣62P3/2, F
′ = 4

〉
and

∣∣62S1/2, F = 4
〉

=⇒
∣∣62P3/2, F

′ = 5
〉
.

A second slave DBR diode laser is stabilized to the master oscillator via a frequency

offset locking scheme [55]. This technique allows tuning the laser frequency over the
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entire FSR of the cavity.

In the next step the reference cavity length is stabilized via the Pound-Drever-Hall

(PDH) method [7]. This technique uses frequency modulation spectroscopy [6][5] on

the transmission modes of the frequency stable slave diode to create an error signal

for the lock. Thanks to the locking chain, the cavity is a very stable frequency

reference. Short term frequency variation is due to the 4-5MHz linewidth of the

master laser as well as noise and drifts in the lock electronics. Finally, the Ti:Sa

laser frequency is stabilized against the cavity length with a second PDH lock.

The frequency drifts of the Ti:Sa are due to temperature changes on a time scale

of minutes which means that only slow frequency changes need to be corrected for.

The internal lock is well suited for stabilization on fast time scales and should there-

fore not be by-passed. Furthermore, the collected high frequency noise from the

locking chain should not be transferred to the PA laser. A 1Hz lowpass filter is used

to eliminate all but the slow variations of the locking signal for the drift control.

Two inputs for external frequency control are provided for the Ti:Sa control unit

(MRBE-110), the fast external lock input and the slow external scan entry. The

first overrides the internal cavity lock of the laser which is undesired in our case.

The scan entry is for a slow external control of the cavity length and is used for

the control signal of the lock. As was mentioned above, each mode can be tuned

over the FSR of the cavity by changing the slave laser frequency. Further tuning

is achieved by moving the locking point to the next cavity mode. Therefore, this

method offers a way of locking a laser over a very large frequency range which is

only restricted by bandwidth of the used optics.

3.2.2 Characterization of frequency stability

Measuring of the stability of the PA laser is involved, since the frequency change

that needs to be observed is 108 times smaller than the optical frequency of the

laser. A feasible solution is to beat the Ti:Sa with a very stable laser of the same

center frequency. The setup is shown in Fig. 3.5. When superposed spatially, the

two optical fields

Ea =
E0a

2
exp(iωat) + c.c.
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Figure 3.5: setup for Ti:Sa frequency measurements. A weak reflex of the Ti:Sa
laser is superimposed with the reference laser beam on a beam splitter. Prior to this,
the polarization axis of the diode laser is adjusted via a λ/2 waveplate and a PBS.
Subsequently, the beam is focused onto a photodiode of sufficient bandwidth.



26 Chapter 3. Formation of Cs2 in a Magneto-Optical Trap

and

Eb =
E0b

2
exp(iωbt) + c.c.

simply add. E0a,b
are the maximal electric fields and ωa,b the optical frequencies.

The resulting intensity contains terms with the sum, the difference δω = ωa − ωb

and the proper frequencies of the lasers. When δω < 1 GHz the beat note can be

recorded with a photodiode (PD). The recorded signal is of the form

I =
EaEb

2
cos δωt

A PD with a 3 dB bandwidth of 30 Mhz was used for the characterization. The fre-

quency of the beating signal was monitored with a spectrum analyzer(ADVANTEST,

R3161A [12]). The cesium master laser was used as a stable reference laser. To have

a beat signal with measurable frequency, the lasers need to run at the same fre-

quency. This is feasible as the gain profile of the Ti:Sa reaches from 700-1000 nm

which includes the 852 nm of the master laser. The main beam of the master laser

was coupled into an optical fiber and transferred to the PA laser table. For the

beating the polarization of the superimposed beams needs to be parallel to make

interference possible. Therefore, a half wave waveplate rotates the axis of the lin-

early polarized master laser beam and subsequently a PBS filters out all polarization

components that differ from the known polarization axis of the Ti:Sa laser.

Frequency stability without additional stabilization

To analyze the efficiency of the frequency control, two data sets were gathered.

For the first measurement, the frequency control was disabled leaving the frequency

locking of the Ti:Sa to the internal electronics. The center frequency of the beating

signal was monitored for one hour and plotted against the time (fig. 3.6). Slow

variations on the order of MHz/min were observed which are in agreement with

the previously seen frequency changes and reflect well the temperature drifts of

the internal reference cavity. The ”Invar” metal alloy used for the cavity body

has a very small linear expansion coefficient of 1.5 · 10−6/ K. As was mentioned,

the cavity length is inversely proportional to the FSR, meaning that a millikelvin of

temperature difference translates to a frequency change of 0.5 MHz for a cavity mode.

Within the observed time window the peak-peak difference of the beat frequency is

30 MHz and therefore the cavity temperature undergoes a change of 60 mK. This
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Figure 3.6: Monitoring of the beat frequency of the Ti:Sa and the Cs master laser
without additional frequency control. The thermal frequency drifts are about 30MHz
within halve an hour. The error bar on the center beat frequency is estimated to
≈ 1MHz.
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rather large derivation is probably due to the size of the cavity (10 cm length) that

needs to be stabilized and insufficient thermal insulation of the latter. Another

fact is that the master laser dichroism lock also exhibits frequency drifts of the

locking point due to temperature dependencies of the dispersive optical elements

(PBS, waveplates)[13]. An upper limit can be estimated from the linewidth of the

MOT transition
∣∣62S1/2, F = 4

〉 →
∣∣62P3/2, F = 5

〉
, which is 2π · 5.2 MHz. Larger

variations would dramatically influence the MOT, but this is not observed in the

experiment. Therefore these drifts have to be fairly small compared to the observed

values having only little effect on the signal.

Frequency stability with frequency control

The second data set can be seen in Fig. 3.7. Here the beat frequency was stable

to 1.6 MHz peak-peak over duration of the measurement. This represents a major

improvement compared to the previous frequency stability and meets the aimed goal

for future PA measurements.

A problem arises from the chosen method to monitor the frequency. The cesium

master laser supplies the reference frequency for the lock and is used as comparative

oscillator for the beat signal at the same time. The short term fluctuations of the

master laser are filtered out in the last link of the locking chain and do not affect

the Ti:Sa, but the discussed long term frequency drifts of the DAVLL locking point

will. It is impossible to detect these slow variations that are present in both lasers

because they cancel out in the beat signal. Nevertheless, they might be of dominating

character in this case, since the frequency variations are much smaller applying the

additional frequency control. A next step would be a quantitative characterization

of the master lock to find out which of the two effects limit the frequency stability.

Linewidth of the cesium MOT master laser

A sample of the beat signal as recorded with the spectrum analyzer is shown in

Fig. 3.8 Here, the Ti:Sa was locked internally only. The width of the beat signal is

given by the combined linewidths of the two lasers. As the Ti:Sa is specified to be

narrower than 100 kHz, the resulting 3 dB width of 4-5 MHz is given by the diode

laser. This first measurement of the absolute width of our diode DBR lasers yielded

results that correspond well to previously made estimates.
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Figure 3.7: Monitoring of the beat frequency of the Ti:Sa and the Cs master laser
with the PA laser locked to the additional reference cavity. The stability is improved
by more than an order of magnitude. The peak-peak frequency variation of 1.6MHz
is illustrated more clearly in the inset.
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Figure 3.8: Logarithmic scale of the beat note frequency of the Ti:Sa and the Cs mas-
ter laser, as seen on the spectrum analyzer. The full width halve maximum (FWHM)
of approximatively 5MHz reflects the linewidth of the cesium master laser.

3.3 Photoassociation of Cs2

With the aid of the implemented frequency control several PA measurements were

performed in the cesium MOT. To maximize the loading flux of cesium atoms to

the MOT the oven temperature was set to 150 ◦C. No PA spectra were recorded

since the photoassociation was exclusively used as a tool for molecule formation

and the spectra of the 0−g potential were previously investigated in the group [70].

Basically, two different situations were observed. Until now it was supposed that a

separate photoassociation laser is required but it was found that the trapping light

of the MOT itself forms loosely bound molecules in the highest vibrational states.

Therefore, a first measurement without the Ti:Sa laser was performed. For the

active PA, the vibrational state v=79 of the 0−g potential was chosen because of the

high observed molecule formation rates. This corresponds to a 192,9 GHz detuning

of the Ti:Sa laser in reference to the 62S1/2 − 62P3/2-asymptote and the PA laser

was tuned to resonance by maximizing the molecular detection ion signal that will

be explained in the following chapter. Once on resonance, the PA laser was locked

to the reference cavity for frequency control. The power was chosen to 600 mW

resulting in a peak power density of 850Wcm−2 at the 150 µm waist of the laser
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which was overlapped with the MOT.





Chapter 4

Resonance enhanced multi-photon

ionization of Cs2

While the last chapter dealt with the formation of Cs2 molecules, the following

concentrates on their detection. In previous experiments in the group, trap loss

measurements were used to obtain the signature of excited Cs2 formed via photoas-

sociation. The PA process is indirectly visible in the lower fluorescence signal due

to trap loss. However, it is not possible with this method to obtain the fraction of

the excited molecules which decay to the 3Σ+
u triplet state. In order to be able to

probe the ground state population of these molecules the detection was replaced by a

resonance-enhanced multi photon ionization (REMPI) scheme. This method allows

for a direct detection of the dimers with high efficiencies. The principle is illus-

trated for Cs2 in Fig. 4.1. The molecules are ionized by a pulsed dye laser (Radiant

Dyes NARROWscan [31]) with a wavelength near 700 nm. A single photon of the

dye laser has an energy of about 14300 cm−1 which is less than the necessary ioniza-

tion energy of roughly 25000 cm−1 of Cs2 in the a3Σ+
u molecular triplet ground state.

Hence, the detachment of the electron is only possible via a two photon process. The

ionization efficiency is greatly enhanced if the first photon excites the molecule to a

resonant intermediate state of one of the fine structure potentials 3Πg(0
+,−
g , 1g, 2g)

and 3Σg(0
−
g ) associated to the S1/2 + D3/2 and S1/2 + D3/2 asymptotes. This means,

that REMPI presents a method to gain spectroscopic information on the interme-

diate states of the ionization. The second photon of equal frequency ionizes the

molecule. Since the probability for the ionization is far smaller for a non resonant

33
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Figure 4.1: Potential curves for the Cs2 molecule experiments as in [17]. Process
(i) depicts the formation of excited Cs2 from a pair of colliding cesium atoms at the
6S-6S asymptote via photoassociation. Subsequently, a fraction of the dimers decay
to the metastable a3Σ+

u state (ii). Subsequently, the dimers are ionized via REMPI
(iii).
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two photon transition, only the few rovibrational states within the laser line width

are resonant. Therefore, the spectra will include transition lines associated to the

populated vibrational states in the a3Σ+
u ground state as well as the spectral infor-

mation of the intermediate states. This makes REMPI spectra very rich in physical

information, but also leads to a challenge. The many transition lines of the spectra

mean, that a quantitative analysis is highly not trivial. The vibrational progressions

of the different potentials overlap which leads to a high density of spectroscopic

lines.

4.1 Mass selective ion detection

The dye laser produces large numbers of atomic cesium ions as well as Cs+
2 .Hence, a

mass selective detection is needed to separate the different ions. A mass spectrometer

provides a way for separation of the different ion signals. Since the experiment is

designed for the formation of heteronuclear LiCs dimers[42], the detection needs to

differentiate between the masses of cesium and LiCs ions. This high mass resolution

is Wiley-McLaren type time-of-flight (TOF) spectrometer was developed for the

experiment to fulfil this purpose [41]. The principle of a TOF mass spectrometer is

the following. First, the ions are accelerated in a homogeneous electric. This means,

that particles with different masses will have different final velocities. Next, they

traverse a field free ”drift” region for a spacial separation of the masses. Finally, the

ions are detected with a detector, e.g. a multichannel plate. The speciality of the

Wiley-McLaren spectrometer is a characteristic called time-focusing. A third field

plate allows for ions of equal mass but a different starting position to arrive at the

detector at the same time (within 50 ns). The setup is illustrated in Fig. 4.2 and

discussed in detail in [42]. The different voltages applied to the three field plates

make for an acceleration of the ions produced in the overlap region of the MOT

and the pulsed ionization laser. Subsequently, the particles traverse a 30 cm drift

region in z-direction and are detected on a microchannel plate (MCP). Since the

ions are deflected off the vertical axis onto the MCP by an additional electrode

which is operated at ca. 1.2 kV, the ion trajectories can coincide with the vertical

beam axis for the MOT and absorption lasers (z-direction). When the appropriate

voltages are chosen for the lower (Ul ≈ 300V), the middle (Um ≈ 200V) and the

upper field plates (ground) as well as the deflection electrodes, the ions are time-
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Figure 4.2: Sketch of the Wiley-McLaren mass spectrometer and the MOT (not
to scale): the Ions created by photoionization of Cs2 and Cs between the two lower
field plates are accelerated in z-direction. After passing the 30cm drift region they are
deflected onto the microchannel plate detector (MCP)
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focused onto the detector. The high mass resolution of m
∆mrms

= 1000 of the TOF

mass spectrometer is not required to distinguish between Cs+ and Cs+
2 with a mass

ratio of 2. The device was designed in the prospect of detection of hetero nuclear

LiCs dimers. In order to separate the TOF traces of LiCs+ and Cs+ a relative mass

difference of only 5% needs to be resolved. The reason why an ionization detection

scheme is necessary for the presented work is its high detection efficiency. The small

formation rates make for a small number of ground state dimers. Since the molecules

are not trapped in the MOT they leave the ionization volume after some milliseconds

due to gravity. Even with high ionization probabilities, this results in only few Cs2

ions per shot. Our detection scheme is sensitive to this kind of signal which was

demonstrated lately by showing the formation of LiCs dimers in the double MOT

[42].

4.2 Experimental procedure

The setups the MOT and PA were operated with the parameters given in the previ-

ous sections. For the REMPI, a pulsed Continuum Surelite II-20 [11] Nd:Yag solid

state laser (200 mJ per pulse) pumps the dye laser with 20 Hz repetition rate at a

wavelength of 532 nm. The NARROWscan dye laser features pulses with 7 ns pulse

width and 13 mJ per pulse. In the resonator, two gratings of 2400 lines per mil-

limeter (lpmm) are tilted with electrical grid motors to control the laser wavelength.

The dye laser is collimated to a waist of 3 mm and overlapped with the MOT and

the Ti:Sa light beam.

A difficulty arises from the fact that the dye pulse also ionizes cesium atoms from the

MOT. When applying the pulse in the bright MOT, a large fraction of the cesium

atoms are in the 6P3/2 state due to the trapping light and can be ionized by a non-

resonant two photon transition. This makes for a very large ion signal on the MCP

that can saturate or even damage the detector. Apart from the fact that damage

needs to be avoided, the saturation behavior of the MCP affects the measurements.

The detector needs several microseconds to regenerate. As can be seen on Fig. 4.3,

this is long enough to influence the Cs2 signal and can lead to a changing offset. To

avoid this, the dye laser can be be positioned below the MOT, which was done in a

first try. Since the molecules are not trapped, they fall through the beam and are

detected. A better way of avoiding this problem was chosen for the following. The
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Figure 4.3: Time of flight trace of the MCP from measurements in the dipole trap
performed in the group. The Cs ions arrive 21.2µs after the dye pulse whereas Cs2
reaches the detector 29.7µs.

trapping lasers were blocked several ms before the dye pulse to allow all atoms to

decay from the 6P3/2 state to their electronic ground state 6S1/2 with a transition

lifetime of τ=30.5 ns. Since the ionization energy of cesium in the 6S1/2 ground state

exceeds the 28500 cm−1 carried by two laser photons, three photons are necessary

for ionization. Additionally, the laser frequency is far from atomic resonances which

leaves only a non-resonant three photon ionization to form Cs+. This process is

therefore highly suppressed but can not be completely eliminated. A typical time of

flight signal is shown in Fig. 4.3.

The ions of a specific mass arrive within a narrow time window of 50 ns. Since the

time of flight is proportional to the square root of the particle mass, the cesium ions

reach the detector before the dimers, 21.2 µs after their formation. 29.9 µs after the

ionizing pulse, the Cs2 ions hit the MCP.

The area under the MCP curve is proportional to the number of detected parti-

cles. Therefore, the TOF trace is fed to an analogue boxcar-integrator for online

evaluation of the molecule number. The voltage at the output channel is digitized

by a NI-DAQ USB-6009 data acquisition device (National Instruments [49]), and
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a corresponding software (Vi-Logger, LabView) enables saving the data to the ac-

quisition PC. The USB-6009 features eight analogue input channels digitalized via

analogue-digital converter (A/D), two analogue outputs, 12 digital I/O channels and

a counter input. Acquisition rates are up to 48 kHz and the device is used in the

experiment for acquiring and saving diverse measured data.

As was reported in chapter 3, two sets of measurements were performed on Cs2

formed in the MOT. It is known, that the trapping and repumping light of the

MOT itself drives free-bound PA transitions [24][27]. Therefore, REMPI spectra

were recorded without the Ti:Sa photoassociation laser during the first experiment,

to investigate these spontaneously formed molecules.

During the second measurements, REMPI spectra of actively photoassociated Cs2 -

molecules were recorded. The 0−g fine structure component associated to the atomic

S+P asymptote was chosen for the PA. Cesium photoassociation spectra of this

potential have already been investigated in previous work in the group [43][40].

Additionally, extensive theoretical calculations for molecule formation have been

performed in Orsay [25][52]. We chose a detuning of 193GHz in respect to the

6S+5P3/2 asymptote close to the vibrational state v=79 in the outer well of the

0−g potential. This is a PA transition with a very high molecule formation signal.

For spectral probing, the ionization laser has to be scanned over a wavelength in-

terval of many nanometers. This is achieved by mechanically tilting a diffraction

grating in the dye resonator that is used as a frequency selective mirror. Remote

control of the laser is possible via a RS-232 serial connection to a computer and a

special software provided by Radiant Dyes to allow easy handling of the dye laser

wavelength. It was discovered, that the wavelength display of the dye electronics

needed to be calibrated. Therefore, calibration measurements were performed in a

previous work [66]. For absolute comparison, known atomic transition lines in the

range of 680 to 700 nm were scanned because a wavemeter for this range was not

available. Since these lines are produced by forbidden multipole transitions, and

line broadening mechanisms like doppler or pressure broadening are negligible, in

addition to the calibration the dye laser line width could be measured to ≈ 0.1 cm−1.

The calibration showed a deviation of ≈ 5 cm−1 of the displayed wavelength which

will have to be considered for analysis of the spectra.

The timing of the REMPI measurements are depicted in fig. 4.4. The Surelite pump-

ing laser and the detection are not controlled via the ADwin card based program,
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Figure 4.4: REMPI measurement timing (not to scale): To suppress two photon
ionization of cesium, the trapping and Zeeman laser are blocked 4 and 3 ms before
the dye pulse. Since the ionization laser is pulsed at twice the frequency of the laser
shutters, the lower field plate is pulsed to prevent unnecessary ion load on the MCP
on every second pulse.

but the timings for ionization and detection are set with a separate digital pulse-

delay generator (BNC555). The device features eight output trigger signals whose

width and delay in reference to an input trigger can be varied independently. An

external function generator supplies the necessary trigger. The Nd:YAG pump laser

is operated at a 20 Hz repetition rate because of its best power stability at this

frequency, but unfortunately the mechanical shutters (TK-CMD, Densitron) for the

MOT and Zeeman lasers are not fast enough for such rates and therefore the exper-

iment is run at 10 Hz. Ions produced by every second pulse of the dye laser were not

counted. To keep them from attaining the MCP and causing a high ion load, the

lower field plate was switched on around every second ionization pulse only. Hence,

the unwanted ions are accelerated downwards leave the ionization zone. MCP and

deflector voltages were enabled continuously.
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Figure 4.5: complete spectral data for Cs2 formed via cooling light in the MOT.
The dye laser wavelength was scanned from 13890 cm−1 to 14700 cm−1. A large scale
structure is visible with a maximum around 14150 cm−1. Clear cutoff edges are dis-
cernable at 14500 cm−1 and 14600 cm−1 respectively, associated to the S+D3/2 and
the S+D5/2 atomic asymptotes.

4.3 REMPI spectra analysis

4.3.1 Spontaneously formed molecules

The recorded spectrum for spontaneously formed Cs2 is shown in Fig. 4.5. The

REMPI scans span a range of 40 nm, starting from 680 to 720 nm. In order to take

advantage of the spectral resolution of 0.1 cm−1 due to the dye laser line width, the

scanning speed needs to be sufficiently low, so that several data points are recorded

within these intervals. Therefore the grid motors were set to a scanning speed of

0.01 cm−1 per second. Individual scans of 5 nm range were performed and subse-

quently merged to the one graph in Fig. 4.5.

Several major spectral features can be discerned in the measured data. The ion



42 Chapter 4. Resonance enhanced multi-photon ionization of Cs2

signal envelope shows a very large maximum at 14150 cm−1. Furthermore, there are

cut off edges in the spectrum at 14500 cm−1 and 14600 cm−1. .

The complete analysis of the REMPI spectra is far beyond the scope of this work and

will not be treated, but there are general aspects of the measured spectral features

that can be explained in more detail. The large spectral features can be explained,

using the principle of difference potentials [38]. The difference potential for a given

excitation is the subtraction of the two involved potentials, meaning the starting and

the excited state. When difference potentials exhibit one or more extrema, the tran-

sition probability is enhanced in regions where the density of Franck-Condon points

is high. Where many transitions contribute, the ion production will be enhanced.

In this way, each one of these spectral bands is associated to one of the potentials

of the 3Πg(0
+,−
g , 1g, 2g) fine-structure manifold or the 3Σ+

g (0−g ) state, correlated to

the 6S+5D5/2 asymptote (Fig. 4.1). In the observed energy window of 13800 cm−1 to

14700 cm−1 transition probabilities to the 3Σ+
g (0−g ) potential are far too low to be ob-

served. The difference potentials 0+,−
g −a3Σ+

u , 1g−a3Σ+
u , and 2g−a3Σ+

u of the (2)3Πg

fine-structure manifold are expected to contribute. In this way, it was possible to

assign the ion signal envelope maximum around 14150 cm−1 to intermediate transi-

tions to the 2g fine-structure component. The other maximum around 14030 cm−1

is associated to the 1g potential, although the signal-to-noise ratio is rather small

here. The contribution of the difference potential associated to the 0+,−
g state which

has its maximum absorption at around 13900 cm−1 was not observed at all. Since

no data was recorded below 13880 cm−1, the feature would be only partially visible,

but no rise in ion signal can be seen in the spectra. REMPI spectra of Cs2 have been

measured in an other group[17] where comparable results were produced including

the signature of the 0+,−
g intermediate state. The most plausible explanation for the

lack of this feature is the wavelength dependent dye laser intensity. The used dye

Pyridin I (LDS 698) is specified from 665 nm to 725 nm and the problematic region

of the spectrum is at the edge of the gain profile. Furthermore, the gratings have a

specified wavelength range up to 720 nm. The measured wavelength dependence of

the dye pulse energy can be viewed in Fig. 4.6 Hence, the lack of the spectral feature

could be explained by insufficient laser power at these frequencies. The observed

cutoff like features could not be clearly assigned. Two possible explanations can

be given. These energies correspond to the two atomic asymptotes 6S+5D3/2 and

6S+5D5/2. Beyond the asymptotes, dimers will be excited to repulsive potentials
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Figure 4.6: Measured power dependence of the dye ionization laser. The region
of the missing spectral information is situated at the edge of the gain profile, where
power is reduced by more than halve.

and dissociate. Therefore, they will be lost for the detection. This leads to a reduced

molecular signal. Another possibility would be photoassociation of free atoms into

the intermediate REMPI states by the dye laser.

An important feature of the recorded REMPI spectra of Cs2 compared to the men-

tioned previous work is the resolution of the spectra. The limiting parameter here

is the dye laser line width that was determined by scanning very narrow, forbid-

den atomic transition lines. The measured resolution of 0.1 cm−1 is an order of

magnitude larger than the resolution attained in other work [17]. In the complete

spectrum, single transition lines are visible. An Expansion of a smaller frequency

region is shown in Fig. 4.7 The spectrum clearly shows resolved transition lines. The

linewidths differ greatly. The narrow line at 14086 cm−1 has a FWHM from less

than 1 wavenumber which could be resolution limited. The line at 14108 cm−1 on

the other hand has a width of roughly 6 cm−1. The line spacings were analyzed, but

no assignment to vibrational progressions were made.
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Figure 4.7: Expansion of the spectrum of spontaneously formed cesium dimers.
Individual rovibrational transitions are resolved and the width of the broad lines could
give information about the molecular ground state population.



4.3. REMPI spectra analysis 45

13900 14000 14100 14200 14300 14400 14500 14600 14700

-0,5

-0,4

-0,3

-0,2

-0,1

0,0

0,1

0,2

C
s 2+  io

n 
si

gn
al

 (b
ox

ca
r)

/V

Dye laser energy / cm-1

Figure 4.8: Complete spectral data of the REMPI scan of the actively photoasso-
ciated cesium dimers. The position of the broad maximum corresponding to the 2g

intermediate potential of the signal envelope can be discerned around 14150 cm−1.

4.3.2 Actively formed molecules by photoassociation

The recorded REMPI spectrum of the actively photoassociated molecules is shown

in Fig. 4.8. Photoassociation enhanced the ionization signal by a factor of 4-5. In

the graph, however, the amplitudes are comparable. This is, because the integration

time of the boxcar was increased to profit from the full dynamic range of the analog

integrator. As The data shows the same main feature as the REMPI spectrum of the

dimers formed via trapping light. The chosen PA transition at 193 GHz detuning

(close to the v=79 state) shows no rotational structure in performed photoassociation

spectra [25] and is assumed to correspond to a two-photon transition to a higher

excited, bound molecular state decaying efficiently into ground state molecules1.

No predictions are available on the ground state population of the vibrational levels.

1Private communication D. Comparat
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This is different for the states in the outer well 0−g potential use for photoassociation.

Calculations for the final molecular distribution of vibrational levels in the 3Σ+
u state

have been performed [20]. It can be deduced, that molecules formed by MOT light

close to resonance (δ ∼ 10 MHz) are formed in deeply bound states. Different

ground state populations should show differences in the ionization spectra. More

exactly, one could expect a change in the intensity distribution of the large ion signal

envelopes associated to the different intermediate potentials. From differences in

the main features, information could be gained about the ground state population

of the actively photoassociated cesium dimers. In the presented spectra, however,

no clearly visible differences in the shape of the spectral features in the two spectra

could be observed. The maximum of the signal envelope, associated to the maximal

ionization via intermediate states of the 2g fine-structure component is the same dye

laser energy around 14150 cm−1.

As in the first measurement, individual REMPI transition lines can be resolved. To

ensure that these lines are real, the data sets of spontaneous molecules and active PA

were compared. A first glance, the spectra showed agreements for many compared

lines, but time was insufficient for a detailed investigation. This could be done in

the course of ulterior Cs2 REMPI measurements.



Chapter 5

Absorption imaging

In prospect of planned further REMPI measurements on Cs2 and LiCs, the signal-to-

noise (S/N) ratio of the spectral data has to be enhanced for quantitative analysis.

One way to do so is maximizing the power of the PA laser. A Verdi18 (Coherent)

solid state laser with 18 W maximum output power has recently been integrated into

the experiment to enable simultaneous pumping of the Ti:Sa and a continuous wave

(cw) ring dye laser (RadiantDyes [31]) is currently set up for future stimulation of

molecular bound-bound transitions. If all pumping light is used for the PA laser,

4.5W Ti:Sa output power are reached. Of course, the PA transition will saturate at

high power density. For the case of Cs2 Pa, this occurs at roughly 450 W/cm−1 and

has to be avoided. A second possibility lies in higher atomic densities in the MOT

since the PA rate scales with the density squared. The atoms will be transferred

to the QUEST for future REMPI measurements. The dipole trap has already been

used for long time storage of the two species, and cesium densities of 1 · 1012 cm−3

were reached.

In another approach, a setup for Raman sideband cooling[39] of Cs was implemented

recently. Once in operation, this should allow for reaching sub µK temperatures for

the cold cloud of atoms in the vibrational ground state of the optical lattice sites.

Recapture of the atoms into the QUEST should result in a sample with further en-

hanced densities of 1013 cm−3. Furthermore, a so called ”dimple” dipole trap [53][58]

is under construction, where a 3 W fiber laser is crossed with the Co2 dipole trap to

further enhance the confinement of all trapped particles.

Diagnostic of the cold atomic cloud is an important tool for observation of these

47
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increased densities. Absorption imaging presents a useful tool to determine temper-

ature, density and atom numbers which need to be known as exactly as possible for

physical measurements. A major part of the presented work was therefore dedicated

to set implement a new system for absorption imaging of the trapped cesium and

lithium atoms.

5.1 Imaging technique

The basic method of absorption imaging consists of imaging the signature of the

atomic cloud in the intensity profile of a traversing resonant laser beam [67].

The intensity of a plane wave traveling a distance dz through medium decreases by

the amount of

dI = −αIdz (5.1.1)

The absorption coefficient α is defined by the density n of the medium which in our

case is a cloud of ultracold atoms and the absorption cross section σ(ω) as

α = σ(ω)n(x, y, z) (5.1.2)

with the optical frequency ω.

This equation holds for low intensities only, where optical pumping can be neglected.

This must be considered when the intensities become comparable to the so called

saturation intensity

Isat =
~ω0Γ

2σ(ω0)
(5.1.3)

ω0 is the optical transition frequency and Γ the natural lifetime of the excited state.

In this case, the absorption coefficient has to be modified as

α =
nσ(ω)

1 + I/Isat + (2(ω − ω0)/Γ)2
(5.1.4)

For the case of cesium, the saturation intensity is 1.1mW/cm2.

The absorption after a distance z in the medium is obtained by integrating (5.1.1).

This operation yields Beer’s law of absorption

I(x, y, z) = I0(x, y, z) exp

{
−

∫ ∞

0

σ(ω)n(x, y, z)dz

}
= I0(x, y, z) exp {−η(x, y)σ(ω)}

(5.1.5)
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where I0 stands for the initial intensity. η(x, y) denotes the column density

η(x, y) =

∫ ∞

0

dzn(x, y, z) (5.1.6)

The density of the atomic cloud in the magneto-optical trap (MOT) can be assumed

to have a gaussian spatial distribution.

n(x, y, z) = n̂ · exp

{
−(

x2

∆2
x

+
y2

∆2
y

+
z2

∆2
z

)

}
(5.1.7)

with the peak density n̂ and the 1/e-radii ∆x, ∆y, ∆z of the atomic cloud. By

calculating the column density and inserting it into 5.1.5, the transmitted intensity

becomes

I(x, y) = I0(x, y) exp

{
−√πn̂∆z exp(

x2

∆2
x

+
y2

∆2
y

)

}
(5.1.8)

If the ratio of the initial and absorbed intensities are measured, only the absorption

cross section σ(ω) needs to be known to obtain the column density η(x, y).

Atom numbers and density

When the form and dimensions of the cloud has been obtained via absorption imag-

ing, the 1/e diameters of the cloud can be obtained by fitting the measured density

profile to the gaussian. The peak density n̂ can be obtained with the absorption

Î/Î0 = I(0, 0)/I0(0, 0) in the center of the cloud.

n̂ =
ln Î/Î0√

π∆z

(5.1.9)

The total atom number N can be obtained as

N =

∫
dxdydz · n(x, y, z) = 3/2

√
π∆x∆y∆zn̂ (5.1.10)

The mean density n̄ of the cold sample is

n̄ =

∫
n(~r)2d3r∫
n(~r)d3r

=
N

(π)3/2∆x∆y∆z

(5.1.11)
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Ballistic expansion thermometry

The temperature of the atomic cloud can be measured by observing the thermal

expansion of the sample after release from the MOT. Theoretically, the width ∆

follows the relation

∆(t) =

√
∆(0)2 +

kBT

m
t2 (5.1.12)

with the Boltzmann constant kB. The cloud width is measured for a range of

expansion times t and can be fitted to relation 5.1.12 to obtain the temperature T

of the sample.

Absorption cross sections

The absorption cross section between two atomic energy levels |g〉 and |e〉 is given

by

σge(δ) =
ωgeµ

2
ge

~cε0

Γ/2

δ2 + Γ2/4
(5.1.13)

where Γ is the natural linewidth of the transition, δ the frequency detuning of

the light field from the atomic transition of frequency ωge, the Planck constant

~, the speed of light c, and ε0 is the dielectric constant. If Γ is given only by

spontaneous emission then the natural lifetime τ = 1/Γ is known from equation

(??). As explained above, this holds only for intensities beneath the saturation

value Isat.

µge = e 〈e|~ε · ~r |g〉 (5.1.14)

is the projection of the transition dipole matrix element on the polarization vec-

tor ~ε of the light field. The value of the dipole moment therefore depends on the

wavefunctions of the ground and the excited state, and its calculation is in general

nontrivial. The detailed derivation can be found in quantum mechanics text books

[10] and the outlines are described in the following.

Several quantum numbers are necessary to describe The energy levels of real atoms

omitting fine- and hyperfine structure. These are represented as

|g〉 = |nLmL〉 and |e〉 = |n′L′m′
L〉

with the main quantum number n, the total electronic orbital angular momentum L

and its magnetic quantum number mL. For a hydrogen like atom the corresponding
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wavefunctions in position space are of the form

χn,L,mL
= Rn,L(r)Y mL

L (θ, φ) (5.1.15)

with the radial part Rn,L(r) and the spherical harmonics Y mL
L (θ, φ). As the func-

tions show a separation of radial and angular part, it is necessary to transform the

polarization vector ε and the dipole operator d to spherical coordinates. By apply-

ing the Wigner-Eckart-theorem [10] one obtains an expression for the angular part

of µge that can be analytically calculated. Since fine- and hyperfine-structure need

to be considered, the electronic energy states are dependent on the total angular

momentum F and the associated magnetic quantum number mF . The change to

this basis of quantum numbers |n, L, FmF 〉 leads to a more complex analytic term

µge = (−1)F+L′+S+J+J ′+I〈n′L′||er||nL〉 ×
√

(2J + 1)(2J ′ + 1)(2F + 1) (5.1.16)

×
{

L′ J ′ S

J L 1

}{
J ′ F ′ I

F J 1

}
〈F1mF q|F ′m′

F 〉

Nevertheless, the expression can be evaluated, when the 6j-symbols {...} and the

Clebsch-Gordan coefficient 〈F1mF q|F ′m′
F 〉 are known. These can be calculated,

and are listed in the Appendix A.

This leaves the reduced matrix element 〈n′L′||r||nL〉 unknown, which can be ob-

tained with the measured lifetime τ of a given hyperfine state. The respective

absorption cross section for the decay can be calculated with equation (??), if

the transition is closed. Therefore, the reduced matrix element can be calculated

for the given n, n′, L, L′. This is done for 7Li and 133Cs in the technical report

preceding this thesis [28]. For cesium, the absorption cross section of the closed

|F = 4,mF = 4〉 → |F ′ = 5,m′
F = 5〉 transition for absorption pictures has the

largest cross section

σCs = 3.468× 10−13m2

For the case of lithium, the upper hyperfine structure is not spectrally resolved. If

the atoms are equally distributed among the mF -states, the cross sections of the

possible upper F-states have to be added. This leads to the same absorption cross

section for π- and σ-polarized light and F=1,2 in the lower s-state

σavLi
= 1.43× 10−13m2
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Figure 5.1: Setup of the absorption laser on the cesium MOT laser table. The AOM
double pass makes for shifting the laser frequency on resonance of the transition used
for absorption pictures. A 1:1 telescope with large focal distances (f=400) is needed
for the AOM and enhances the efficiency of the fiber coupling. The laser polarization
axis is adjusted via a halve waveplate.

5.2 Setup of the absorption laser

Thanks to their unique characteristics, lasers are usually employed as a light source

for the absorption pictures. In the presented experiment, the absorbtion lasers

needed for flashing the atomic clouds are the master lasers of the two magneto-

optical traps. The concept is resembling for the two alkalis but will be explained in

detail for cesium.

A scheme of the setup of optics is shown in fig. 5.1. The Cs MOT master oscillator

is locked on the crossover between transitions
∣∣62S1/2, F = 4

〉
=⇒

∣∣62P3/2, F
′ = 4

〉

and
∣∣62S1/2, F = 4

〉
=⇒

∣∣62P3/2, F
′ = 5

〉
which is 125MHz to the red of the MOT

transition.
∣∣62S1/2, F = 4

〉
=⇒

∣∣62P3/2, F
′ = 4

〉
. This is required for the frequency

offset locking method used to lock the cooling and repuming lasers. Part of the main

beam is deviated to serve for the absorption and in order to shift the frequency back

to the atomic transition used for absorption, an AOM in double pass configuration

was implemented (Crystal Technology, Inc. 3080-110 (80MHz center frequency)).
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The laser beam is focused at the crystal for the best diffraction efficiencies since the

active acoustic aperture is rather small (2.5× 1 mm).

Furthermore, short switching times are required for the pictures, since the laser

flashes the atomic cloud typically during hundred microseconds only. The mechani-

cal iris shutters (TK-CMD Densitron) used for usual laser switching have extinction

times of the same order and are therefore too slow for this purpose. An AOM on

the other hand has switching times on the order of hundred nanoseconds and acts

as a fast shutter for the absorption beam.

Next the beam is coupled into an optical fiber leading to the MOT-table. A 1:1

telescope (f=400 mm) is used to adjust the beam to the optical fiber mode. Higher

transmission can be achieved even though the waist does not have to be adjusted.

Since the fiber is polarization maintaining, the linear polarization axis of the laser

is rotated with a halve waveplate to match the fiber axis. The rest of the optics

are on a bread board underneath the chamber (fig. 5.2). The beams diverge when

leaving the optical fibers. Hence, they are collimated with the aid of a single lens in

focal distance. The large waists of approximately one inch ensure that the intensity

is quasi constant over the extension of the MOTs (≈ 3mm). This is because a plane

wave is assumed for the calculation of the cloud’s density profile as was mentioned

in (??). Both fibers and lenses are mounted into SM-tubes.

Since the laser pulse is far longer than the lifetimes of the excited state (τ = 30 ns),

optical pumping among different magnetic states plays an important role. Making

quantitative absorption measurements necessitates exact knowledge of the involved

transitions between magnetic sublevels. The atoms are supposed to be equally dis-

tributed among the mF levels when the MOT is switched off. Using linearly polarized

light would mean that all transitions with δmF =0 are driven and contribute to the

absorption. In that case, an average of all the involved cross sections would have

to be taken and it is therefore far more effective to use one, closed transition. We

chose the transition |F = 4,mF = 4〉 → |F ′ = 5,m′
F = 5〉 which is driven with σ+

light. Additionally it can be seen in Appendix A that the doubly stretched tran-

sitions have the largest dipole matrix element and therefore are the strongest of

the D2-line. Stable polarization is crucial for the pumping scheme, so polarization

beam splitters (PBS) translate fluctuations in polarization into intensity fluctua-

tions. These do not disturb the measurements if they are on a much larger scale

than the exposition times for the absorbtion pictures. Since only σ+-light drives the
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transition, the linearly polarized light of the master laser needs to be transformed to

circular polarization which is performed by quarter waveplates. In order to be able

to drive transitions between magnetic sublevels, a quantization axis must be defined.

For this purpose, a weak magnetic bias field of 7 Gauss is applied in z-direction.

The absorption lasers for the lithium- and cesium-MOT are superimposed on a mir-

ror that is only reflective for the lithium absorption laser at 672 nm and transparent

for the other beam at 852 nm. Finally, a gold mirror reflects the light into the cham-

ber in z-direction.

Absorption pictures of lithium pose a particular problem. The separations of the

22P3/2 hyperfine states of lithium (3-9MHz) are comparable to the 5MHz linewidth

of the absorption laser which means that they can not be spectroscopically resolved.

The F=0,1,2 hfs are populated from which the atoms can decay to the ”dark” 22S3/2

ground state. This results in a very ”transparent” cloud that will absorb weakly. In

addition to this, the lithium is much lighter than cesium and expands so quickly

(5.1.12) that it is too dilute for absorption images after the MOT extinction. For

these reasons, atom number and temperature of the lithium sample have previously

been measured by other means like release-and-recapture thermometry or fluores-

cence [48]. A feasible solution for the problem is the use of a strong magnetic field

that splits the magnetic energy levels enough for them to be resolved []. In this case,

closed transitions are again available.

5.3 Imaging optics

To measure the column profile µ(x, y), the cloud needs to be imaged onto the chip of

the charge-coupled device (CCD). The setup can be seen in Fig. 5.3. Optical access

to the MOT in z-direction is complicated because of the experimental design. For the

sensitive detection of particles, a Wiley-McLaren time-of-flight (TOF) mass spec-

trometer was implemented along the same axis. Hence, the first lens of the imaging

optics can not be placed closer than the last viewport of the TOF spectrometer that

is at 43.2 cm of the MOT. The absorbtion laser beams are however not the only ones

passing the chamber in z-direction since the two MOT-beams for 133Cs and 7Li and

the z-beam of the optical lattice for raman sideband cooling have to follow the same

trajectory. The mirrors and waveplates placed over the exit window do not allow to

situate the first lens closer than 60 cm from the MOT. From ray optics one knows
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Mirror 671nm

transparent for 852nm Mirror 852nm
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671nm
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Figure 5.2: setup of the absorption laser on MOT table. After the outcoupling
optics, the polarization is filtered and subsequently changed from linear to circular
(δmF = +1). After superposition, the beam is reflected into the chamber.
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that the magnification M for an image is [33]

M =
so

si

(5.3.1)

with the object and image distances so and si. A magnification of 3 would result

in a distance from the first lens to the camera of 1,8 m which is longer than the

available 1,2 m between viewport and ceiling. To surmount this difficulty a 1:1 in-

termediate image of the cloud is made with a 2 inch diameter achromatic doublet

of focal distance f1 = 300 mm (Thorlabs AC5080-300-B). As a second step the first

image can be magnified by two other lenses, a 2′′ achromate with f2 = 150 mm and

the objective of the CCD camera.

The setup of absorption imaging was designed for several purposes. First of all, den-

sity, atom numbers and temperature of the MOT with a diameter of roughly 2-3 mm

need to be measured. For long time storage of the cold lithium and cesium clouds,

the atoms are transferred to a quasi electrostatic trap (QUEST) which is a dipole

trap formed by the focus of a CO2 laser. In the QUEST, the atomic cloud takes

an elongate, cigar shaped form. The length is roughly 20 mm but the sample has

a radial extension of only ≈ 18 µm for cesium atoms of 30 µK temperature. Hence,

absorption images of the QUEST and the MOT require different magnifications and

the imaging system needs to fulfil this need. This is put into practice in the fol-

lowing way. The second achromate is placed in focal distance of the intermediate

image and therefore produces an image at infinity. The camera objective projects

the latter onto the CCD chip. As the light rays leave the second lens parallel, the

camera objective can be replaced without changing the rest of the optics. In this

way, the imaging ratio can easily be changed during experiments.

The magnification of the set of the second achromate and objective lenses is [33]

M =
f3

f2

(5.3.2)

In the experiment two objectives with 50 mm and 135 mm are in use and with 5.3.2

this leads to magnification ratios of 1:3 and 1:1.1. Using the objective of smaller

focal length, an area of roughly 13× 20 mm is imaged, which is large enough to take

pictures of the entire cigar shaped cloud in the dipole trap. It is also much easier

to adjust the position of the MOT image on the CCD chip since a larger area is

viewed. When the 135 mm objective is used, an area of 5 × 7.6 mm is recorded by
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beam
600

CCD

camera

f1=300
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f =50 (135)3

750virtual beam

Figure 5.3: Imaging optics for the absorption pictures. A first image of the MOT
is made with a 2 ” achromate with focal distance of f1 = 300 mm. The intermediate
picture is imaged to the CCD chip with a second 2 ” achromate (f2 = 150 mm) and
the camera objective (f3 = 50, 135mm)

.

the CCD. Higher magnifications can be achieved but do not yield more information

since the optical resolution of the system dealt with in more detail in 5.4 is currently

not high enough. All the components are fixed by means of commercial postholders

on an ITEM construction that is mounted onto the chamber (??picture still missing.

necessary?). A new CCD camera was purchased from the firm Optronis [30]. The

Alta U1 CCD device (Apogee [35]) has a large dynamical range of 76 dB and a

quantum efficiency up to 30% thanks to arrays of microlenses. The chip (KAF-

0402ME, Kodak [22]) has 512×768 pixels of 9 µm side length implying a chip size of

4.6 mm× 6.9 mm. In the past, problems were encountered with interference fringes

on the absorption pictures. These were caused by the camera entrance window

serving as a Fabry-Perrot like etalon. To avoid this, a wedged version (2 ◦, firm?)

with anti reflective coating for the frequency range (??) of the absorbtion lasers was

installed replacing the old glass window.
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Depth of focus

Expansion thermometry measurements require the release of the atomic cloud from

the trap. The optical axis is in the vertical direction (z-axis) and for this reason

gravity causes the atoms to fall and move out of focus which leads to blurring of

the image if the distance is large enough. Basically a point in the object plain is

transferred to a point in the film (CCD-chip) plain. When the point object is moved

a distance D the image equally moves away from the film plain where it now appears

as a blurred spot called the circle of confusion c. The size of the latter grows linearly

with the distance that the object is moved.

In order not to deteriorate the image quality the circle of confusion must always be

smaller than the resolution of the imaging system. The distance Df , Dr for which

the circle of confusion and the optical resolution are equal is defined as the depth

of focus of the optical system. This is illustrated in fig. 5.4. The rear depth of focus

Dr is

Dr =
sodh

dh − (so − f)
(5.3.3)

with the hyperfocal distance,

dh =
fa

c
(5.3.4)

the lens aperture a and the object distance so. For the 50 mm and 135 mm objectives

this yields a rear depth of focus of about 310 and 115 µm. The atoms take 7.9 and

4.8 ms to fall this far down which leaves enough time to measure the cloud expansion

after release from the dipole trap. As the atomic sample in the MOT is much larger,

the expansion needs to be measured for longer to for an observable difference. As

long as the loss in resolution is much smaller than the MOT diameter, this should

not deteriorate the diameter measurements considerably. After 120 ms the cloud

hits the lower viewport of the chamber.

5.4 Determination of image resolution

Calculating the theoretical resolution of the presented optical system due to diffrac-

tion limits is simple. The actual resolution, however, needs to be known as precisely

as possible and has to be measured explicitly. A 1:1 setup for testing was built for

this purpose, moving the ITEM construction for imaging to another optical table.
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Figure 5.4: Graphical explanation of the definition of the depth of focus. Moving
the object leads to a position change of the image which will appear on the CCD chip
plane as a blurred spot c. If c equals the wanted resolution of system, the distance
Dr, f is called depth of focus.

The described absorption laser for cesium was used as light source. Instead of the

atomic cloud, a test pattern of known dimensions was imaged instead of the atomic

cloud. It is shown in Figure 5.5. The pattern consists of a number of sets of opaque

lines of well defined width and spacing varying from 1 to X lines per millimeter

(lpmm). Therefore, imaged distances on the detector can be calibrated with the

actual distances in the object plane. This yields the magnification and resolution of

the optical system. Several pictures of a test pattern with 1.1 lpmm were taken for

both camera objectives and the data was analyzed (Fig. 5.6).

5.4.1 Fundamental resolution limits

Diffraction of light

Diffraction of light is the ultimate resolution limit for all imaging systems. In Fourier

optics, there are two main ways of simplifying the general term describing the diffrac-

tion of a light wave on an aperture [54]. The first possibility is to assume the Fresnel

approximation

NF θ2
m

4
¿ 1 (5.4.1)
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Figure 5.5: Pattern of black lines with well known widths and spacings for calibration
and testing the imaging optical system.

Figure 5.6: Picture taken with 50mm camera objective of test pattern with 1.1 lpmm.
Interference fringes caused by the imaging system apertures are well discernable.
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θm designates the largest angle of light propagation. NF is the Fresnel number

NF = a2

λd
with a, the largest radial extension in the output plane in distance d of the

input plane. The corresponding case of diffraction is called the Fresnel diffraction.

Following this theory, the incident wave U(x,y) is multiplied with an aperture func-

tion p(x,y) and propagates in space according to the Fresnel approximation. The

intensity of the wave in the observation plane can be described by

I(x, y) =
I0

(λd)2

∣∣∣∣∣∣

∞∫

−∞

p(x′, y′) exp

[
−iπ

(x− x′)2 + (y − y′)2

λd

]
dx′dy′

∣∣∣∣∣∣

2

(5.4.2)

The other special case is the Fraunhofer diffraction, where the Fraunhofer approxi-

mation

NF , N ′
F ¿ 1 (5.4.3)

has to be satisfied, where N ′
F = b2

λd
. b is the largest radial distance in the input plane.

This approximation is valid for very large propagation distances only whereas the

Fresnel diffraction applies close to the aperture as well, assuming paraxial rays.

In general the resolution ∆ is defined as the distance of two point sources in the

object plaine whose central maximums can still be distinguished in the image plain.

This means that the central maximum of the second point source is at the first

minimum of the first one. ∆ is the distance of the central maximum to the first

minimum. The theoretical value is derived from bragg’s law [8]

∆ = 0.61
λ

NA
(5.4.4)

with the numerical aperture

NA = n sin Θ

where Θ is halve the maximum angle of beam spread of the first lens and n the

refraction index. As can be seen, the numerical aperture is a decisive parameter for

the resolution of imaging systems and is the limiting factor in our case. Therefore,

the distance of the first lens to the imaged object must be as small as possible for a

high resolution which can be seen in the design of common microscopes that attain

an NA 0.5-1. The setup of the vacuum chamber does not allow for minimal distance

of the first lens (Ø=2 ”) from the object to be inferior to 60 cm in z-direction due to

the emplacement of the ion detection TOF mass spectrometer and the MOT optics
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for the z-beams. This leads to an NA of 0.042 for our system and the factor of ten

compared with a commercial microscope makes for a loss of one order of magnitude

in resolution. The theoretical diffraction limited resolution of our imaging system

for light of 852 nm for cesium absorption pictures is

∆852 = 12µm

In the case of the 671 nm for lithium, the resolution is

∆671 = 10µm

50mm camera objective

The actual resolution of the system was measured as follows. Several line profiles

of intensity are taken from the test pictures and investigated at the edges of the

opaque test bars. An intensity increase from 10 to 90 % is a good approximation

of the resolution ∆ and this distance was retrieved from the data. In the first

measurement, test pictures of a test pattern with 1.1 lpmm were taken using the

camera objective with f3=50 mm. The mean value of five measurements of the

optical resolution ∆50 proved to be

∆50 = (70± 15)µm

The error on the measurement is the statistical uncertainty of the mean value of ∆.

At first glance the obtained result seems to be unlikely since it is larger than the

diffraction limit, but it can easily be explained. The CCD chip consists of pixels

with 9 µm side length and for a 1:3 image this distance corresponds to 27µm in the

object plane. Two to three points are necessary to be able to discern an optical

feature like a step. Knowing that a distance of 54-81µm corresponds to two to three

pixels on the chip, the measured resolutions is in good agreement with the values

that follow from this argumentation. For the small objective the pixel size of the

camera chip therefore determines the resolution of the system.

Another important characteristic of the image is the actual imaging ratio. The ratio

of 1:3 is calculated and errors on the positioning of the lenses and the camera are

on the order of millimeters. Since the size of the pixels of the CCD chip and the

spacing of the test pattern are known, the imaging ratio can be obtained with the
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Figure 5.7: Intensity line profile taken from the data of a test picture with the
135mm objective and a pattern of 1.1 lines per millimeter.
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measured data. Dividing the distance of the pattern by the corresponding number

of pixels yields 26.2 µm for the area imaged onto one pixel. The deviation from the

theoretic value of 27 µm is the error of the imaging ratio. The 3 % error should be a

good estimate for the ratio on the actual experiment, considering that the imaging

system is set up with the same accuracy of positioning of the optical elements.

135mm camera objective

The data for the large objective yields a mean value of

∆135 = (29± 3)µm

This is more than twice the diffraction limit and therefore it seems that the pixel

size is again the limiting factor considering that in the 1:1.1 ratio 10µm in the object

plane correspond to the side length of one pixel. Another point is that the Bragg

diffraction limit takes into account only the far field effects of Fraunhofer-diffraction

on the apertures of the imaging system. When the image of an object is taken, the

latter is normally not exactly in focus. Furthermore, the object has a certain in

extension in space which in the case of a MOT is about 3 mm. Hence, the coherent

light that illuminates the object will also undergo Fresnel-diffraction on the object

itself and deteriorate the quality of the image on the CCD chip. The effect becomes

very pronounced when the object is moved several centimeters out of focus and can

falsify measurements of the MOT size. This was investigated in previous works

[26] and it was shown that resolution was degraded up to a factor of three for a test

pattern in focus of the imaging system. Hence, the deviation of the results presented

here from the bragg diffraction limit can be explained by this mechanism. The error

on the imaging ratio was obtained as 2.5 %.

5.4.2 Experimental realization

The first absorption measurements are going to be performed shortly, and the ex-

perimental procedure will basically be unchanged compared to the previous setup

of absorption that will be briefly described.

The absorption laser pulse had a duration of 100-300 µs and the intensity was well

below the saturation values. Since the atomic sample is strongly perturbed by the

radiation pressure forces in the MOT, the latter was switched off X ms before taking
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the exposures. The atoms which are at that time either in the ground or excited

state are considered to be distributed evenly among the magnetic mF substates,

but the strongest transition is |F = 4,mF = 4〉 → |F = 5,mF = 5〉. Therefore the

atoms were pumped into the spin polarized state by switching on the σ+-polarized

absorber laser and the repumper for 100µs. A well defined quantization axis is given

by the absorption laser field itself.

5.5 Photodiode for online atom number and peak

density monitoring

The measurement of atom numbers via absorption pictures can have disadvantages.

Due to the relatively long digitalization times of several seconds for one image and

since two images have to be taken for each measurement, this method is quite time

consuming. Typical experiment repetition rates for the MOT are 10Hz. With this

motivation, an alternative way for fast, online probing of the atom number was

implemented. The method consists of measuring the absorption beam power with a

photo diode to gain information of the ratio of absorbed optical power. Furthermore,

part of the illumination beam is blocked leaving a well defined beam area πR2 with

the radius R of the transmitted beam.

The absorption of a laser beam traversing an atomic cloud was explained in (??).

The transmitted power of the absorption beam is given by the integration of the

intensity profile over the detector. The illuminating beam is assumed to have a

constant intensity I0 across the cloud.

P = I0

∫ ∞

0

dxdy exp[σ(ω)η(x, y)] = I0

∫ ∞

0

dxdy exp

[
−√πσ(ω)n̂∆ze

− x2

∆x2− y2

∆y2

]

(5.5.1)

To simplify, the first exponential function argument is developed around zero to the

first order. This means, that we are assuming

√
πn̂σ(ω)∆z ¿ 1

which is true for the densities in the MOT and should also hold for the dipole trap.

The integral can be evaluated as

P = I0(π∆x∆y − σ(ω)N)
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photodiodepinhole

MOT

f=100

50-50BS

absorption

beam

to CCD-camera

80

600

f=300

Figure 5.8: Atom number photo diode set up

Subsequently, this result is divided by the optical power without the absorbing atoms

Pwo = I0πR2. When R2 = ∆x∆y The operation yields

P

Pwo

= 1− σN

πR2
(5.5.2)

With the aid of this formula, one can directly obtain the atom number N when the

absorbtion cross section σ(ω) and R are known. The setup is illustrated in (fig. 5.8).

A 2” 50:50 beam splitter deviates part of the absorbtion beam. In order to eliminate

a maximum of stray light, an image of the MOT is obtained, and an interchangeable

pinhole of 100-500 microns positioned in the image plain. It cuts out most of the

large absorption beam except for the image of the MOT itself. Subsequently, the

optical power of the beam is measured with a photodiode.

For exact positioning, the pinhole and the photodiode are mounted on a translation

stage. Since the achromate for the CCD imaging is the first optical element the MOT

image at the pinhole plane is formed via two lenses, the achromate (f1 = 300 mm)

and a lens with 100 mm focal distance. This results in a magnification of M = 0.2

and a MOT image size of roughly 400 µm assuming a diameter of 2mm.

A flash of 100ms duration of the absorbtion laser illuminates the atoms and the

transmitted Intensity is recorded by the photodiode. Blocking one of the MOT

beams leads to unbalanced radiation pressure, and the cloud is blown away. The
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initial laser intensity is measured, and the atom number can be retrieved immedi-

ately.

The photo diode method will be tested on the experiment in the near future and

first results should be available soon.

5.6 LabView program for the Charge-Coupled-

Device interface

A LabView (National Instruments [49]) Program was developed in the group for con-

trolling the CCD camera and processing the absorbtion pictures. The code needed

to be changed to match the new Alta U1 camera. Therefore, a short explanation of

the program functions and the effected changes to the code are presented.

ActiveX

To be able to communicate with the camera an ActiveX dynamic link library (DLL)

was included by Apogee. ActiveX objects belong to the ”Component Object Model”

(COM). This is a special definition for code that enables to run it under any pro-

gramming language that supports COM. Other than COM which needs for the

programmer to write the code himself ActiveX provides a simple graphical handling

in the chosen developing environment. LabView supports ActiveX and therefore one

can simply chose an ActiveX-object from the menu and insert it in a given Block

Diagram. Doing this creates an instance of the ActiveX class defined in the library

and the defined methods can be called by this instance. The programmed classes

and methods are documented in the manual provided with the drivers.

With the aid of this rather simple way of implementing the camera control all rou-

tines written for the old ThetaSystems hardware could be replaced. The real prob-

lem was missing documentation that made the understanding of the program very

difficult and time consuming.

Adapting and documenting the program

The program is basically organized in several stacked sequence structures to better

handle the size of the Block Diagram. The last frame of the the main sequence is
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Figure 5.9: Main Stacked sequence with exposure routine

viewed in fig. 5.9. During the first frame, the camera is initialized and all neces-

sary parameters are set. To do this, ActiveX methods are called for the ICamera2

ActiveX object that represents the camera. To give an example, the resolution of

the A/D converter is set by placing an ActiveX property node and choosing the

property DataBits. This property calls for an integer 12 or 16 as argument for 12

or 16 bit encoding. Since the camera head is actively cooled by a peltier element,

the temperature can be set or read out. A very important setting is the external

trigger mode of the camera which is set in a separate case structure. It is crucial

to synchronize the absorption pictures with the rest of the experiment which is con-

trolled via the digital and analog AdWin-light-16 timing processor card. Control of

absorption image exposures via Transistor-Transistor Logic (TTL) pulses from the

card is the solution, and the camera features 6 programmable low voltage TTL pulse

input-output (I/O) pins for this purpose. Each pin has a pre-determined function-
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used pin I/O port assignment external shutter external readout camera mode

1 00000 false false 3

4 01000 true false 0

4 and 5 11000 true true 0

Table 5.1: Trigger settings: Three different kinds of modes are possible. External
trigger of the exposure start but internal exposure time setting can be obtained with
pin 1. External control of exposure start and end can be implemented with pin 4. If
the readout process of the chip has to be controlled separately, pin 4 and 5 are used.

ality and the three pins used for triggering purposes are described here. Pin one,

the ”trigger input”, triggers the camera exposure by opening the shutter when the

TTL is high. The exposure times however, are determined by the exposure method

called within the LabView control program. The pin 4 is called somewhat mislead-

ing ”external shutter input”. When it is enabled, the entire exposure is controlled

trough this pin. When the TTL goes high, the exposure begins, and when it goes

low again, the camera shutter closes and the read-out process of the CCD chip is

started. Pin 5, the ”external readout start”, is only used in combination with pin

4. Here the read-out process is not started simultaneously with the closing of the

shutter, but the camera waits for the second TTL. The required settings for each of

the trigger modes are gathered in the table. 5.6

The second frame of the main stacked sequence only defines the file path for saving

the data and the third deletes any files already in the selected path.

Finally, the last frame hosts another sequence structure that deals with the expo-

sures and the processing of the data. All important operations are executed here.

The first frame of this sequence deals with the exposure of the frames. The pic-

tures are taken within a while loop by calling the ActiveX invoke node (method)

”Exposure” of the ICamera2 object. Instead of making a real exposure, a dummy

picture can be calculated as a test. The two necessary absorption frames can either

be exposed one after the other, or the reference picture for division can be taken

only once to be used for all following exposures. This is time saving but a bit risky,

since background intensity fluctuations can occur easily and will falsify all taken
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Figure 5.10: The background is subtracted from the absorption picture and the
latter is divided by the picture of the absorption laser without atomic cloud and the
logarithm is taken.

absorption pictures. In frame two (fig. 5.10) the picture data arrays are processed.

First of all, the background light picture without atoms and absorption laser is sub-

tracted. Then, the absorption picture is divided by the image of the laser profile

and logarithmised.

The following frame deals with the representation of the picture data on the graph-

ical surface of the LabView program. The column density is written to a graph and

characteristic quantities like minimum and maximum pixel values are determined

and displayed which is shown in fig. 5.11. Setting the boolean ”run cycle” to false lets

the program run in a while loop. In this situation, the user can switch between the

data of the absorption picture, the absorption laser profile picture or the quotient

of the two.

In frame 4 of the sequence(fig. 5.12), the data is analyzed. The important quantity



5.6. LabView program for the Charge-Coupled-Device interface 71

Figure 5.11: The pictures are displayed on the user interface of the LabView program
and statistical characteristics of the exposure data like maximum pixel intensity are
calculated.
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Figure 5.12: In order to gain information on atom number and mean density of the
ultracold cloud, the obtained column density is fitted to a gaussian distribution
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Figure 5.13: All important data is saved to file using the created path.

is the width of the atomic cloud that is obtained by fitting the column density to a

gaussian. Since a two dimensional fit is complicated and consumes much processor

time, two one dimensional fits are made. The picture arrays are integrated in one

direction and a ROOT script is executed for the fitting process. This yields the

1/e cloud widths and the absolute atom number is calculated and displayed. All

important quantities concerning the fits are stored in a cluster called ”Exposures

within cycle”. For future measurements, a two dimensional fit of the gaussian might

be considered since it yields more exact values. Additionally, the integration of the

profile somewhat smoothes the distribution and might change the obtained width.

An argument against this change is the time consumed for fitting which will be con-

siderably more for a 2D fit.

Finally, the data is saved to file in the last frame displayed in fig. 5.13. Due to the

structure of the program, the saving process is very inefficient. Since the program

has the feature to pause for display of the different pictures, the obtained quantities
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like the mean value of the pixel intensities can not be passed directly to the saving

routine. The sub VIs for the data statistics or the integration of the pictures have to

be executed again which results in a saving process of more than a second duration.
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Summary and outlook

6.1 Summary

Within the scope of this thesis, two main subjects were treated. The topics will be

briefly recalled and the important results are presented.

6.1.1 REMPI spectra of Cs2

The first part of the work dealt with resonance enhanced multi photon ionization

(REMPI) of ultracold Cs2 . The cesium dimers were formed via photoassociation

of pairs of cold cesium atoms in a magneto-optical trap. For this purpose, it was

necessary to eliminate thermally caused frequency drifts of the Ti:Sa solid state

PA laser. A total variation of 30 MHz were measured within one hour, significantly

larger than PA resonance widths of ≈10 MHz. A frequency control was implemented

to stabilize the laser to an atomic cesium transition via a locking chain. This method

enhanced the Ti:Sa frequency stability to 1.6 MHz peak-to-peak variation for dura-

tions of 60 minutes, making reliable PA measurements possible. .

The photoassociation photons were supplied by either the trapping and repumping

light of the MOT itself or the Ti:Sa laser. With the aid of the PA laser, single rovi-

brational states could be addressed in the 0−g potential (atomic S+P-asymptote),

and the v=79 state was chosen for its high molecular formation rates[](EPJD pa-

per). Preliminary analysis of the spectra are in accordance with previous work of

the Laboratoire Aimë Cotton in Orsay [17]. The spectra of spontaneously formed

molecules and actively photoassociated dimers show great similarities, suggesting

75
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that the molecular ground state populations of the 3Σ+
u triplet state are alike. The

spectral resolution of 0.1 cm−1 enabled resolving single transition lines between vi-

brational states of the a3Σ+
u ground state and the 3Πg(0

+,−
g , 1g, 2g) fine-structure

manifold. A detailed analysis of the spectral data was beyond the scope of this

thesis and will be performed within the frame of REMPI measurements planned for

the near future.

6.1.2 Setup of absorption images for cesium and lithium

In the second part of this thesis, a new setup for absorption imaging was imple-

mented. This implied the integration of a new CCD camera, adaptation of the

control and acquisition software, and the design of a new imaging system.

The imaging was chosen to enable simple and fast change of magnification to take

pictures of the atomic cloud in the MOT with diameters of 2 mm, or the dipole

trap (radial width of ≈ 18 µm) respectively. Due to the setup design, the object

distance to the first imaging lens is 60 cm. This makes for a numerical aperture of

only NA = 0.042 and a resolution of roughly 30 µm. Based on previous work within

the group[26], the limiting factor is assumed to be Fresnel diffraction close to the

object plain.

6.2 Outlook

Within the presented work, an approach was made to gain insights on the molecular

ground state population of Cs2 formed by photoassociation. Several improvements

could be made for future experiments. As mentioned, the number of created and

detected dimers is still fairly small. The detection rate of 4-5 molecules per shot

makes for an equally small signal-to-noise ratio which will have to be enhanced for

future measurements. The PA rate depends quadratically on the atomic density,

which is therefore a very important parameter for improvement. Several methods

will be employed to enhance the atomic density of the cloud.

First of all, the cesium atoms can be transferred to a quasi electrostatic trap (QUEST)

already in use. In combination with polarization gradient cooling, densities can be

enhanced by two orders of magnitude. A fiber laser will be integrated into the ex-

periment in the near future to form a crossed dipole trap with the CO2 laser. The
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tight confinement in this new trap is expected to enable reaching another order of

magnitude in higher density. In this context, a special characteristic of cesium will

limit the attainable cloud density. The cross section for 3-body collisions become

extremely large for densities on the order of 1013 cm−3 which leads to high trap

loss[61]. In order to further enlarge the phase-space density, a setup for degenerate

3D Raman sideband cooling [39] has been implemented. The latter technique effec-

tively cools the cesium atoms in the individual lattice sites to temperatures below

1 µK. The planned scheme consists of cooling in the lattice with subsequent release

and recapture into the QUEST, leading to a colder and denser sample.





Appendix A

Dipole matrix elements for the

D2-line of 133Cs and 7Li

Table A.1: 133Cs D2-line dipole matrix elements µ for σ+-transitions
|F = 4, mF 〉 → |F ′, m′

F = mF + 1〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −4 mF = −3 mF = −2 mF = −1

F’=3
√

7
72

√
7
96

√
5
96

√
5

144

F’=4
√

7
120

√
49
480

√
21
160

√
7
48

F’=5
√

1
90

√
1
30

√
1
15

√
1
9

mF = 0 mF = 1 mF = 2 mF = 3 mF = 4

F’=3
√

1
48

√
1
96

√
1

288
0 0

F’=4
√

7
48

√
12
160

√
49
480

√
7

120
0

F’=5
√

1
6

√
7
30

√
14
45

√
2
5

√
1
2
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Table A.2: 133Cs D2-line dipole matrix elements µ for π-transitions |F = 4, mF 〉 →
|F ′, m′

F = mF 〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −4 mF = −3 mF = −2 mF = −1

F’=3 0 −
√

7
288

−
√

1
24

−
√

5
96

F’=4 −
√

7
30

−
√

21
160

−
√

7
120

−
√

7
480

F’=5
√

1
10

√
8
45

√
7
30

√
4
15

mF = 0 mF = 1 mF = 2 mF = 3 mF = 4

F’=3 −
√

1
18

−
√

5
96

−
√

1
24

−
√

7
288

0

F’=4 0
√

7
480

√
7

120

√
21
160

√
7
30

F’=5
√

5
18

√
4
15

√
7
30

√
8
45

√
1
10

Table A.3: 133Cs D2-line dipole matrix elements µ for σ−-transitions
|F = 4, mF 〉 → |F ′, m′

F = mF − 1〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −4 mF = −3 mF = −2 mF = −1

F’=3 0 0
√

1
288

√
1
96

F’=4 0 −
√

7
120

−
√

49
480

−
√

21
160

F’=5
√

1
2

√
2
5

√
14
45

√
7
30
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mF = 0 mF = 1 mF = 2 mF = 3 mF = 4

F’=3
√

1
48

√
5

144

√
5
96

√
7
96

√
7
72

F’=4 −
√

7
48

−
√

7
48

−
√

21
160

−
√

49
480

−
√

7
120

F’=5
√

1
6

√
1
9

√
1
15

√
1
30

√
1
90

Table A.4: 133Cs D2-line dipole matrix elements µ for σ+-transitions
|F = 3, mF 〉 → |F ′, m′

F = mF + 1〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −3 mF = −2 mF = −1 mF = 0 mF = 1 mF = 2 mF = 3

F’=2
√

5
14

√
5
21

√
1
7

√
1
14

√
1
42

0 0

F’=3
√

3
32

√
5
32

√
3
16

√
3
16

√
5
32

√
3
32

0

F’=4
√

5
672

√
5

224

√
5

112

√
25
336

√
25
224

√
5
32

√
5
24

Table A.5: 133Cs D2-line dipole matrix elements µ for π-transitions |F = 3, mF 〉 →
|F ′, m′

F = mF 〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −3 mF = −2 mF = −1 mF = 0 mF = 1 mF = 2 mF = 3

F’=2 0
√

5
42

√
4
21

√
3
14

√
4
21

√
5
42

0

F’=3 −
√

9
32

−
√

1
8

−
√

1
32

0
√

1
32

√
1
8

√
9
32

F’=4 −
√

5
96

−
√

5
56

−
√

25
224

−
√

5
42

−
√

25
224

−
√

5
56

√
5
96

Table A.6: 133Cs D2-line dipole matrix elements µ for σ−-transitions
|F = 3, mF 〉 → |F ′, m′

F = mF − 1〉 in units of 〈6, 1‖er‖6, 0〉.

mF = −3 mF = −2 mF = −1 mF = 0 mF = 1 mF = 2 mF = 3

F’=2 0 0
√

1
42

√
1
14

√
1
7

√
5
21

√
5
14

F’=3 0 −
√

3
32

−
√

5
32

−
√

3
16

−
√

3
16

−
√

5
32

−
√

3
32

F’=4
√

5
24

√
5
32

√
25
224

√
25
336

√
5

112

√
5

224

√
5

672
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Table A.7: 7Li D2-line dipole matrix elements µ for σ+-transitions |F = 1, mF 〉 →
|F ′, m′

F = mF + 1〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −1 mF = 0 mF = +1

F ′ = 0 1
3

0 0

F ′ = 1
√

5
36

√
5
36

0

F ′ = 2 1
6

√
1
12

√
1
6

Table A.8: 7Li D2-line dipole matrix elements µ for π-transitions |F = 1, mF 〉 →
|F ′, m′

F = mF 〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −1 mF = 0 mF = +1

F ′ = 0 0 −1
3

0

F ′ = 1
√

5
36

0 −
√

5
36

F ′ = 2
√

1
12

1
3

√
1
12

Table A.9: 7Li D2-line dipole matrix elements µ for σ−-transitions |F = 1, mF 〉 →
|F ′, m′

F = mF − 1〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −1 mF = 0 mF = +1

F ′ = 0 0 0 1
3

F ′ = 1 0 −
√

5
36

−
√

5
36

F ′ = 2
√

1
6

√
1
12

1
6

Table A.10: 7Li D2-line dipole matrix elements µ for σ+-transitions
|F = 2, mF 〉 → |F ′, m′

F = mF + 1〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −2 mF = −1 mF = 0 mF = +1 mF = 2

F ′ = 1
√

1
30

√
1
60

√
1

180
0 0

F ′ = 2
√

1
18

√
1
12

√
1
12

√
1
18

0

F ′ = 3
√

1
45

√
1
15

√
2
15

√
2
9

√
1
3
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Table A.11: 7Li D2-line dipole matrix elements µ for π-transitions |F = 2, mF 〉 →
|F ′, m′

F = mF 〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −2 mF = −1 mF = 0 mF = +1 mF = 2

F ′ = 1 0 −
√

1
60

−
√

1
45

−
√

1
60

0

F ′ = 2 1
3

1
6

0 −1
6

−1
3

F ′ = 3 1
3

√
8
45

√
1
5

√
8
45

1
3

Table A.12: 7Li D2-line dipole matrix elements µ for σ−-transitions
|F = 2, mF 〉 → |F ′, m′

F = mF − 1〉 in units of 〈2, 1‖er‖2, 0〉.

mF = −2 mF = −1 mF = 0 mF = +1 mF = 2

F ′ = 1 0 0
√

1
180

√
1
60

√
1
30

F ′ = 2 0 −
√

1
18

−
√

1
12

−
√

1
12

−
√

1
18

F ′ = 3
√

1
3

√
2
9

√
2
15

√
1
15

√
1
45
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