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III. QED for “pedestrians”

1. Dirac equation for spin ½ particles

2. Feynman rules

3. Fermion-fermion scattering

4. Higher orders

1. Dirac Equation for spin ½ particles

Idea: Avoid negative energy 
values using a linearized ansatz “ E = p + m ”
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Coefficients αi and β are determined demanding that the free 
particle solution satisfies the relativistic E-p relation: ψψ )( 222 mpE +=
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Cannot be solved by scalar coefficients:
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Dirac Equation:
1,2,3i  ,   and    where

01

01

0

0

===

=⋅⋅−





 ∇⋅+

∂
∂

=⋅⋅−





 ∇⋅+

∂
∂

i
i

m
t

i

m
t

i

βαγβγ

ψψγψγ

ψψαβψβ

rr

rr

0=−∂ ψψγ µ
µ m

Solutions ψ are four-component spinors. 

They describes the fundamental spin ½ particles:
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1.1 γ Matrices
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1.2 Fermion current conservation
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01       :eq.Dirac 

0

0

=⋅⋅+





 −⋅∇+
∂
∂

=⋅⋅−





 ∇⋅+

∂
∂

++++ ψγψγψ

ψψγψγ

m
t

i

m
t

i

rr

rr

Construct currents similar to Klein-Godan eq.: here use hermitian
conjugate equation  (equation+) instead of complex conjugate:

Introducing the adjoint spinor allows to write the 
(Dirac-Eq.)+ in the covariant form: 

0γψψ +=

0)( =+∂ mi µ
µγψ Adjoint Eq.

From the Dirac Eq. and its adjoint form you can derive a continuity 
equation for a 4-vector current:

Continuity Equation
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Fermion current

Instead of probability current charge current is often used:
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Electron current:

Boson current:

(for comparison)
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1.3  Free particle solutions for Dirac Eq.

22  for   )exp()()( mpEipxpux +±=⋅= mψ

spinors comp.-2  ,   and  
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Ansatz:

4-comp. spinor:

Solutions for positive energy: 22 mpE ++=

For the spinors ϕ and χ
one finds from Dirac eq.:

 
mE
ϕσχ

+
⋅

=
p
rr









⋅=








⋅=

1
0

N   and   
0
1

N 21 ϕϕ

0=−∂ ψψγ µ
µ m























+

+
+

⋅=














+
⋅⋅=

mE
ipp
mE

pN
mE
pNpu

yx

z

0
1

)(
1

1

1 ϕσ
ϕrr























+

+

−⋅=














+
⋅⋅=

mE
p
mE
ippN

mE
pNpu

z

yx

1
0

)(
2

2

2 ϕσ
ϕrr

↑ spin solution ↓ spin solution

(norm.)  mEN +=
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1.4 Spin and helicity

• u1 and u2 are both solutions to the same energy value 

• operator to distinguish the 2 solutions:
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• u1 and u2 are eigenstates of with eigenvalues ±1

• u1 and u2 in particles rest frame
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1.5 Solutions for negative energies 22 mpE +−=
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In- and out-going (anti)-particles

In-going electron: 

 )exp( )exp()()()( 2,1 iEtxpipuxx ee −⋅+⋅== −−

rr
ψψ

Out-going positron:

 )exp( )exp()()()( 2,1 iEtxpipvxx ee +⋅−⋅== ++

rr
ψψ

To describe out-going electrons or in-going positrons the adjoint
spinors or and       or are used. 

0γψψ −− = ee
0γψψ ++ = ee 2,1u 2,1v
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2. Feynman rules

−−−− → µµ ee
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There are similar rules for other Feynman diagrams

Halzen, Martin: 
Quark&Leptons
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3. Fermion-fermion scattering
3.1 Process −−−− → µµ ee
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Sect. II.5

Sect. III.2

Spinors decribe a specific 
spin state of the fermions

For non-polarized ingoing particles and for non-observation of final 
state spin one observes unpolarized cross sections  ⇒ need to 
average over possible initial spin states and sum over all final 
spin states.
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After a lengthy calculation

Spin averaged matrix element for 
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exact 1st order result for −−−− → µµ ee

Relativistic limit neglect masses m and M
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3.2 Process 
−+−+ → µµee
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3.3 Particle spin  and angular distribution
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In the relativistic limit the eigenstates of the helicity operator 

correspond to the chirality states.

Decomposition of the fermion current: 
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Photon (vector ieγµ) coupling:
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3.3 Bhabha scattering
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3.4 Summary


